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Preface

“Perhaps the quantum computer will change our everyday lives in this century

in the same radical way as the classical computer did in the last century.”
—excerpt from press release, Nobel Prize in Physics 2012.

Quantum computers promise dramatic advantages over current computers.
Governments and industries around the globe are now investing large amounts
of money with the expectation of building practical quantum computers. Recent
rapid physical experimental progress has made people widely expect that large-
scalable and functional quantum computer hardware will be built within 10-20 years.
However, to realize the super-power of quantum computing, quantum hardware is
obviously not enough, and quantum software must also play a key role. The software
development techniques used today cannot be applied to quantum computers.
Essential differences between the nature of the classical world and that of the quan-
tum world mean that new technologies are required to program quantum computers.

Research on quantum programming started as early as 1996, and rich results
have been presented at various conferences or reported in various journals in the
last 20 years. On the other hand, quantum programming is still a premature subject,
with its knowledge base being highly fragmentary and disconnected. This book is
intended to provide a systematic and detailed exposition of the subject of quantum
programming.

Since quantum programming is still an area under development, the book does not
focus on specific quantum programming languages or techniques, which I believe
will undergo major changes in the future. Instead, the emphasis is placed on the
foundational concepts, methods and mathematical tools that can be widely used
for various languages and techniques. Starting from a basic knowledge of quantum
mechanics and quantum computation, the book carefully introduces various quantum
program constructs and a chain of quantum programming models that can effectively
exploit the unique power of quantum computers. Furthermore, semantics, logics,
and verification and analysis techniques of quantum programs are systematically
discussed.

With the huge investment and rapid progress in quantum computing technology,
I believe that within 10 years more and more researchers will enter the exciting field
of quantum programming. They will need a reference book as the starting point of
their research. Also, a course on quantum programming will be taught at more and
more universities. Teachers and students will need a textbook. So, I decided to write
this book with the two-fold aim:

(i) providing a basis for further research in the area; and
(ii) serving as a textbook for a graduate or advanced undergraduate level course.
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Preface

Quantum programming is a highly interdisciplinary subject. A newcomer and, in
particular, a student is usually frustrated with the requisite knowledge from many
different subjects. I have tried to keep the book as self-contained as possible,
with details being explicitly presented so that it is accessible to the programming
languages community.

Writing this book gave me an opportunity to systemize my views on quantum
programming. On the other hand, topics included in this book were selected and
the materials were organized according to my own understanding of this subject, and
several important topics were omitted in the main body of the book due to my limited
knowledge about them. As a remedy, some brief discussions about these topics are
provided in the prospects chapter at the end of the book.
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CHAPTER

Introduction

“The challenge [of quantum software engineering] is to rework and extend the

whole of classical software engineering into the quantum domain so that program-

mers can manipulate quantum programs with the same ease and confidence that
they manipulate today’s classical programs.”

excerpt from the 2004 report Grand Challenges

in Computing Research [120].

Quantum programming is the study of how to program future quantum comput-
ers. This subject mainly addresses the following two problems:

» How can programming methodologies and technologies developed for current
computers be extended for quantum computers?

* What kinds of new programming methodologies and technologies can
effectively exploit the unique power of quantum computing?

Many technologies that have been very successful in traditional programming will
be broken when used to program a quantum computer, due to the weird nature of
quantum systems (e.g., no cloning of quantum data, entanglement between quantum
processes, and non-commutativity of observables which are all assertions about
program variables). Even more important and difficult is to discover programming
paradigms, models and abstractions that can properly exploit the unique power of
quantum computing — quantum parallelism— but cannot be sourced from knowledge
of traditional programming.

BRIEF HISTORY OF QUANTUM PROGRAMMING
RESEARCH

The earliest proposal for quantum programming was made by Knill in 1996 [139].
He introduced the Quantum Random Access Machine (QRAM) model and proposed
a set of conventions for writing quantum pseudo-code. In the 20 years since then,
research on quantum programming has been continuously conducted, mainly in the
following directions.

Foundations of Quantum Programming.http://dx.doi.or g/10.1016/B978- 0- 12- 802306- 8.00001- X 3
Copyright © 2016 Elsevier Inc. All rights reserved.
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CHAPTER 1 Introduction

DESIGN OF QUANTUM PROGRAMMING LANGUAGES

Early research on quantum programming focused on the design of quantum pro-
gramming languages. Several high-level quantum programming languages have
been defined in the later 1990s and early 2000s; for example, the first quantum
programming language, QCL, was designed by Omer [177], who also implemented
a simulator for this language. A quantum programming language in the style
of Dijkstra’s guarded-command language, qGCL, was proposed by Sanders and
Zuliani [191,241]. A quantum extension of C++ was proposed by Bettelli et al. [39],
and implemented in the form of a C++ library. The first quantum language of the
functional programming paradigm, QPL, was defined by Selinger [194] based on
the idea of classical control and quantum data. A quantum functional programming
language QML with quantum control flows was introduced by Altenkirch and
Grattage [14]. Tafliovich and Hehner [208,209] defined a quantum extension of a
predicative programming language that supports the program development technique
in which each programming step is proven correct when it is made.

Recently, two general-purpose, scalable quantum programming languages,
Quipper and Scaffold, with compilers, were developed by Green et al. [106] and
Abhari et al. [3], respectively. A domain-specific quantum programming language,
QuaFL, was developed by Lapets et al. [150]. A quantum software architecture
LIQUi|>, together with a quantum programming language embedded in F#, was
designed and implemented by Wecker and Svore [215].

SEMANTICS OF QUANTUM PROGRAMMING LANGUAGES

Formal semantics of a programming language give a rigorous mathematical descrip-
tion of the meaning of this language, to enable a precise and deep understanding
of the essence of the language beneath its syntax. The operational or denotational
semantics of some quantum programming languages were already provided when
they were defined; for example, qGCL, QPL and QML.

Two approaches to predicate transformer semantics of quantum programs have
been proposed. The first was adopted by Sanders and Zuliani [191] in designing
qGCL, where quantum computation is reduced to probabilistic computation by the
observation (measurement) procedure, and thus predicate transformer semantics
developed for probabilistic programs can be applied to quantum programs. The
second was introduced by D*Hondt and Panangaden [70], where a quantum predicate
is defined to be a physical observable represented by a Hermitian operator with
eigenvalues within the unit interval. Quantum predicate transformer semantics was
further developed in [225] with a special class of quantum predicates, namely
projection operators. Focusing on projective predicates allows the use of rich
mathematical methods developed in Birkhoff-von Neumann quantum logic [42] to
establish various healthiness conditions of quantum programs.

Semantic techniques for quantum computation have also been investigated in
some abstract, language-independent ways. Abramsky and Coeck [5] proposed a
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category-theoretic formulation of the basic postulates of quantum mechanics, which
can be used to give an elegant description of quantum programs and communication
protocols such as teleportation.

Recent progress includes: Hasuo and Hoshino [115] found a semantic model of
a functional quantum programming language with recursion via Girard’s Geometry
of Interaction [101], categorically formulated by Abramsky, Haghverdi and Scott
[7]. Pagani, Selinger and Valiron [178] discovered a denotational semantics for
a functional quantum programming language with recursion and an infinite data
type using constructions from quantitative semantics of linear logic. Jacobs [123]
proposed a categorical axiomatization of block constructs in quantum programming.
Staton [206] presented an algebraic semantic framework for equational reasoning
about quantum programs.

VERIFICATION AND ANALYSIS OF QUANTUM PROGRAMS

Human intuition is much better adapted to the classical world than the quantum
world. This fact implies that programmers will commit many more faults in designing
programs for quantum computers than in programming classical computers. Thus,
it is crucial to develop verification techniques for quantum programs. Baltag and
Smets [30] presented a dynamic logic formalism of information flows in quantum
systems. Brunet and Jorrand [50] introduced a way of applying Birkhoff-von
Neumann quantum logic in reasoning about quantum programs. Chadha, Mateus and
Sernadas [52] proposed a proof system of the Floyd-Hoare style for reasoning about
imperative quantum programs in which only bounded iterations are allowed. Some
useful proof rules for reasoning about quantum programs were proposed by Feng
et al. [82] for purely quantum programs. A Floyd-Hoare logic for both partial and
total correctness of quantum programs with (relative) completeness was developed
in [221].

Program analysis techniques are very useful in the implementation and opti-
mization of programs. Termination analysis of quantum programs was initiated in
[227], where a measurement-based quantum loop with a unitary transformation as
the loop body was considered. Termination of a more general quantum loop with a
quantum operation as the loop body was studied in [234] using the semantic model
of quantum Markov chains. It was also shown in [234] that the Sharir-Pnueli-Hart
method for proving properties of probabilistic programs [202] can be elegantly
generalized to quantum programs by exploiting the Schrddinger-Heisenberg duality
between quantum states and observables. This line of research has been continued
in [152,153,235,236,238] where termination of nondeterministic and concurrent
quantum programs was investigated based on reachability analysis of quantum
Markov decision processes. Another line of research in quantum program analysis
was initiated by Jorrand and Perdrix [129] who showed how abstract interpretation
techniques can be used in quantum programs.
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CHAPTER 1 Introduction

APPROACHES TO QUANTUM PROGRAMMING

Naturally, research on quantum programming started from extending traditional
programming models, methodologies and technologies into the quantum realm.
As stated in Section 1.1, both imperative and functional programming have been
generalized for quantum computing, and various semantic models, verification and
analysis techniques for classical programs have also been adapted to quantum
programming.

The ultimate goal of quantum programming is to fully exploit the power of
guantum computers. It has been well understood that the advantage of quantum
computers over current computers comes from quantum parallelism — superposition
of quantum states — and its derivatives such as entanglement. So, a key issue in
guantum programming is how to incorporate quantum parallelism into traditional
programming models. In my opinion, this issue can be properly addressed in the
following two paradigms of superposition.

SUPERPOSITION-OF-DATA — QUANTUM PROGRAMS WITH
CLASSICAL CONTROL

The main idea of the superposition-of-data paradigm is to introduce new pro-
gram constructs needed to manipulate quantum data, e.g., unitary transformations,
quantum measurements. However, the control flows of quantum programs in such
a paradigm are similar to those of classical programs. For example, in classical
programming, a basic program construct that can be used to define the control flow
of a program is the conditional (if. . . then. . .else. . . fi) statement, or more generally
the case statement:

if (Oi - Gj — Pj) fi 1.1)

where for each i, the subprogram P; is guarded by the Boolean expression G;, and
P; will be executed only when G; is true. A natural quantum extension of statement
(1.1) is the measurement-based case statement:

if (Oi - M[q] = m;j — Pj) fi 1.2)

where ¢ is a quantum variable and M a measurement performed on g with possible
outcomes my, ..., my, and for each i, P; is a (quantum) subprogram. This statement
selects a command according to the outcome of measurement M: if the outcome is
m;, then the corresponding command P; will be executed. It can be appropriately
called classical case statement in quantum programming because the selection of
commands in it is based on classical information — the outcomes of a quantum
measurement. Then other language mechanisms used to specify the control flow
of quantum programs, e.g., loop and recursion, can be defined based on this case
statement.

The programming paradigm defined here is called the superposition-of-data
paradigm because the data input to and computed by these programs are quantum
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data — superposition of data, but programs themselves are not allowed to be
superposed. This paradigm can be even more clearly characterized by Selinger’s
slogan “quantum data, classical control” [194] because the data flows of the programs
are quantum, but their control flows are still classical.

The majority of existing research on quantum programming has been carried out
in the superposition-of-data paradigm, dealing with quantum programs with classical
control.

SUPERPOSITION-OF-PROGRAMS — QUANTUM PROGRAMS
WITH QUANTUM CONTROL

Inspired by the construction of quantum walks [9,19], it was observed in [232,233]
that there is a fundamentally different way to define a case statement in quantum
programming — quantum case statement governed by a quantum “coin”:

qiffc] (@i - |iy — Py) fiq (1.3)

where {|i)} is an orthonormal basis of the state Hilbert space of an external “coin”
system c, and the selection of subprograms P;’s is made according to the basis states
i) of the “coin” space that can be superposed and thus is quantum information rather
than classical information. Furthermore, we can define a quantum choice:

[c] (@ i) — Pi) £ Cleqifie] - 1) — Py fig (14)
i

Intuitively, quantum choice (1.4) runs a “coin-tossing” program C to create a
superposition of the execution paths of subprograms Py, ...,Py,, followed by a
quantum case statement. During the execution of the quantum case statement, each
P; is running along its own path within the whole superposition of execution paths of
P1,...,Pn. Based on this kind of quantum case statement and quantum choice, some
new quantum program constructs such as quantum recursion can be defined.

This approach to quantum programming can be termed the superposition-of-
programs paradigm. It is clear from the definitions of quantum case statement and
quantum choice that the control flow of a quantum program in the superposition-of-
program paradigm is inherently quantum. So, this paradigm can also be characterized
by the slogan “quantum data, quantum control”".

I have to admit that this paradigm is still in a very early stage of development,
and a series of fundamental problems are not well understood. On the other hand,
| believe that it introduces a new way of thinking about quantum programming that
can help a programmer to further exploit the unique power of quantum computing.

1The slogan “quantum data, quantum control” was used in [14] and in a series of its continuations
to describe a class of quantum programs for which the design idea is very different from that
introduced here.
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STRUCTURE OF THE BOOK

This book is a systematic exposition of the theoretical foundations of quantum
programming, organized along the line from superposition-of-data to superposition-
of-programs. The book focuses on imperative quantum programming, but most ideas
and techniques introduced in this book can also be generalized to functional quantum
programming.

The book is divided into four parts:

» Part | consists of this introductory chapter and Chapter 2, Preliminaries. The
prerequisites for reading this book are knowledge of quantum mechanics and
quantum computation and reasonable familiarity with the theory of
programming languages. All prerequisites for quantum mechanics and quantum
computation are provided in Chapter 2. For theory of programming languages, |
suggest the reader consult the standard textbooks, e.g., [21,158,162,200].

» Part Il studies quantum programs with classical control in the
superposition-of-data paradigm. This part contains three chapters. Chapter 3
carefully introduces the syntax and the operational and denotational semantics of
quantum programs with classical control (case statement, loop and recursion).
Chapter 4 presents a logical foundation for reasoning about correctness of
quantum programs with classical control. Chapter 5 develops a series of
mathematical tools and algorithmic techniques for analysis of quantum programs
with classical control.

o Part Il studies quantum programs with quantum control in the
superposition-of-programs paradigm. This part consists of two chapters.

Chapter 6 defines quantum case statement and quantum choice and their
semantics, and establishes a set of algebraic laws for reasoning about quantum
programs with the constructs of quantum case statement and quantum choice.
Chapter 7 illustrates how recursion with quantum control can be naturally
defined using quantum case statement and quantum choice. It further defines the
semantics of this kind of quantum recursion with second quantization — a
mathematical framework for dealing with quantum systems where the number of
particles may vary.

» Part IV consists of a single chapter designed to give a brief introduction to
several important topics from quantum programming that have been omitted in
the main body of the book and to point out several directions for future research.

The dependencies of chapters are shown in Figure 1.1.

» Reading the Book: From Figure 1.1, we can see that the book is designed to be

read along the following three paths:

e Path 1: Chapter 2 — Chapter 3 — Chapter 4. This path is for the reader who
is mainly interested in logic for quantum programs.

e Path 2: Chapter 2 — Chapter 3 — Chapter 5. This path is for the reader who
is interested in analysis of quantum programs.

e Path 3: Chapter 2 — Chapter 3 — Chapter 6 — Chapter 7. This path is for
the reader who would like to learn the basic quantum program constructs in
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1. Introduction 2. Preliminaries

.

3. Syntax and Semantics —————
l A J

4. Logic 5. Analysis 6. Quantum Case Statement

v

7. Quantum Recursion

e ——————

| I ——

e L > B. Prospects € —==-==============

FIGURE 1.1
Dependencies of chapters.

not only the superposition-of-data but also the superposition-of-programs
paradigms.
Of course, only a thorough reading from the beginning to the end of the book
can give the reader a full picture of the subject of quantum programming.

» Teaching from the Book: A short course on the basics of quantum programming
can be taught based on Chapters 2 and 3. Furthermore, Parts | and Il of this book
can be used for a one- or two-semester advanced undergraduate or graduate
course. A one-semester course can cover one of the first two paths described
previously. Since the theory of quantum programming with quantum control (in
the superposition-of-programs paradigm) is still at an early stage of its
development, it is better to use Chapters 6 and 7 as discussion materials for a
series of seminars rather than for a course.

» Exercises: The proofs of some lemmas and propositions are left as exercises.
They are usually not difficult. The reader is encouraged to try all of them in order
to solidify understanding of the related materials.

» Research Problems: A couple of problems for future research are proposed at
the end of each chapter in Parts Il and I11.

» Bibliographic Notes: The last sections of Chapters 2 through 7 are bibliographic
notes, where citations and references are given, and recommendations for further
reading are provided. The complete bibliography is provided in a separate
section at the end of the book, containing the alphabetized list of both cited
references and those recommended for further reading.

» Errors: | would appreciate receiving any comments and suggestions about this
book. In particular, if you find any errors in the book, please email them to:
Mingsheng.Ying@uts.edu.au or yingmsh@tsinghua.edu.cn.



CHAPTER

Preliminaries

This chapter introduces the basic concepts and notations from quantum mechanics
and quantum computation used throughout the book.

» Of course, quantum programming theory is built based on quantum mechanics.
So, Section 2.1 introduces the Hilbert space formalism of quantum mechanics,
which is exactly the mathematical knowledge base of this book.

» Quantum circuits are introduced in Section 2.2. Historically, several major
quantum algorithms appeared before any quantum programming language was
defined. So, quantum circuits usually serve as the computational model in which
quantum algorithms are described.

» Section 2.3 introduces several basic quantum algorithms. The aim of this section
is to provide examples for quantum programming rather than a systematic
exposition of quantum algorithms. Thus, | decided not to include more
sophisticated quantum algorithms.

In order to allow the reader to enter the core of this book — quantum program-
ming — as quickly as possible, | tried to make this chapter minimal. Thus, the
materials in this chapter are presented very briefly. Total newcomers to quantum
computation can start with this chapter, but at the same time | suggest that they read
the corresponding parts of Chapters 2, 4, 5, 6 and 8 of book [174] for more detailed
explanations and examples of the notions introduced in this chapter. On the other
hand, for the reader who is familiar with these materials from a standard textbook
such as [174], | suggest moving directly to the next chapter, using this chapter only
for fixing notations.

QUANTUM MECHANICS

Quantum mechanics is a fundamental physics subject that studies phenomena at
the atomic and subatomic scales. A general formalism of quantum mechanics can
be elucidated based on several basic postulates. We choose to introduce the basic
postulates of quantum mechanics by presenting the mathematical framework in
which these postulates can be properly formulated. The physics interpretations of

Foundations of Quantum Programming.http://dx.doi.or g/10.1016/B978- 0- 12-802306- 8.00002- 1 1 1
Copyright © 2016 Elsevier Inc. All rights reserved.
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these postulates are only very briefly discussed. | hope this provides the reader a
short cut towards a grasp of quantum programming.

HILBERT SPACES

A Hilbert space usually serves as the state space of a quantum system. It is defined
based on the notion of vector space. We write C for the set of complex numbers.
For each complex number A = a + bi € C, its conjugate is A* = a — bi. We adopt
the Dirac notation which is standard in quantum mechanics: |¢), [¥), ... stands for
vectors.

Definition 2.1.1. A (complex) vector space is a nonempty set H together with two
operations:

e vector addition+: H x H — H
» scalar multiplication - : C x H — H

satisfying the following conditions:

o) forany |¢), |¥) € H.

(i) + iscommutative: |p) + |¢¥) = ) + |
= (lg) + |¥)) + | x) for any

(ii) + is associative: |@) + (|¥) + |x))
le), 1Y), 1x) € H.
(iii) + has the zero element 0, called the zero vector, such that 0 + |¢) = |¢) for
any |¢) € H.
(iv) each |p) € H has its negative vector —|¢) such that |¢) + (—|¢)) = 0.
(v) 1lp) = |p) forany |p) € H.
(vi) A(ulp)) = Aule) forany |¢) € Hand A, u € C.
(vii) (r + w)lp) = Alp) + pnlp) forany |p) € Hand 2, u € C.
(viii) A(Jp) + [¥)) = Alp) + Aly) forany |¢), |¥) € Hand A € C.

To define the notion of Hilbert space, we also need the following:
Definition 2.1.2. An inner product space is a vector space H equipped with an
inner product; that is, a mapping:

(Vi HxH—->C
satisfying the following properties:

(i) (ple) > 0 with equality if and only if |¢) = 0;
(i) (ply) = (¥lp)*;
(iii) (o111 + A2v2) = Aalplyn) + A2(ply2)

for any |@), |¥), Y1), |¥2) € H and forany A1, 12 € C.

For any vectors |¢), |¥) € H, the complex number (¢|y) is called the inner
product of |¢) and |v). Sometimes, we write (|¢), |v)) for (p|¥). If (p|) = 0, then
we say that |¢) and |y) are orthogonal and write |¢) L |v). The length of a vector
|vr) € H is defined to be

¥l = V(1)

A vector |) is called a unit vector if ||y]| = 1.
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The notion of limit can be defined in terms of the length of a vector.
Definition 2.1.3. Let {|¥)} be a sequence of vectors in H and |¢) € H.

(i) If for any € > 0, there exists a positive integer N such that ||v¥m — ¥m|| < € for
allm,n > N, then {|yr,)} is called a Cauchy sequence.

(ii) If for any € > 0, there exists a positive integer N such that ||y — ¥|| < € for
alln > N, then |y) is called a limit of {|vy)} and we write |) = limp_ o0 |¥n).

Now we are ready to present the definition of Hilbert space.

Definition 2.1.4. A Hilbert space is a complete inner product space: that is, an
inner product space in which each Cauchy sequence of vectors has a limit.

A notion that helps us to understand the structure of a Hilbert space is its basis.
In this book, we only consider finite-dimensional or countably infinite-dimensional
(separable) Hilbert space.

Definition 2.1.5. A finite or countably infinite family {|v;)} of unit vectors is
called an orthonormal basis of # if

(i) {|vi)} are pairwise orthogonal: [vi) L |v) for any i, j with i # j;
(ii) {|vi)} span the whole space H: each |¢/) € H can be written as a linear
combination [y) = )"; Ailvi) for some Aj € C and a finite number of |v).

The numbers of vectors in any two orthonormal bases are the same. This is
called the dimension of H and written as dim #; in particular, if an orthonormal
basis contains infinitely many vectors, then # is infinite-dimensional and we write
dimH = oo.

Infinite-dimensional Hilbert spaces are required in quantum programming theory
only when a data type is infinite, e.g., integers. If it is hard for the reader to
understand infinite-dimensional Hilbert spaces and associated concepts (e.g., limits
in Definition 2.1.3, closed subspaces in Definition 2.1.6 following), she/he can simply
focus on finite-dimensional Hilbert spaces, which are exactly the vector spaces that
were learned in elementary linear algebra; in this way, the reader can still grasp an
essential part of this book.

Whenever H is finite-dimensional, say dim# = n, and we consider a fixed
orthonormal basis {|¥1), |¥2), ..., |¥n)}, then each vector |¢) = Z?:l Ailvi) € H
can be represented by the vector in C":

()

The notion of subspace is also important for understanding the structure of a
Hilbert space.
Definition 2.1.6. Let H be a Hilbert space.

(i) If X € #H,andforany |¢), |¥) € Xand A € C,
@ lo) +1¥) e X;
(h) Alg) € X,
then X is called a subspace of H.



I
14

CHAPTER 2 Preliminaries

(ii) Foreach X C H, its closure X is the set of limits limp_. o |¥n) Of sequences

{IYm)}in X. _
(iii) A subspace X of H is closed if X = X.

For any subset X C H, the space spanned by X:

n
spanX = { Y "il¥i) :n = 0,4 € C and [yj) e X (i=1,...,n) (2.1)
i=1

is the smallest subspace of H containing X. In other words, spanX is the subspace of
‘H generated by X. Moreover, spanX is the closed subspace generated by X.

We defined orthogonality between two vectors previously. It can be further
defined between two sets of vectors.

Definition 2.1.7. Let H be a Hilbert space.

(i) Forany X,Y C H, we say that X and Y are orthogonal, written X LY, if
) L |) forall |p) € X and |y) € Y. In particular, we simply write |@) L Y if
X is the singleton {|¢)}.

(ii) The orthocomplement of a closed subspace X of H is

Xt ={lp) e H:lp) LX)

The orthocomplement X is also a closed subspace of 7, and we have (X1)* =
X for every closed subspace X of H.

Definition 2.1.8. Let 4 be a Hilbert space, and let X, Y be two subspaces of #.
Then

X@Y ={lp)+[¥):l¢) e X and |y) € Y}

is called the sum of X and Y.

This definition can be straightforwardly generalized to the sum @, X; of more
than two subspaces X; of #. In particular, if Xj (1 < i < n) are orthogonal to each
other, then @i, Xi is called an orthogonal sum.

With the above preparation, we can present:

» Postulate of quantum mechanics 1: The state space of a closed (i.e., an
isolated) quantum system is represented by a Hilbert space, and a pure state of
the system is described by a unit vector in its state space.

A linear combination |y) = Z?:l Ailvi) of states [y1),. .., |¥n) is often called
their superposition, and the complex coefficients A; are called probability amplitudes.

Example 2.1.1. A qubit — quantum bit — is the quantum counterpart of a bit. Its
state space is the two-dimensional Hilbert space:

Hy = C% = {a|0) + BI1) : a, B € C}.
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The inner product in H; is defined by
(@|0) + BI1),a'|0) + B'I1)) = o™’ + B*p’

for all a,a’, 8,8 € C. Then {|0),|1)} is an orthonormal basis of #,, called the
computational basis. The vectors |0), |1) themselves are represented as

0-(3). »-(3)

in this basis. A state of a qubit is described by a unit vector |) = «|0) + 8|1) with
la|2 + |B8]? = 1. The two vectors:

=R L), ol L)

form another orthonormal basis. Both of them are superpositions of |0) and |1). The
two-dimensional Hilbert space #; can also be seen as the quantum counterpart of
the classical Boolean data type.

Example 2.1.2. Another Hilbert space often used in this book is the space of
square summable sequences:

o o0
oo:{ > anln):ianeC forallnez and |an|2<oo},

n=—00 n=-—00

where Z is the set of integers. The inner product in H is defined by

( > anin), Y a’|n)) = > apap

n=-—00 n=—00 n=—00

for all o, o, € C (—00 < n < 00). Then {|n) : n € Z} is an orthonormal basis,
and Ho is infinite-dimensional. This Hilbert space can be seen as the quantum
counterpart of the classical integer data type.

Exercise 2.1.1. Verify that the inner products defined in the previous two
examples satisfy conditions (i)—(iii) in Definition 2.1.2.

LINEAR OPERATORS

We studied the static description of a quantum system, namely its state space as a
Hilbert space, in the previous subsection. Now we turn to learning how to describe
the dynamics of a quantum system. The evolution of and all operations on a quantum
system can be depicted by linear operators in its state Hilbert space. So, in this
subsection, we study linear operators and their matrix representations.

Definition 2.1.9. Let H and X be Hilbert spaces. A mapping

A:H—-K
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is called an (a linear) operator if it satisfies the following conditions:

) Ade) + 1¥) = Ale) +Aly);
(i) AQly)) = AAlY)

forall |p), |v) € Hand A € C.

An operator from 7 to itself is called an operator in 7. The identity operator
in # that maps each vector in 7 to itself is denoted 13, and the zero operator in
‘H that maps every vector in H to the zero vector is denoted 0. For any vectors
lo), [¥) € H, their outer product is the operator |¢) (| in H defined by

()W DIx) = (@ lx)e)

for every |x) € H. A class of simple but useful operators are projectors. Let X be
a closed subspace of H and |¢) € H. Then there exist uniquely |yp) € X and
|¥1) € X+ such that

V) = Ivo) + Y1)

The vector |vp) is called the projection of ) onto X and written |yg) = Px|v).
Definition 2.1.10. For each closed subspace X of #, the operator

Px: H—>X, [¢) = Pxly)

is called the projector onto X.

Exercise 2.1.2. Show that Px = >, i) (il if {|vi)} is an orthonormal basis
of X.

Throughout this book, we only consider bounded operators, as defined in the
following:

Definition 2.1.11. An operator A in 7 is said to be bounded if there is a constant
C > 0 such that

A < C- iyl

for all |/) € H. The norm of A is defined to be the nonnegative number:

Al =inf{C = 0 : [JA[Y)[| = C-[|y|| forall ¥ € H}.

We write £L(#) for the set of bounded operators in .

All operators in a finite-dimensional Hilbert space are bounded.

Various operations of operators are very useful in order to combine several opera-
tors to produce a new operator. The addition, scalar multiplication and composition of
operators can be defined in a natural way: forany A,B € L(H), A € Cand |¢) € H,

(A+B)ly) = Aly) + Bly),
AAY) = LAY,
(BA)|Yr) = B(AIY)).
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Exercise 2.1.3. Show that £(#) with addition and scalar multiplication forms a
vector space.

We can also define positivity of an operator as well as an order and a distance
between operators.

Definition 2.1.12. An operator A € L(#) is positive if for all states |¥) € H,
(¥ |Al¥) is a nonnegative real number: (y|Aly) > 0.

Definition 2.1.13. The Lowner order C is defined as follows: for any A|B €
L(H),AC Bifandonlyif B— A =B+ (—1)Ais positive.

Definition 2.1.14. Let A, B € £(#). Then their distance is

d(A,B) = TE};’ [IAlY) — Bly)lI 22

where |y) traverses all pure states (i.e., unit vectors) in #.

Matrix Representation of Operators:

Operators in a finite-dimensional Hilbert space have a matrix representation,
which is very convenient in applications. After reading this part, the reader should
have a better understanding of those abstract notions defined previously through a
connection from them to the corresponding notions that she/he learned in elementary
linear algebra.

If {|vi)} is an orthonormal basis of #, then an operator A is uniquely determined
by the images A|v;) of the basis vectors |;) under A. In particular, when dimH = n
is finite and we consider a fixed orthonormal basis {|y1),...,|¥n)}, A can be
represented by the n x n complex matrix:

a1 ... @ain
A= (aij)nxn =
dnl ... ann

ajj = (YilAlyg) = (i), Alvj))

where

for every i,j = 1,...,n. Moreover, the image of a vector |) = Z?:l ailvi) € H
under operator A is represented by the product of matrix A = (aij) and vector |/):

a1 B1
Ay =al ... =1 ...
an Bn

where i = Z}‘zl ajjoj for every i = 1,...,n. For example, ly; is the unit matrix,
and Oy is the zero matrix. If

el B1
=1 ---1. =1 ... 1]
an Bn

then their outer product is the matrix |p)(y| = (aij)nxn with ajj = aiﬁ,—* for every
i,j = 1,...,n. Throughout this book, we do not distinguish an operator in a finite-
dimensional Hilbert space from its matrix representation.

nxn
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Exercise 2.1.4. Show that in a finite-dimensional Hilbert space, addition, scalar
multiplication and composition of operators correspond to addition, scalar multipli-
cation and multiplication of their matrix representations, respectively.

UNITARY TRANSFORMATIONS

The postulate of quantum mechanics 1 introduced in Subsection 2.1.1 provides the
static description of a quantum system. In this subsection, we give a description of
the dynamics of a quantum system, with the mathematical tool prepared in the last
subsection.

The continuous-time dynamics of a quantum system are given by a differential
equation, called the Schrddinger equation. But in quantum computation, we usually
consider the discrete-time evolution of a system — a unitary transformation. For any
operator A € L(#), it turns out that there exists a unique (linear) operator AT in
such that

@) 1) = (1), AT))

for all |@), |¥) € . The operator A is called the adjoint of A. In particular, if an
operator in an n-dimensional Hilbert space is represented by the matrix A = (aij)
then its adjoint is represented by the transpose conjugate of A:

nxn’

AT = (bij)nxn
with bjj = aJ?"i foreveryi,j=1,...,n.

Definition 2.1.15. An (bounded) operator U € L(#H) is called a unitary
transformation if the adjoint of U is its inverse:

utu =uuf =14,
All unitary transformations U preserve the inner product:
WUlp), Uly)) = {ely)

for any |@), |) € H. The condition UTU = Iy, is equivalent to UUT = I3, when
is finite-dimensional. If dim 7 = n, then a unitary operator in # is represented by an
n x n unitary matrix U; i.e., a matrix U with UTU = I, where 1, is the n-dimensional
unit matrix.
A useful technique for defining a unitary operator is given in the following:
Lemma 2.1.1. Suppose that H is a (finite-dimensional) Hilbert space and K is a
closed subspace of #. If linear operator U : K — # preserves the inner product:

(Ulg), Uly)) = (¢l¥)

for any |p), |¥) € K, then there exists a unitary operator V in H which extends U;
i.e., V|y) = Uly) forall |¢) € K.
Exercise2.1.5. Prove Lemma 2.1.1.
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Now we are ready to present:

» Postulate of quantum mechanics 2: Suppose that the states of a closed
quantum system (i.e., a system without interactions with its environment) at
times tg and t are |vo) and |y}, respectively. Then they are related to each other
by a unitary operator U which depends only on the times tg and t,

l¥) = Ulyo).

To help the reader understand this postulate, let us consider two simple examples.
Example2.1.3. One frequently used unitary operator on a qubit is the Hadamard
transformation in the two-dimensional Hilbert space #:

()

It transforms a qubit in the computational basis states |0) and |1) into their

superpositions:
1
o= (g ) =7 (1 )=

wen($)-5 ()

Example 2.1.4. Let k be an integer. Then the k-translation operator Ty in the
infinite-dimensional Hilbert space H is defined by

TkIn) = In +k)

for all n € Z. It is easy to verify that T is a unitary operator. In particular, we write
T = T_1 and Tr = T1. They move a particle on the line one position to the left and
to the right, respectively.

More examples will be seen in Section 2.2, where unitary transformations are
used as quantum logic gates in a quantum circuit.

QUANTUM MEASUREMENTS

Now that we understand both the static and dynamic descriptions of a quantum sys-
tem, observation of a quantum system is carried out through a quantum measurement,
which is defined by:

» Postulate of quantum mechanics 3: A quantum measurement on a system with
state Hilbert space # is described by a collection {M,} € L(#) of operators
satisfying the normalization condition:

> MEMn = 1y, (2.3)
m
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where My, are called measurement operators, and the index m stands for the
measurement outcomes that may occur in the experiment. If the state of a
quantum system is |v) immediately before the measurement, then for each m,
the probability that the result m occurs in the measurement is

p(M) = [[Mm|y)I12 = (¥ IMEMmly)  (Born rule)
and the state of the system after the measurement with outcome m is

_ Mnly)
NCIO)

It is easy to see that the normalization condition (2.3) implies that the probabilities
for all outcomes sumup to " p(m) = 1.
The following simple example should help the reader to understand this postulate.
Example 2.1.5. The measurement of a qubit in the computational basis has two
outcomes defined by measurement operators:

[¥m)

Mo = [0)(0, ~ M1 = [1)(1].

If the qubit was in state |/) = «|0) + B|1) before the measurement, then the
probability of obtaining outcome 0 is

p0) = <WIM£M0|1//) = (¥ IMol¥) = |af?,
and in this case the state after the measurement is

Molv)
vp(0)

Similarly, the probability of outcome 1 is p(1) = || and in this case the state after
the measurement is |1).

Proj ective M easur ements:

A specially useful class of measurements is defined in terms of Hermitian
operators and their spectral decomposition.

Definition 2.1.16. An operator M € L(#H) is said to be Hermitian if it is self-
adjoint:

= |0).

M = M.

In physics, a Hermitian operator is also called an observable.

It turns out that an operator P is a projector; that is, P = Px for some closed
subspace X of #, if and only if P is Hermitian and P? = P.

A quantum measurement can be constructed from an observable based on
the mathematical concept of spectral decomposition of a Hermitian operator.
Due to the limit of space, we only consider spectral decomposition in a finite-
dimensional Hilbert space H. (The infinite-dimensional case requires a much heavier
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mathematical mechanism; see [182], Chapter I11.5. In this book, it will be used only
in Section 3.6 as a tool for the proof of a technical lemma.)
Definition 2.1.17

(i) An eigenvector of an operator A € £(#) is a non-zero vector |y) € H such
that A|y) = A|yr) for some A € C, where A is called the eigenvalue of A
corresponding to ).

(ii) The set of eigenvalues of A is called the (point) spectrum of A and denoted
spec(A).
(iii) For each eigenvalue X € spec(A), the set

{ly) e HAY) =AlY)}

is a closed subspace of # and it is called the eigenspace of A corresponding
to A.

The eigenspaces corresponding to different eigenvalues A1 # A2 are orthogonal.
All eigenvalues of an observable (i.e., a Hermitian operator) M are real numbers.
Moreover, it has the spectral decomposition:

M= > P,

respec(M)

where P, is the projector onto the eigenspace corresponding to A. Then it defines
a measurement {P, : A € spec(M)}, called a projective measurement because all
measurement operators P, are projectors. Using the Postulate of quantum mechanics
3 introduced earlier, we obtain: upon measuring a system in state |y}, the probability
of getting result 2 is

p(r) = (IIJIPJ{PAIW = (WIP2|y) = (WIPAlv) (24)
and in this case the state of the system after the measurement is

Ply)
N{IOR

Since all possible outcomes & € spec(M) are real numbers, we can compute the
expectation — average value — of M in state |y/):

(2.5)

My = > p)-2
respec(M)

= Y MyPUY)
respec(M)

=l Y, APy
respec(M)
= (YIMly).
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We observe that, given the state |y}, probability (2.4) and post-measurement state
(2.5) are determined only by the projectors {P,} (rather than M itself). It is easy to
see that {P,} is a complete set of orthogonal projectors; that is, a set of operators
satisfying the conditions:

: P if A =34,
(i) PPs=1{ " :
04 otherwise;
@ii) Y, Pr=1Iy.

Sometimes, we simply call a complete set of orthogonal projectors a projective
measurement. A special case is the measurement in an orthonormal basis {|i)} of
the state Hilbert space, where P; = [i){i| for every i. Example 2.1.5 is such a
measurement for a qubit.

TENSOR PRODUCTS OF HILBERT SPACES

Up to now we have only considered a single quantum system. In this section,
we further show how a large composite system can be made up of two or more
subsystems. The description of a composite system is based on the notion of tensor
product. We mainly consider the tensor product of a finite family of Hilbert spaces.

Definition 2.1.18. Let #; be a Hilbert space with {|j;)} as an orthonormal basis
fori=1,...,n. We write B for the set having elements of the form:

|w1j1! B l/fnjn> = |w1j1 ®...® ann) = wfljl) ®...® wfan)

Then the tensor product of H; (i = 1,...,n) is the Hilbert space with 5 as an
orthonormal basis:

®7—Li = spanB.
i

It follows from equation (2.1) that each element in §); #i can be written in the
form of

Z Ay, in|PLjs - - - Pnjn)

where |@1j,) € Hi, ..., |¢nj,) € Hnand iy, j, € Cforall jg,...,jn. Furthermore,
it can be shown by linearity that the choice of basis {|;j;)} of each factor space H;
is not essential in the previous definition: for example, if |i) = >_; ojileij) € Hi
(i=1,...,n),then

lp1) ® ... ®lgn) = Y ajy . dnjyl@1jy, - - Pnjn)-
jl yyyyy jn

The vector addition, scalar multiplication and inner product in ); i can be naturally
defined based on the fact that 5 is an orthonormal basis.
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We will need to consider the tensor product of a countably infinite family of
Hilbert spaces occasionally in this book. Let {#;} be a countably infinite family of
Hilbert spaces, and let {|+ij;)} be an orthonormal basis of #; for each i. We write B
for the set of tensor products of basis vectors of all #;:

c-fom]

Then B is a finite or countably infinite set, and it can be written in the form of a
sequence of vectors: B = {|¢n) : n = 0,1,...}. The tensor product of {#;} can be
properly defined to be the Hilbert space with 5 as an orthonormal basis:

®Hi = {Zan|¢n) tapn € C foralln >0 and Z"""'Z <oof.
i n n

Now we are able to present:

» Postulate of quantum mechanics 4: The state space of a composite quantum
system is the tensor product of the state spaces of its components.

Suppose that S is a quantum system composed of subsystems Sy, ..., Sy with
state Hilbert space Hi,...,Hn. If foreach 1 < i < n, §; is in state |¢j) € H;,
then S is in the product state |1, . .., ¥n). Furthermore, S can be in a superposition
(i.e., linear combination) of several product states. One of the most interesting and
puzzling phenomenon in quantum mechanics — entanglement — occurs in a composite
system: a state of the composite system is said to be entangled if it is not a product of
states of its component systems. The existence of entanglement is one of the major
differences between the classical world and the quantum world.

Example 2.1.6. The state space of the system of n qubits is:

H%’” =c? = Z ax|x) cax € C forallx e {0,1}"} .
x€{0,1)n

In particular, a two-qubit system can be in a product state such as |00}, |1)|+) but
also in an entangled state such as the Bell states or the EPR (Einstein-Podolsky-
Rosen) pairs:

1 1

= —=(]00) + |11)), = —=(|01) + |10)),

1Aoo) ﬁ(l )+ 111, 1Por) ﬁ(l ) +110)
1 1

= —=(]00) — |11)), = —=(|01) — |10)).

|A10) ﬁ(l ) =111, 1p11) ﬁ(l ) —110)

Of course, we can talk about (linear) operators, unitary transformations and
measurements in the tensor product of Hilbert spaces since it is a Hilbert space too. A
special class of operators in the tensor product of Hilbert spaces is defined as follows:
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Definition 2.1.19. Let Aj € L(H;) fori = 1,...,n. Then their tensor product is
the operator @i, Ai = A1 ® ... ® Ay € L (R, Hi) defined by

A1 ®...QANIY1L, ..., ¢n) =A1lp1) ® ... ® Anlen)
for all |pi) € Hi (i=1,...,n) together with linearity.
But other operators rather than tensor products are indispensable in quantum
computation because they can create entanglement.

Example 2.1.7. The controlled-NOT or CNOT operator C in the state Hilbert
space HS? = C* of a two-qubit system is defined by

C|00) = |00y, CJ01) =|01), CJ10) =]|11), C|11)=|10)

or equivalently as the 4 x 4 matrix

O OO
OO o
= O OO
O OO

It can transform product states into entangled states:
Cl+)10) = Boo, Cl+)I1) = Bo1.  CI-)I0) = B1o, Cl-)I1) = B11.

Implementing a General M easurement by a Projective M easur ement:

Projective measurements are introduced in subsection 2.1.4 as a special class of
guantum measurements. The notion of tensor product enables us to show that an
arbitrary quantum measurement can be implemented by a projective measurement
together with a unitary transformation if we are allowed to introduce an ancilla
system. Let M = {Mp} be a quantum measurement in Hilbert space #.

* We introduce a new Hilbert space Hm = span{|m)}, which is used to record the
possible outcomes of M.
* We arbitrarily choose a fixed state |0) € Hu. Define operator

UmM0) %)) = Y Im)Mm|y)
m

for every |¢) € H. Itis easy to check that Uy preserves the inner product, and
by Lemma 2.1.1 it can be extended to a unitary operator in Hy ® H, which is
denoted by Uy too.

« We define a projective measurement M = {Mp} in Hm ® H with
Mp = |m)(m| ® Iy for every m.

Then the measurement M is realized by the projective measurement M together with
the unitary operator Uy, as shown in the following:
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Proposition 2.1.1. Let /) € H be a pure state.

» When we perform measurement M on |/), the probability of outcome m is
denoted py (M) and the post-measurement state corresponding to m is |ym).

+ When we perform measurement M on |) = Up (]0)|v)), the probability of
outcome m is denoted py;(m) and the post-measurement state corresponding to

mis [V ).

Then for each m, we have: pg;(m) = pm(m) and [¥m) = |M)[¥m). A similar result
holds when we consider a mixed state in # introduced in the next subsection.
Exercise 2.1.6. Prove Proposition 2.1.1.

DENSITY OPERATORS

We have already learned all of the four basic postulates of quantum mechanics. But
they were only formulated in the case of pure states. In this section, we extend these
postulates so that they can be used to deal with mixed states.

Sometimes, the state of a quantum system is not completely known, but we know
that it is in one of a number of pure states |1/;), with respective probabilities p;j, where
I¥i) € H, pi > 0 foreachi,and ) ; pj = 1. A convenient notion for coping with this
situation is the density operator. We call {(]v), pi)} an ensemble of pure states or a
mixed state, whose density operator is defined to be

p =) pilvi)(¥il. (2.6)
i

In particular, a pure state |) may be seen as a special mixed state {(|y), 1)} and its
density operator is p = |¢){(y|.

Density operators can be described in a different but equivalent way.

Definition 2.1.20. The trace tr(A) of operator A € £(#) is defined to be

tr(A) = (ilAl)
i

where {|vj)} is an orthonormal basis of H.

It can be shown that tr(A) is independent of the choice of basis {|vi)}.

Definition 2.1.21. A density operator p in a Hilbert space H is a positive
operator (see Definition 2.1.12) with tr(p) = 1.

It turns out that for any mixed state {(|v),pi)}, operator p defined by equa-
tion (2.6) is a density operator according to Definition 2.1.21. Conversely, for any
density operator p, there exists a (but not necessarily unique) mixed state {(|), pi)}
such that equation (2.6) holds.

The evolution of and a measurement on a quantum system in mixed states can be
elegantly formulated in the language of density operators:

» Suppose that the evolution of a closed quantum system from time t to t is
described by unitary operator U depending on tg and t: |¢) = U|v), where
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|¥0), |¥) are the states of the system at times tg and t, respectively. If the system
is in mixed states po, p at times tg and t, respectively, then

p=UpoU'. 2.7)

 If the state of a quantum system was p immediately before measurement {Mp,} is
performed on it, then the probability that result m occurs is

p(m) = tr (MhMmp) 2.8)

and in this case the state of the system after the measurement is

_ MmerJ%

= 2.9
£m p(m) (2.9)

Exercise 2.1.7. Derive equations (2.7), (2.8) and (2.9) from equation (2.6) and
Postulates of quantum mechanics 1 and 2.

Exercise 2.1.8. Let M be an observable (a Hermitian operator) and {P, : A €
spec(M)} the projective measurement defined by M. Show that the expectation of M
in a mixed state p is

M= > p@)-r=tr(Mp).
respec(M)

Reduced Density Operators:

Postulate of quantum mechanics 4 introduced in the last subsection enables us
to construct composite quantum systems. Of course, we can talk about a mixed
state of a composite system and its density operator because the state space of the
composite system is the tensor product of the state Hilbert spaces of its subsystems,
which is a Hilbert space too. Conversely, we often need to characterize the state of a
subsystem of a quantum system. However, it is possible that a composite system
is in a pure state, but some of its subsystems must be seen as in a mixed state.
This phenomenon is another major difference between the classical world and the
quantum world. Consequently, a proper description of the state of a subsystem of
a composite quantum system can be achieved only after introducing the notion of
density operator.

Definition 2.1.22. Let S and T be quantum systems whose state Hilbert spaces
are Hs and Hr, respectively. The partial trace over system T

trr i L(Hs @ H1) = L(Hs)
is defined by
rr(e) (Y] @ 10)(]) = (£10) - |} (¥ |
for all |p), |¥) € Hs and |6), |¢) € HT together with linearity.
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Definition 2.1.23. Let p be a density operator in Hs ® Hy. Its reduced density
operator for system S is

ps = trr (p).

Intuitively, the reduced density operator ps properly describes the state of
subsystem S when the composite system ST is in state p. For a more detailed
explanation, we refer to [174], Section 2.4.3.

Exercise2.1.9

(i) When is the reduced density operator pa = trg(|y)(y¥|) of a pure state ) in
Ha ® Hp not a pure state?
(ii) Let p be a density operator in Ha ® Hp ® Hc. Does it hold that

tre(trg(p)) = trgc(p)?

QUANTUM OPERATIONS

Unitary transformations defined in Section 2.1.3 are suited to describe the dynamics
of closed quantum systems. For open quantum systems that interact with the outside
world through, for example, measurements, we need the much more general notion
of quantum operation to depict their state transformations.

A linear operator in vector space L(#) — the space of (bounded) operators in a
Hilbert space H — is called a super-operator in #. To define a quantum operation,
we first introduce the notion of tensor product of super-operators.

Definition 2.1.24. Let H and K be Hilbert spaces. For any super-operator £ in H
and super-operator F in C, their tensor product £ ® F is the super-operator in HQ K
defined as follows: for each C € L(H ® K), we can write:

C=) aAc®Bp (210)
k

where Ax € L(H) and Bk € £L(K) for all k. Then we define:
EQF)C) =) ak(E(AY ® F(By)).
k

The linearity of £ and F guarantees that £ ® F is well-defined: (£ ® F)(C) is
independent of the choice of Ay and By in equation (2.10).

Now we are ready to consider the dynamics of an open quantum system. As a
generalization of the Postulate of quantum mechanics 2, suppose that the states of a
system at times tp and t are p and p’, respectively. Then they must be related to each
other by a super-operator £ which depends only on the times tp and t,

o' =E(p).

The dynamics between times tg and t can be seen as a physical process: p is the initial
state before the process, and p’ = £(p) is the final state after the process happens.
The following definition identifies those super-operators that are suited to model such
a process.
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Definition 2.1.25. A quantum operation in a Hilbert space H is a super-operator
in H satisfying the following conditions:

(i) tr[&(p)] < tr(p) = 1 for each density operator p in H;

(ii) (Complete positivity) For any extra Hilbert space Hg, (Zr ® £)(A) is positive
provided A is a positive operator in Hr ® #, where Zr is the identity operator
in L(HR); that is, Zr(A) = A for each operator A € L(HR).

For an argument that quantum operations are an appropriate mathematical model
of state transformation of an open quantum system, we refer to [174], Section 8.2.4.
Here are two examples showing how unitary transformations and quantum measure-
ments can be treated as special quantum operations:
Example 2.1.8. Let U be a unitary transformation in a Hilbert space H. We
define:
E(p) = UpUT

for every density operator p. Then £ is a quantum operation in .
Example2.1.9. Let M = {My} be a quantum measurement in .

(i) For each m, if for any system state p before measurement, we define
Em(p) = Pmpm = MmpM"

where pr, is the probability of outcome m and py, is the post-measurement state
corresponding to m, then &y, is a quantum operation.
(ii) For any system state p before measurement, the post-measurement state is

E(p) = me(p) = Z Mm;OMr;
m m

whenever the measurement outcomes are ignored. Then £ is a quantum
operation.

Quantum operations have been widely used in quantum information theory as a
mathematical model of communication channels. In this book, quantum operations
are adopted as the main mathematical tool for defining semantics of quantum
programs, because a quantum program may contain not only unitary transformations
but also quantum measurements in order to read the middle or final computational
results, and thus are better treated as an open quantum system.

The abstract definition of quantum operations given here is hard to use in
applications. Fortunately, the following theorem offers a helpful insight into a
quantum operation as an interaction between the system and an environment as well
as calculation convenience in terms of operators rather than super-operators.

Theorem 2.1.1. The following statements are equivalent:

(i) & isaquantum operation in a Hilbert space #;

(ii) (System-environment model) There is an environment system E with state
Hilbert space Hg, and a unitary transformation U in Hg ® H and a projector
P onto some closed subspace of Hg ® H such that
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£(p) = tre [PU(leo)(eo| ® p)UTP]
for all density operators p in #, where |ep) is a fixed state in Hg;
(iii) (Kraus operator-sum representation) There exists a finite or countably infinite
set of operators {E;j} in 7 such that ) ; E?Ei C | and
E(p) =Y EipE]
i
for all density operators p in . In this case, we often write:

€= EioE.
i

The proof of this theorem is quite involved and omitted here, and the reader can
find it in [174], Chapter 8.

QUANTUM CIRCUITS

A general framework of quantum mechanics was developed in the previous section.
From this section on, we consider how to harness the power of quantum systems to
do computation. We start from a lower-level model of quantum computers — quantum
circuits.

BASIC DEFINITIONS

Digital circuits for classical computation are made from logic gates acting on
Boolean variables. Quantum circuits are the quantum counterparts of digital circuits.
Roughly speaking, they are made up of quantum (logic) gates, which are modelled
by unitary transformations defined in Subsection 2.1.3.

We use p, g, 91, g2, . . . to denote qubit variables. Graphically, they can be thought
of as wires in quantum circuits. A sequence T of distinct qubit variables is called a
quantum register. Sometimes, the order of variables in the register is not essential.
Then the register is identified with the set of qubit variables in it. So, we can use
set-theoretic notations for registers:

ped PST pNT, pud, p\T

For each qubit variable g, we write Hq for its state Hilbert space, which is
isomorphic to the two-dimensional H> (see Example 2.1.1). Furthermore, for a set
V = {q1,...,0n} Of qubit variables or a quantum register g = qg, . . ., gn, We write:

n
Hy = Q) Hq = Q) Ha = Hg
geVv i=1

29
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for the state space of the composite system consisting of qubits s, . . ., qn. Obviously,
Hy is 2"-dimensional. Recall that an integer 0 < x < 2" can be represented by a
string X1 . . . Xn € {0, 1}" of n bits:

n
x=> xi-2"L
i=1

We shall not distinguish integer x from its binary representation. Thus, each pure
state in Hy can be written as

2n—1

) =) axlx)

x=0

where {|x)} is called the computational basis of 7—[?”.
Definition 2.2.1. For any positive integer n, if U is a 2" x 2" unitary matrix, and
d=041,...,qn IS a quantum register, then

G=U[q] orG=U[qy,...,0n]

is called an n-qubit gate and we write gqvar(G) = {qi,...,0qn} for the set of
(quantum) variables in G.

The gate G = UIQq] is a unitary transformation in the state Hilbert space Hg
of g. We often call unitary matrix U a quantum gate without mentioning the quantum
register d.

Definition 2.2.2. A quantum circuit is a sequence of quantum gates:

C=0G1...G6n

where m > 1, and Gy, ..., Gy are quantum gates. The set of variables of C is

m
quar(C) = |_J qvar(Gp).
i—1

The presentations of quantum gates and quantum circuits in the previous two
definitions are somehow similar to the Boolean expressions of classical circuits and
convenient for algebraic manipulations. However, they are not illustrative. Indeed,
quantum circuits can be represented graphically as is commonly done for classical
circuits; the reader can find graphic illustrations of various quantum circuits in
Chapter 4 of book [174], and a macro package for drawing quantum circuit diagrams
can be found at http://physics.unm.edu/CQuIC//Qcircuit/.

Let us see how a quantum circuit C=G;1...Gy computes. Suppose that
gvar(C) = {qs, ..., qn}, and each gate G; = U;[F;], where register F; is a subsequence
of § =qy,...,qn, and Uj is a unitary transformation in the space #r,.

» Ifastate [y) € Hquar(c) is input to the circuit C, then the output is

Cly) =Unm...Uily) (211)
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where for each i, Uj = U; ® I; is the cylindrical extension of Uj in H¢, and | is
the identity operator in the space Haq\r;. Note that the applications of unitary
operators U, ..., Uy in equation (2.11) are in the reverse order of Gy, ...,Gp in
the circuit C.

* More generally, if gvar(C) S V is a set of qubit variables, then each state
|v) € Hy can be written in the form of

W) =) ailgi)lz)
i

with |gi) € Hquar(c) and [¢i) € Hv\quar(c)- Whenever we input |) to the circuit
C, the output is

Cly) = Y ei(Clei)i)-
i

The linearity of C guarantees that this output is well-defined.

Now we can define equivalence of quantum circuits whenever their outputs are
the same upon the same input.

Definition 2.2.3. Let C1, C, be quantum circuits and V = gvar(C1) U gvar(Cy).
If for any |v) € Hy, we have:

Cily) = Cal¥), (212)

then C; and C; are equivalent and we write C; = Co.
A classical circuit with n input wires and m output wires is actually a Boolean
function

f:{0,1)" — {0,1}M.

Similarly, a quantum circuit C with qvar(C) = {qs, ..., qn} is always equivalent to
a unitary transformation in Hqvar(cy or a 2" x 2" unitary matrix. This can be clearly
seen from equation (2.11).

Finally, we introduce composition of quantum circuits in order to construct a large
quantum circuit from small ones.

Definition 2.2.4. Let C; = G;...Gy and C; = Hj ... Hy be quantum circuits,
where G1,...,Gn and Hy, . .., Hy are quantum gates. Then their composition is the
concatenation:

C1C2 =Gy ...GmHy ... H.

Exercise2.2.1

(i) Prove that if C1 = Cy then equation (2.12) holds for any state |v) € Hy and
for any V 2 qvar(C1) U qvar(Cy).
(ii) Prove that if C; = C, then CC; = CC;, and C;C = C,C.

31
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ONE-QUBIT GATES

After introducing the general definitions of quantum gates and quantum circuits in
the last subsection, let us look at some examples in this subsection.

The simplest quantum gates are one-qubit gates. They are represented by 2 x 2
unitary matrices. One example is the Hadamard gate presented in Example 2.1.3.
The following are some other one-qubit gates that are frequently used in quantum
computation.

Example2.2.1

(i) Global phase shift:
M(a) = eI,

(10

“\0 1

1 0
P(Ol)=<0 ei"‘>'

where « is a real number. In particular, we have:

(a) Phase gate:
S=P(71/2)=< (1) ? )

where « is a real number, and

is the 2 x 2 unit matrix.
(ii) (Relative) phase shift:

(b) /8 gate:

1 0
T=P@/4 = ( 0 i/ )

Example 2.2.2. The Pauli matrices:

01 0 —i 1 0
(TXZX:(l 0>,Uy=Y=<I 0 ),O'ZZZZ(O —l)

Obviously, we have X|0) = |1) and X|1) = |0). So, Pauli matrix X is actually the

NOT gate.
Example 2.2.3. Rotations about the &, §, Z axes of the Bloch sphere:
0 Ciun @

Rx(0) = cos —| —isin - )( — cos 7, |51I}92 |
2 —isin 7 cos 5
0 9 _

Ry(8) =cos =1 —isin =Y = COS sin ? |
2 2 sin 2 cos 2

0 6 e 19/2
Rz(9)—c0s§|—lsm22—< el0/2 )'

where 0 is a real number.
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The gates in Example 2.2.3 have a nice geometric interpretation: a single qubit
state can be represented by a vector in the so-called Bloch sphere. The effect of
Rx(0),Ry(0),R;(9) on this state is to rotate it by angle 6 about the x,y, z-axis,
respectively, of the Bloch sphere; for details, we refer to [174], Sections 1.3.1 and
4.2. It can be shown that any one-qubit gate can be expressed as a circuit consisting
of only rotations and global phase shift.

Exercise 2.2.2. Prove that all the matrices in the previous three examples are
unitary.

CONTROLLED GATES

One-qubit gates are not enough for any useful quantum computation. In this
subsection, we introduce an important class of multiple-qubit gates, namely the
controlled gates.

The most frequently used among them is the CNOT operator C defined in
Example 2.1.7. Here, we look at it in a different way. Let g1, g2 be qubit variables.
Then C[qz1, 2] is a two-qubit gate with g; as the control qubit and g as the target
qubit. It acts as follows:

Clds, d21liy, iz) = liz, i1 @ i)

for iy, ip € {0,1}, where @ is addition modulo 2; that is, if q1 is set to |1), then g2
is flipped, otherwise gy is left unchanged. As a simple generalization of the CNOT
gate, we have:

Example2.2.4. Let U be a 2 x 2 unitary matrix. Then the controlled-U is a two-
qubit gate defined by

CU)lar, gzlli1, iz) = li)U' fip)

for iy, iz € {0, 1}. Its matrix representation is

C(U):((I) 8)

where | is the 2 x 2 unit matrix. Obviously, C = C(X); that is, CNOT is the controlled-
X with X being the Pauli matrix.
Exercise 2.2.3. SWAP is a two-qubit gate defined by

SWAP[qy, 211111, 12) = li, i1)

for iy, iz € {0, 1}. Intuitively, it swaps the states of two qubits. Show that SWAP can
be implemented by three CNOT gates:

SWAP[qz, d2] = Claz, 921C[d2, 411C[az, a2].
Exercise 2.2.4. Prove the following properties of controlled gates:

(i) Clp,q]l = HIqIC(Z)[p,qIH[q].
(i) C(@)Ip,ql = C(@)la,p].
(i) HIpIH[a]Clp, qiH[pIH[a] = CIq, pI.
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(iv) C(M(a))[p,q] = P(x)[p].

(v) Clp, qIX[pIC[p,al = X[pIX[q].

(vi) Clp,qlY[pIC[p,ql = Y[pIX[ql.
(vii) C[p,qlZ[pICIp.,q]l = Z[p].
(viii) C[p, qIX[qIC[p,qal = X[q].

(ix) Clp,qlY[qlC[p, al = Z[p]Y[ql.

(x) CIp,qlZ[qIC[p, q] = Z[p]Z[q].

(xi) C[p,q]T[p] = T[pIC[p,q].

All the controlled gates considered previously are two-qubit gates. Actually, we
can define a much more general notion of controlled gate.

Definition 2.2.5. Letp = p1,...,pm and g be registers withpNg = @. If G =
U[q] is a quantum gate, then the controlled circuit C® (U) with control qubits p
and target qubits J is the unitary transformation in the state Hilbert space Hpug
defined by

- i iftj=...=tm=1
c® gy — 1 BYI) it m=1
blv) ) ) otherwise
foranyt=t;...tn € {0,1)"and |¢) € Hq.
The following example presents a class of three-qubit controlled gates.
Example2.2.5. Let p1, p2, q be qubit variables and U a 2 x 2 unitary matrix. The
controlled-controlled-U gate:

CZ(U) — C(plxpz)(u)
is the unitary transformation in Hp, ® Hp, ® Hg:

t1, t2, ¥) ifty =0 ort; =0,

@ =
CTOMRY)I = DUy gty =1

forty,t2 € {0, 1} and for any |) € Hq. In particular, the controlled-controlled-NOT
is called the Toffoli gate.

The Toffoli gate is universal for classical reversible computation, and it is
universal for quantum computation with a little extra help (in the sense defined in
Subsection 2.2.5 following). It is also very useful in quantum error-correction.

Exercise 2.2.5. Prove the following equalities that allow us to combine several
controlled gates into a single one:

(i) CPEC@W)) =CcPIW),
(ii) C(m(Ul)C(b)(Uz) — C(ﬁ)(Ule)l

QUANTUM MULTIPLEXOR

Controlled gates can be further generalized to multiplexors. In this subsection, we
introduce the notion of a quantum multiplexor and its matrix representation.
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For classical computation, the simplest multiplexor is a conditional described by
the “if ...then...else...” construction: perform the action specified in the “then”
clause when the condition after “if” is true, and perform the action specified in the
“else” clause when it is false. The implementation of conditionals may be done by
first processing the “then” and “else” clauses in parallel and then multiplexing the
outputs.

Quantum conditional is a quantum analog of classical conditional. It is formed by
replacing the condition (Boolean expression) after “if” by a qubit; that is, replacing
truth values true and false by the basis states |1) and |0), respectively, of a qubit.

Example 2.2.6. Let p be a qubit variable and g = qz, . . ., gn @ quantum register,
and let Co = Ug[q] and C; = U1[q] be quantum gates. Then quantum conditional
Co @ Cy is agate on 1+ n qubits p, g with the first qubit p as the select qubit and the
remaining n qubits g as the data qubits, defined by:

(Co @ CoIY) = )Uily)

fori e {0, 1} and for any |y) € Hq. Equivalently, it is defined by the matrix:

U O
C0®C1=< 00 U )

The controlled-gate defined in Example 2.2.4 is a special case of quantum condi-
tional: C(U) = | @ U, where | is the unit matrix.

The essential difference between classical and quantum conditionals is that
the select qubit can be not only in the basis states |0) and |1) but also in their
superpositions:

(Co ® C1)(apl0)|0) + 1 |1)|¥r1)) = aplO0)Ug |¥rg) + a1 |1)Uq[vr1)

for azmy states |v0), Y1) € Hgq and for any complex numbers ag, o1 With lag|? +
loa | = 1.

A multiplexor is a multi-way generalization of conditional. Roughly speaking, a
multiplexor is a switch that passes one of its data inputs through to the output, as a
function of a set of select inputs. Similarly, a quantum multiplexor (QMUX for short)
is a multi-way generalization of quantum conditional.

Definition 2.2.6. Letp = p1,...,pm and @ = q1,...,0n be quantum registers,
and for each x € {0,1}™, let Cy = Ux[q] be a quantum gate. Then QMUX

Do
X

is a gate on m + n qubits p, T, having the first m qubits p as the select qubits and the
remaining n qubits T as the data qubits. It preserves any state of the select qubits,
and performs a unitary transformation on the data qubits, which is chosen according
to the state of the select qubits:
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(@ Cx) [01v) = [OUtv)
X

foranyt e {0,1}™ and |y) € Hg.
The matrix representation of the QMUX is a diagonal:

Uo
Ui

2m—1
Do = P v

X x=0
U2m_1

Here, we identify an integer 0 < x < 2™ with its binary representation x € {0, 1}™.
The difference between classical multiplexor and QMUX also comes from the fact
that the select qubits p can be in a superposition of basis states |x):

2m_1 2m—1
(@ Cx) (Z ax|x>|¢x>) = > ax)Uxlyx)
X

x=0 x=0

for any states [¢x) € Hg (0 < x < 2™) and any complex numbers ay with
% lax|? = 1. Obviously, the controlled gate introduced in Definition 2.2.5 is a
special QMUX:

cPuw=1e...0laU,

where the first 2™ — 1 summands are the unit matrix of the same dimension as U.
Exercise 2.2.6. Prove the multiplexor extension property:

(EB Cx) (EB Dx) =P Dy
X X X

In the next section, we will see a simple application of QMUX in quantum walks.
A close connection between QMUX and a quantum program construct — quantum
case statement — will be revealed in Chapter 6. QMUXSs have been successfully used
for synthesis of quantum circuits (see [201]) and thus will be useful for compilation
of quantum programs.

UNIVERSALITY OF GATES

We have already introduced several important classes of quantum gates in the
last three subsections. A question naturally arises: are they sufficient for quantum
computation? This section is devoted to answering this question.

To better understand this question, let us first consider the corresponding question
in classical computation. For each n > 0, there are 22" n-ary Boolean functions.
Totally, we have infinitely many Boolean functions. However, there are some small
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sets of logic gates that are universal: they can generate all Boolean functions;
for example, {NOT, AND}, {NOT, OR}. The notion of universality can be easily
generalized to the quantum case:

Definition 2.2.7. A set Q of unitary matrices is universal if all unitary matrices
can be generated by it; that is, for any positive integer n, and for any 2" x 2" unitary
matrix U, there exists a circuit C with qvar(C) = {q1, ..., dn} constructed from the
gates defined by unitary matrices in € such that

U[le---nQn]=C

(equivalence of circuits introduced in Definition 2.2.3).

One of the simplest universal sets of quantum gates is presented in the following:

Theorem 2.2.1. The CNOT gate together with all one-qubit gates is universal.

The universal sets of classical gates mentioned previously are all finite. However,
the universal set of quantum gates given in Theorem 2.2.1 is infinite. Indeed, the
set of unitary operators form a continuum, which is uncountably infinite. So, it
is impossible to exactly implement an arbitrary unitary operator by a finite set of
quantum gates. This forces us to consider approximate universality rather than the
exact universality introduced in Definition 2.2.7.

Definition 2.2.8. A set Q of unitary matrices is approximately universal if for
any unitary operator U and for any ¢ > 0, there is a circuit C with gqvar(C) =
{q1,...,0n} constructed from the gates defined by unitary matrices in 2 such that

d(U[QL o 'lqn]rc) <E€,

where the distance d is defined by equation (2.2).
Two well-known approximately universal sets of gates are given in the following:
Theorem 2.2.2. The following two sets of gates are approximately universal:

(i) Hadamard gate H, 7 /8 gate T and CNOT gate C;
(ii) Hadamard gate H, phase gate S, CNOT gate C and the Toffoli gate (see
Example 2.2.5).

The proofs of Theorems 2.2.1 and 2.2.2 are omitted here, but the reader can find
them in book [174], Section 4.5.

MEASUREMENT IN CIRCUITS

The universality theorems presented in the last subsection indicate that any quantum
computation can be carried out by a quantum circuit constructed from the basic
quantum gates described in Subsections 2.2.2 and 2.2.3. But the output of a quantum
circuit is usually a quantum state, which cannot be observed directly from the outside.
In order to read out the outcome of computation, we have to perform a measurement
at the end of the circuit. So, sometimes we need to consider a generalized notion of
quantum circuit, namely circuit with quantum measurements.
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As shown in Subsection 2.1.4, we only need to use projective measurements
if it is allowed to introduce ancilla qubits. Furthermore, if the circuit contains n

qub
suff

it variables, the measurement in the computational basis {|x) : x € {0,1}"} is
icient because any orthonormal basis of these qubits can be obtained from the

computational basis by a unitary transformation.
Actually, qguantum measurements are not only used at the end of a computation.

The

y are also often performed as an intermediate step of a computation and the

measurement outcomes are used to conditionally control subsequent steps of the
computation. But Nielsen and Chuang [174] explicitly pointed out:

» Principle of deferred measurement: Measurements can always be moved from
an intermediate stage of a quantum circuit to the end of the circuit; if the
measurement results are used at any stage of the circuit then the classically
controlled operations can be replaced by conditional quantum operations.

Exercise 2.2.7. Elaborate the principle of deferred measurement and prove it.
This can be done in the following steps:

()

(ii)
(iii)

We can formally define the notion of quantum circuit with measurements (mQC

for short) by induction:

(a) Each quantum gate is an mQC;

(b) Ifgisaquantum register, M = {Mn} = {Mm;, Mm,,...,Mn,} isa
quantum measurement in Hg, and for each m, C, is an mQC with
gnNagvar(Cn) = ¢, then

if (Om - M[G] = m — C) if = fi M[q] = my — Cp,
O my — sz
...... 2.13)

is a mQC too;
(c) IfC1 and C, are mQCs, so is C1Co.
Intuitively, equation (2.13) means that we perform measurement M on @, and
then the subsequent computation is selected based on the measurement
outcome: if the outcome is m, then the corresponding circuit Cy, follows.
Generalize the notion of equivalence between quantum circuits
(Definition 2.2.3) to the case of mQCs.
Show that for any mQC C, there is a quantum circuit C’ (without
measurements) and a quantum measurement M[q] such that C = C'M[q]
(equivalence).

If we remove the condition § N qvar(Cm) = @ from clause (ii), then the post-

measurement states of measured qubits can be used in the subsequent computation.
Is the principle of deferred measurement still true for this case?
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QUANTUM ALGORITHMS

Quantum circuits together with measurements described in the last section give us
a complete (but low-level) model of quantum computation. Since the early 1990s,
various quantum algorithms that can offer speed-up over their classical counterparts
have been discovered. Partially due to historical reasons and partially due to lack of
convenient quantum programming languages at that time, all of them were described
in the model of quantum circuits.

In this section, we present several interesting quantum algorithms. Our aim is to
provide examples of the quantum program constructs introduced in the subsequent
chapters but not to provide a thorough discussion of quantum algorithms. If the reader
would like to enter the core of this book as quickly as possible, she/he can skip
this section for the first reading, and directly move to Chapter 3. Of course, she/he
will need to come back to this point if she/he wishes to understand the examples in
the subsequent chapters where the quantum algorithms presented in this section are
programmed.

QUANTUM PARALLELISM AND INTERFERENCE

Let us start from two basic techniques for designing quantum algorithms — quantum
parallelism and interference. They are two key ingredients that enable a quantum
computer to outperform its classical counterpart.

Quantum Parallelism:

Quantum parallelism can be clearly illustrated through a simple example.
Consider an n-ary Boolean function:

f:{0,1)" — {0,1}.

The task is to evaluate f (x) for different values x € {0, 1}" simultaneously. Classical
parallelism for this task can be roughly imagined as follows: multiple circuits each
for computing the same function f are built, and they are executed simultaneously
for different inputs x. In contrast, we only need to build a single quantum circuit that
implements the unitary transformation:

Us D Ixy) = Xy @ ) (2.14)

for any x € {0,1}" and y € {0, 1}. Obviously, unitary operator Us is generated from
the Boolean function f. This circuit consists of n 4 1 qubits, the first n qubits form
the “data” register, and the last is the “ target” register. It can be proved that given a
classical circuit for computing f we can construct a quantum circuit with comparable
complexity that implements Us.

Exercise 2.3.1. Show that Us is a multiplexor (see Definition 2.2.6):

Ur = D Ut x.
X
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where the first n qubits are used as the select qubits, and for each x € {0, 1}", Us x is
a unitary operator on the last qubit defined by

Ut xly) = ly @ f ()

fory € {0, 1}; that is, Us x is | (the identity operator) if f (x) = 0 and it is X (the NOT
gate) if f(x) = 1.

The following procedure shows how quantum parallelism can accomplish the task
of evaluating f (x) simultaneously for all inputs x € {0, 1}™:

» Anequal superposition of 2" basis states of the data register is produced very
efficiently by only n Hadamard gates:

Hen Al
0" 'S Y= — Y X,
\/z_nxe{o,l}"

where [0)®" = |0) ® ... ® |0) (the tensor product of n |0)’s), and
H®" = H ®...® H (the tensor product of n H’s).

» Applying unitary transformation Us to the data register in state |y) and the target
register in state |0) yields:

1 U 1
WI0) = —= > %0 = —= > ). (2.15)

x€{0,1} x€{0,1}

It should be noticed that the unitary transformation U was executed only once in
this equation, but the different terms in the right-hand side of the equation contain
information about f(x) for all x € {0,1}". In a sense, f(x) was evaluated for 2"
different values of x simultaneously.

However, quantum parallelism is not enough for a quantum computer to out-
perform its classical counterpart. Indeed, to extract information from the state in
the right-hand side of equation (2.15), a measurement must be performed on it; for
example, if we perform the measurement in the computational basis {|x) : x € {0, 1}"}
on the data register, then it would give f (x) at the target register only for a single value
of x (with probability 1/2"), and we cannot obtain f (x) for all x € {0, 1}" at the same
time. Thus, a quantum computer has no advantage over a classical computer at all if
such a naive way of extracting information is used.

Quantum Interference:

In order to be really useful, quantum parallelism has to be combined with another
feature of quantum systems — quantum interference. For example, let us consider a
superposition

D axlx f0)
X

of which the right-hand side of equation (2.15) is a special case. As said before, if
we directly measure the data register in the computational basis, we can only get
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local information about f (x) for a single value of x. But if we first perform a unitary
operator U on the data register, then the original superposition is transformed to

u (Zax|x,f<x)>) =) oax (Z Ux/x|x/,f(x)>)
X X X'
= Z |:|X/) ® (Zaxux’x” (X))>:| )
X! X

where Uyyx = (X'|U|x), and now the measurement in the computational basis will
give certain global information about f (x) for all x € {0, 1}". This global information
resides in

> axUylf ()
X

for some single value x'. In a sense, the unitary transformation U was able to
merge information about f (x) for different values of x. It is worth noting that the
measurement in a basis after a unitary transformation is essentially the measurement
in a different basis. So, an appropriate choice of a basis in which a measurement is
performed is crucial in order to extract the desired global information.

DEUTSCH-JOZSA ALGORITHM

It is still not convincing from the general discussion in the previous subsection that
quantum parallelism and interference can actually help us to solve some interesting
computational problems. However, the power of combining quantum parallelism
and interference can be clearly seen in the Deutsch-Jozsa algorithm that solves the
following:

« Deutsch Problem: Given a Boolean function f : {0, 1}" — {0, 1}, known to be
either constant, or balanced — f (x) equals 0 for exactly half of all the possible x,
and 1 for the other half. Determine whether it is constant or balanced.

The algorithm is described in Figure 2.1. It should be emphasized that in
this algorithm, the unitary operator U; determined by function f according to
equation (2.14) is supplied as an oracle.

To understand this quantum algorithm, we need to carefully look at several key
ideas in its design:

» Instep 2, the target register (the last qubit) is cleverly initialized in state
|—) = HJ1) rather than in state |0) as in equation (2.15). This special
initialization is often referred to as the phase kickback trick since

Utlx, =) = %) ® (-1)'®|-)
= (-0, ).
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* Inputs: A quantum oracle that implements the unitary operator Us defined by
equation (2.14).

e Outputs: 0 if and only if f is constant.

* Runtime: One application of Us. Always succeeds.

* Procedure:

1. 10y®"|1)
H&MO+1)

2. — J_Z

xef{0,1}n
Ut 1 f
35 — N (=)
el §X )1

H®" on the first n qubit _pxzH X
enrstn qu 'SZ 2x(=D

5 12)1-)

measure on the first n qubits in the computational basis
— Z

FIGURE 2.1
Deutsch-Jozsa algorithm.

Here, only the phase of the target register is changed from 1 to (—1)f®, which
can be moved to the front of the data register.

* Quantum parallelism happens in step 3 when applying the oracle Us.

» Quantum interference is used in step 4: n Hadamard gates acting on the data
register (the first n qubits) yields

1
Hen (—— |x>®(—1>f<x>|—>)
@
1
== (H"W ® D'
w2 )

2.16
1 X-Z f(x) ( )
=D Z( D7) @ (-1)'¥|-)
X
1
=m0 [(Z(—l)*”“”) 2 ® |—>} .
z X
» Instep 5, we measure the data register in the computational basis
{|12) : z € {0,1}"}. The probability that we get outcome z = 0 (i.e., |z) = [0)®") is

2
)1 if f is constant,
“lo iff isbalanced.

) SN
X

2n
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It is interesting to note that the positive and negative contributions to the
amplitude for |0)®" cancel when f is balanced.

Exercise 2.3.2. Prove the equality used in equation (2.16):

1
HOX) = — >~ (=1)*7|z)
\/Z—nze{o,l}”

for any x € {0, 1}", where

n
X 2= X
i=1

ifX=xXy,....,xpandz=121,...,Zn.

Finally, let us briefly compare the query complexities of the Deutsch problem
in classical computing and the Deutsch-Jozsa algorithm. A deterministic classical
algorithm should repeatedly select a value x € {0, 1}" and calculate f (x) until it can
determine with certainty whether f is constant or balanced. So, a classical algorithm
requires 2"~ + 1 evaluations of f. In contrast, Us is executed only once in step 3 of
the Deutsch-Jozsa algorithm.

GROVER SEARCH ALGORITHM

The Deutsch-Jozsa algorithm properly illustrates several key ideas for designing
quantum algorithms, but the problem solved by it is somehow artificial. In this
subsection, we introduce a quantum algorithm that is very useful for a wide range
of practical applications, namely the Grover algorithm that solves the following:

» Search Problem: The task is to search through a database consisting of N
elements, indexed by numbers 0,1, ..., N — 1. For convenience, we assume that
N = 2" so that the index can be stored in n bits. We also assume that the problem
has exactly M solutionswith 1 < M < N/2.

As in the Deutsch-Jozsa algorithm, we are supplied with a quantum oracle — a
black box with the ability to recognize a solution of the search problem. Formally, let
functionf : {0,1,...,N — 1} — {0, 1} be defined as follows:

1 ifx isasolution,

f(x) =
®) 0 otherwise.

We write

Hn = HE" = span{|0), [1),...,IN — 1)}
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with #H; being the state Hilbert space of a qubit. Then the oracle can be thought of as
the unitary operator O = U; in Hn ® H2 defined by

Olx,a) = UtIx,a) = [x)|q & f (X)) (2.17)
forx € {0,1,...,N — 1} and g € {0, 1}, where |x) is the index register, and |q) is

the oracle qubit which is flipped if x is a solution, and is unchanged otherwise. In
particular, the oracle has the phase kickback property:

% =) 3 (~1)f W, —).

Thus, if the oracle qubit is initially in state |—), then it remains |—) throughout the
search algorithm and can be omitted. So, we can simply write:

) 2 (1) ™. (2.18)

Grover Rotation:
One key subroutine of the Grover algorithm is called the Grover rotation. It
consists of four steps, as described in Figure 2.2.

* Procedure:

1. Apply the oracle O;
2. Apply the Hadamard transform H®";
3. Perform a conditional phase shift :
10) — 10),
IX) = —|x) forall x # 0;
4. Apply the Hadamard transform H®",

FIGURE 2.2
Grover rotation.

Let us see what the Grover rotation actually does. We write G for the unitary
transformation defined by the procedure in Figure 2.2; i.e., the composition of the
operators in steps 1-4. It should be pointed out that the oracle O used in step 1 is
thought of as a unitary operator in the space Hy (rather than Hy ® H2) defined
by equation (2.18). The conditional phase shift in step 3 is defined in the basis
{10),11),...,IN — 1)} of the space Hy. The following lemma presents the unitary
operator of the quantum circuit that implements the Grover rotation.

Lemma2.3.1. G = 2|y){(y| — O, where

is the equal superposition in Hy.
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Exercise2.3.3. Prove Lemma 2.3.1.

It is not easy to imagine from just the previous description that the operator G
represents a rotation. A geometric visualization can help us to understand the Grover
rotation better. Let us introduce two vectors in the space Hy:

) = Jl_ Yo

X not solution

1
B=T5 2

x solution

Itis clear that the vectors |«) and |8) are orthogonal. If we define angle 6 by

9_ N—M(0 0 71)
BTV 2572

then the equal superposition in Lemma 2.3.1 can be expressed as follows:

0
S1B).

|[¢) = cos gla) + sin >

Furthermore, we have:
Lemma 2.3.2. G(cosd|a) + sin§|B)) = cos(6 + §)|a) + sin(@ + §)|8).
Intuitively, the Grover operator G is a rotation for angle 6 in the two-dimensional
space spanned by |«) and |8). For any real number §, the vector cos §|a) + sin §|8)
can be represented by a point (cosd,sind). Thus, Lemma 2.3.2 indicates that the
action of G is depicted by the mapping:

(cos §, sin 8) (cos(6 + 8),sin(6 + §)).

Exercise 2.3.4. Prove Lemma 2.3.2.

Grover Algorithm:

Using the Grover rotation as a subroutine, the quantum search algorithm can be
described as shown in Figure 2.3.

It should be noted that k in Figure 2.3 is a constant integer; the value of k will be
suitably fixed in the next paragraph.

Performance Analysis:

It can be shown that the search problem requires approximately N /M operations
by a classical computer. Let us see how many iterations of G are needed in step 3 of
the Grover algorithm. Note that in step 2 the index register (i.e., the first n qubits) is

prepared in the state
N—-M M
) = TW} + W|ﬁ>-
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* Inputs
e Output

A quantum oracle O defined by equation (2.17).
s: A solution x.

« Runtime: O(+/N) operations. Succeeds with probability ©(1).
* Procedure:

FIGURE 2.3

1.10y®"|1)
penin 1 271 0 6
7 Xgo X)|—) = (cos§|a> +sm§|ﬁ)> )

G onthe fi bi
3. onfhe Istn quoits [cos (—Zk;_ 19) o) + sin <—2k; 19) Iﬁ)] [—)

measure the first n qubits in the computational basis
4, — |X)

Grover search algorithm.

So, rotating through arccos,/% radians takes the index register from |y) to | 8). It is
asserted by Lemma 2.3.2 that the Grover operator G is a rotation for angle 6. Let k
be the integer closest to the real number

/M
arccos y/ |

0

Then we have:

because ar

9 20

k{M]S(q

ccos % < 7. Consequently, k is a positive integer in the interval

[% — 1, Z]. By the assumption M < §, we have

and k <

obtain:

%\/g—‘ ,i.e., k = O(+/N). On the other hand, by the definition of k we

arccos ,/ %
ke — VN

1
<.
(2] -2
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It follows that

art .
CCOsS N arccos

Since cos § = /MM, we have arccos /¥ = % — § and
b1 0<2k+16<n+0
2 2~ 2 -2 2

Thus, since M < % it holds that the success probability

2k+1 0 N—-—M 1
Pr( success) = sin’ (%9) > cos? 7= >3

N

i.e., Pr(success) = ©(1). In particular, if M <« N, then the success probability is
very high.

The previous derivation can be summarized as follows: The Grover algorithm can
find a solution x with success probability O(1) within k = O(+/N) steps.

QUANTUM WALKS

In the previous subsections, we saw how the power of quantum parallelism and
interference can be exploited to design the Deutsch-Jozsa algorithm and the Grover
search algorithm. We now turn to consider a class of quantum algorithms for which
the design idea looks very different from that used in the Deutsch-Jozsa algorithm and
the Grover algorithm. This class of algorithms was developed based on the notion of
quantum walk, which is the quantum counterpart of random walk.

One-Dimensional Quantum Walk:

The simplest random walk is the one-dimensional walk where a particle moves
on a discrete line whose nodes are denoted by integers Z = {...,—-2,-1,0,1,2,.. .}.
At each step, the particle moves one position left or right, depending on the flip of
a “coin.” A quantum variant of the one-dimensional random walk is the Hadamard
walk defined in the following:

Example 2.3.1. The state Hilbert space of the Hadamard walk is Hg ® Hp,
where:

* Hq = span{|L), |R)} is a two-dimensional Hilbert space, called the direction
space, and |L), |R) are used to indicate the directions Left and Right,
respectively;

* Hp =span{|n) : n € Z} is an infinite-dimensional Hilbert space, and |n)
indicates the position marked by integer n,

and spanX for a nonempty set X is defined according to equation (2.1). One step of
the Hadamard walk is represented by the unitary operator

W=TH® ),
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where the translation T is a unitary operator in Hq ® Hp defined by
TIL,n) =|L,n—=1), TIR,Nn)=|R,n+1)

for every n € Z, H is the Hadamard transformation in the direction space #Hq, and
I3, is the identity operator in the position space #,. The Hadamard walk is then
described by repeated applications of operator W.

Exercise 2.3.5. We define the left and right translation operators T, and Tg in
the position space , by

Tun)=In—-1), TgIn) =In+1)

for each n € Z. Then the translation operator T is the quantum conditional T, & Tr
with the direction variable d as the select qubit (see Example 2.2.6).

Although the Hadamard walk was defined by mimicking the one-dimensional
random walk, some of their behaviors are very different:

» The translation operator T can be explained as follows: if the direction system is
in state |L), then the walker moves from position n to n — 1, and if the direction
is in |R), then the walker moves from position n to n + 1. This looks very similar
to a random walk, but in a quantum walk, the direction can be in a superposition
of |L) and |R), and intuitively the walker can move to the left and to the right
simultaneously.

* Inarandom walk, we only need to specify the statistical behavior of the “coin”;
for example, flipping a fair “ coin” gives heads and tails with equal probability %
In a quantum walk, however, we have to explicitly define the dynamics of the
coin” underlying its statistical behavior; for example, the Hadamard
transformation H can be seen as a quantum realization of the fair “coin”; but so
does the following 2 x 2 unitary matrix (and many others):

-3(11)

» Quantum interference may happen in a quantum walk; for example, let the
Hadamard walk start in state |[L)|0). Then we have:

H 1
L)|O —(IL R))|0
L) )—>\/§(| ) +IR))|0)
T 1
— —(|L)] =1 R)|1
ﬁ(| ) — 1) + [R)|1))
H 1
>3 [(IL) + IR))| — 1) + (IL) — [R))[1)] (2.19)
1
N §(|L>| —2) 4+ |R)|0) + |L)[0) — [R}[2))
H 1
— ——[(|L RY)| —2 L) — |R))|O
2ﬁ[(| )+ IR))| = 2) + (IL) — [R))[0)

+(IL) 4+ R))[0) — (IL) — IR))12)]
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Here, —|R)|0) and |R)|0) are out of phase and thus cancel one another.

Quantum Walk on a Graph:

Random walks on graphs are a class of random walks widely used in the design
and analysis of algorithms. Let G = (V, E) be an n-regular directed graph; that is, a
graph where each vertex has n neighbors. Then we can label each edge with a number
between 1 and n such that for each 1 < i < n, the directed edges labeled i form a
permutation. In this way, for each vertex v, the ith neighbor v; of v is defined to be the
vertex linked from v by an edge labeled i. A random walk on G is defined as follows:
the vertices v’s of G are used to represent the states of the walk, and for each state v
the walk goes from v to its every neighbor with a certain probability. Such a random
walk also has a quantum counterpart, which is carefully described in the following:

Example2.3.2. The state Hilbert space of a quantum walk on an n-regular graph
G = (V,E)is Hg ® Hp, where:

* Hq = span{[i)}_, is an n-dimensional Hilbert space. We introduce an auxiliary
quantum system, called the direction ““coin,” with the state space Hq4. For each
1 <i < n, the state |i) is used to denote the ith direction. The space Hgq is
referred to as the ““coin space”;

» Hp = span{|v)}vev is the position Hilbert space. For each vertex v of the graph,
there is a basis state |v) in H,.

The shift S is an operator in Hy ® Hp defined as follows:
Sli,v) = [i)|vj)

forany 1 <i <nandv eV, where v; is the ith neighbor of v. Intuitively, for each i,
if the ““coin” is in state |i), then the walker moves in the ith direction. Of course, the
““coin” can be in a superposition of states |i) (1 < i < n) and the walker moves to all
the directions simultaneously.

If we further choose a unitary operator C in the “coin” space gy, called the
““coin-tossing operator,” then a single step of a coined quantum walk on graph G can
be modelled by the unitary operator:

W =S(C®ly,) (2.20)

where 1, is the identity operator in the position space H,. For example, a fair
““coin” can be implemented by choosing the discrete Fourier transform:

11 1 1
1 1 w w2 i1
FT=—| 1 o? ot ... @D (2.21)
Jd
1 oi-1 pd-D2  d-1d-1

as the ““coin-tossing operator,” where @ = exp(2xi/d). The operator FT maps each
direction into a superposition of directions such that after measurement each of them
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is obtained with the equal probability % The quantum walk is then an iteration of the
single-step walk operator W.

Exercise 2.3.6. For each 1 < i < n, we can define a shift operator S; in the
position space Hy:

Silv) = |vi)

for any v € V, where v; stands for the ith neighbor of v. If we slightly generalize the
notion of quantum multiplexor (QMUX) by allowing the select variable being any
quantum variable but not only qubits, then the shift operator S in Example 2.3.2 is
the QMUX &p; S; with the direction d as the select variable.

It has been observed that sometimes quantum effect (e.g., interference) in a
quantum walk can offer a significant speed-up; for example, it helps a quantum walk
to hit a vertex from another much faster than a random walk.

QUANTUM-WALK SEARCH ALGORITHM

Is it possible to harness the quantum speed-up pointed out at the end of the last
subsection to design quantum algorithms that outperform their classical counterparts?
In this subsection, we present such an algorithm for solving the search problem
considered in Subsection 2.3.3.

Assume that the database consists of N = 2" items, each of which is encoded as
an n-bit string x = x1...%, € {0,1}". It was assumed in Subsection 2.3.3 that there
are M solutions. Here, we only consider the special case of M = 1. So, the task is
to find the single target item (solution) x*. The search algorithm in this subsection
is based upon a quantum walk over the n-cube — the hypercube of dimension n. The
n-cube is a graph with N = 2" nodes, each of which corresponds to an item x. Two
nodes x and y are connected by an edge if they have only a one-bit difference:

Xd # Yq forsomed, and x; =y; foralli # d;

that is, x and y differ by only a single-bit flip. Thus, each of the 2" nodes of the n-cube
has degree n — it is connected to n other nodes.

As a special case of Example 2.3.2, the quantum walk over the n-cube is described
as follows:

» The state Hilbert space is Hq ® Hp, Where Hg = span{|1),...,|n)},
Hp = HS" = span{|x) : x € {0,1}"},

and H is the state space of a qubit.

» The shift operator S maps |d, x) to |d, x & eq) (the dth bit of x is flipped), where
eq = 0...010...0 (the dth bit is 1 and all others are 0) is the dth basis vector of
the n-cube. Formally,
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s=Y Y ldxeendx

d=1xe{0,1}"

where @ is component-wise addition modulo 2.
» The “coin tossing” operator C is chosen to be the Grover rotation without the
oracle (see Lemma 2.3.1):

C = 2|yq) (Yl — |

where I is the identity operator in g and |vq4) is the equal superposition over all
n directions:

1 n
= — d).
1vd) ﬁ(§|>

As in the Grover algorithm, we are supplied with an oracle that can mark the
target item x*. Suppose that this oracle is implemented via a perturbation of C:

D=C® ) X)X +C @ X )(x"] (2.22)
XFEX*

where C’ is a unitary operator in Hg. Intuitively, the oracle applies the original “coin

tossing” operator C to the direction system whenever the position corresponds to a

nontarget item, but marks the target item x* by applying a special “coin” action C’.
Now the search algorithm works as follows:

* Initialize the quantum computer to the equal superposition over both all
directions and all positions: |yo) = [¥d) ® |¥p), where

1
o) = > .

xe{0,1}n
» Apply the perturbed single-step walk operator

W' =SD =W —S[(C—C)® x*){x*|]

t= [%«/N-‘ times, where W is the single-step walk operator defined by
equation (2.20).
» Measure the state of the quantum computer in the |d, X) basis.

There is a remarkable difference between the “coin tossing” operator D used in
this algorithm and the original “coin tossing” operator C (more precisely, C ® 1) in
Example 2.3.2: the operator C acts only in the direction space and thus is position-
independent. However, D is obtained by modifying C ® | with C’ marking the target
item x*, and it is obvious from equation (2.22) that D is position-dependent.

.
51
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For the case of C' = —I, it was proved that the algorithm finds the target item
with probability % — O(%), and thus the target item can be found with an arbitrarily
small probability of error by repeating the algorithm a constant number of times.
The performance analysis of this algorithm is involved and not included here, but the
reader can find it in the original paper [203].

The reader is invited to carefully compare this search algorithm based on quantum
walk with the Grover search algorithms introduced in Subsection 2.3.3.

QUANTUM FOURIER TRANSFORM

Another important class of quantum algorithms is based on the quantum Fourier
transform. Recall that the discrete Fourier transform takes as input a vector of com-
plex numbers xo, . .., Xn—1, and it outputs a vector of complex numbersyy, ..., yn—1:

N-1
1 27ijk/N
= e Xi 2.23
Yk N jz_o j (2.23)

for each 0 < j < N. The quantum Fourier transform is a quantum counterpart of the
discrete Fourier transform.

Definition 2.3.1. The quantum Fourier transform on an orthonormal basis
|0),...,IN — 1) is defined by

1 N-t "
FT: ) > — Y 2Ny,
I} N kE:O 1K)

More generally, the quantum Fourier transform on a general state in the N-
dimensional Hilbert space is given as follows:

N-1 N-1
FT ) x5l — D wklk),
j=0 k=0

where the amplitudes yp,...,yn—1 are obtained by the discrete Fourier (2.23)
transform on amplitudes Xo, ...,Xny—1. The matrix representation of the quantum
Fourier transform was given in equation (2.21).

Proposition 2.3.1. The quantum Fourier transform FT is unitary.

Exercise 2.3.7. Prove Proposition 2.3.1.

The Circuit of Quantum Fourier Transform:

An implementation of the quantum Fourier transform FT by one-qubit and two-
qubit gates is presented in the following proposition and its proof.

Proposition 2.3.2. Let N = 2". Then the quantum Fourier transform can be
implemented by a quantum circuit consisting of n Hadamard gates and

nn—-1)
2

+303]

controlled gates.



2.3 Quantum algorithms 53

Proof. We prove this proposition by explicitly constructing a quantum circuit that
fulfils the stated conditions. We use the binary representation:

* j1j2...]jn denotes
j=i12" 42" 2+ +jn2%;
e 0.jkjk+1 - - - jn denotes
iK/2+ik41/22 + /20
forany k > 1.

Then the proposition can be proved in three steps:

(i) Using the notation introduced in Section 2.2, we design the circuit:

D = H[a1]C(R2)[02,01]. .. C(Rn)[an, a1]1H[a2]1C(R2)[03, a2]

(2.24)
..C(Rn—DIan, 421 .. . H[ah—_11C(R2)[an, dh—1]H[an]

where Ry is the phase shift (see Example 2.2.1):

1 0
k
Ry = P(2ﬂ/2 ) = ( 0 e2ri/2¢ )

fork=2,...,n. Ifweinput [j) = [j1...]n) into the circuit (2.24), then the
output is :

\/%00) +e2mi0dn 1)y L (j0) + €200 1)) (2.25)

by a routine calculation.
(ii) We observe that whenever N = 2", the quantum Fourier transform can be
rewritten as follows:

f z_: m]k/Z“lk

1 1
Z Z eZnIj(k1~2n71+...+kn'20)/2n|k1 ... kn)

1=0 kn
1
Z m]kl/lek Z eZkan/Z”'k )
k1=0 kn=
|

( 0) + eZ”‘O-Jnu)) . (|0> n eZ”‘O-h---inu)) .

(2.26)

«‘

1
= 7
1

J2n

(iii) Finally, by comparing equations (2.26) and (2.25), we see that adding L%J
swap gates at the end of the circuit (2.24) will reverse the order of the qubits,
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and thus yield the quantum Fourier transform. It is known that each swap gate
can be accomplished by using 3 CNOT gates (see Exercise 2.2.3). O

PHASE ESTIMATION

Now we show how the quantum Fourier transform defined in the last subsection can
be used in an algorithm for phase estimation. This quantum algorithm solves the
following problem:

* Phase Estimation: A unitary operator U has an eigenvector |u) with eigenvalue
e27iv where the value of ¢ is unknown. The goal is to estimate the phase ¢.

The phase estimation algorithm is described in Figure 2.4. It uses two registers:

» The first consists of t qubits g1, . . ., qt, all of which are initialized in state |0);
» The second is the system p which U applies to, initialized in state |u).

Using the notation introduced in Section 2.2, the circuit for this algorithm can be
written as follows:
D= E-FTT[qy,...,qt] (2.27)

where:

E = Hlqa] ... Hlqr_o]HIgr_11HIqx]
cU?)[qr, pICUZH)gt_1, PICUZ)Gt_2.pI ... C(UZ a1, pl

C(-) is the controlled gate (see Definition 2.2.5), and FT is the inverse quantum
Fourier transform FT and can be obtained by reversing the circuit of FT given in the
proof of Proposition 2.3.2.

Obviously, circuit (2.27) consists of O(t?) Hadamard and controlled gates

together with one call to oracle u? forj=0,1,...,t — 1. We further observe that
1
V2t
(100 +e2m 02 1) (10) + 272 11) (10) + €270 P (1)) fuy

Y =
= > ek | u).
k=0

A Special Case:
To understand why the algorithm works, let us first consider a special case where
@ can be exactly expressed in t bits:

i ot—=1
E[0)q; - 10)q._2 0)g 1 [Q)aululp = —= (10) +€*72 1))

(2.28)

» =0.010203 ... ¢t.
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* Inputs

(i) An oracle which performs controlled-U? operators forj=0,1,...,t—1;
(ii) t qubits initialized to |0); .
(i) An eigenvector |u) of U with eigenvalue e>7¢,

where
1
t=n+ [log(Z—l— —)—‘ .
2€
e Outputs: An n-bit approximation ¢ = m to ¢.
« Runtime: O(t?) operations and one call to each oracle. Success with probability

atleast 1 — .
e Procedure:

i . 2t1
H®! on the first t qubits 1 .
1.10)%|u) = — >

j=0

oracles -
2, — Y Ul = 2711 jy|u)
ot Z Ot Z

_— . 2rijp —2mijk/2t
3. - f 2(;) (f doe |k>) Ju)
Z oK) |u)

measure the first t qubits

4. - [m)|u),

where
icot
Z eZITIJ((p k/2t 1 _ e271!(2 o—k)
1 — e2mi(p—k/2Y

FIGURE 2.4
Phase estimation.

Then equation (2.28) can be rewritten as:

EI0)...10}/0}[0)u) = +e2m0a 1)) . (10) + 20w 1) )

1
- = (|o> )
<|0> + e2ﬂ|0-<ﬂ2</)3~~¢t|1)> (|0) + 627T'</)1</)2<p3m<ﬂt|1)> |u).
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Furthermore, by equations (2.27) and (2.26) we obtain;

Cl0)...10)|0)|0)|u) = FTT (E[0) ... ]0)10)[0)) |u)
= |lp19293 - - - @t} U).

Performance Analysis:

The previous discussion about a special case should give the reader a hint why the
algorithm is correct. Now we are ready to consider the general case. Let0 < b < 2!
be such that b/2! = 0.by ... by is the best t bit approximation to ¢ which is less than

p;le.,
b/2t < ¢ < b2t +1/2%.
We write § = ¢ — b/2! for the difference. It is clear that 0 < § < 1/2%. Note that

1
ol = 2t-1j1 — eZni((pfk)/Zt|

because |1 — e'| < 2 for all 6. Put i = a(p41 mod 2ty fOr any —2t-1 < | < 2t-1,
Then

1 1
= 2t-1j1 — 27i(3— I/2t)| = 2|l - 2tg)

1Bl <

because
(i) 11—-e? >2%f 5 <6 <nx;and
(i) —3<s-1/2t<3

Suppose the outcome of the final measurement is m. Then for a positive integer d,
we have:

PIm—bl>d)= Y |amf?

m:|m—b|>d
D G - 1o
—2t-lcl<—(d+1) d+l<l<2t-1
—(d+1) 2t
1 1 1
Y ot T
= Y Y
L_ 2t11(I 282 4 d 25)}
(d+1) 1 2t-1 1
< =+ N note that 0 < 2§ < 1
< 2t 2 aToe| ¢ <25 <1
|=—2t- 1+1 I=d+1
t—1
1 271
=227
2 = |
1 /2” dl 1
<- - <
2 Jg-1 127 2d-1)°
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If we wish to approximate ¢ to a 2~" accuracy and the success probability is at least
1— e, then we only need to choose d = 2t=" —1 and require ﬁ < €. This leads to

1
t>T2n+ ’710g(—+2)—‘
2¢

and we can make use of t = T qubits in the phase estimation algorithm.

Combining the preceding derivation with equation (2.27) and Proposition 2.3.2
gives us the conclusion: the algorithm presented in Figure 2.4 can compute the n-bit
approximation of phase ¢ with at least success probability 1 — e within O(t?) steps,
using

n+ {log(é + 2)—‘

qubits.

The phase estimation algorithm is a key procedure in a class of important
quantum algorithms, including the famous Shor algorithm for factoring [204] and the
Harrow-Hassidim-Lloyd algorithm for systems of linear equations [112]. A detailed
presentation of these two algorithms is out of the scope of this book.

BIBLIOGRAPHIC REMARKS

* Quantum Mechanics: The material on quantum mechanics presented in
Section 2.1 is standard and can be found in any (advanced) textbook of quantum
mechanics.

» Quantum Circuits: Part of Section 2.2 is based on [34] and Chapter 4 of book
[174]. The quantum multiplexor in Subsection 2.2.4 was introduced by Shende
et al. [201]. The notations for quantum gates and circuits as well as the notion of
a quantum circuit with measurements in Exercise 2.2.7 come from [226].
Section 2.2 is merely an introduction to the basics of quantum circuits. Quantum
circuits have been developed into a large research area since [34]. In particular,
in recent years, research on quantum circuits, including synthesis
(decomposition of large unitary matrices) and optimization of quantum circuits,
became very active with applications to compilation of quantum programming
languages; see Section 8.2 for further discussion. It is worth mentioning that
synthesis and optimization of quantum circuits are much harder than the
corresponding problems for classical circuits.

» Quantum Algorithms: The presentation of Subsections 2.3.1t0 2.3.3, 2.3.6
and 2.3.7 largely follows Sections 1.4, 5.1, 5.2 and 6.1 of [174]. The
one-dimensional quantum walk and the quantum walk on a graph in
Subsection 2.3.4 were defined in [9] and [19], respectively. The algorithm given
in Subsection 2.3.5 was proposed by Shenvi et al. [203].
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Quantum algorithms have been one of the most active research areas in quantum
computing since Shor’s factoring algorithm and Grover search were discovered.
For the three major quantum algorithms in earlier times, namely the Shor
algorithm, Grover algorithm and quantum simulation [154], and their variants,
[174] is still one of the best expositions. Shor [205] proposed two explanations
for why so few classes of quantum algorithms have been found and pointed out
several lines of research that might lead to the discovery of new quantum
algorithms. A large number of papers on quantum walks and algorithms based
on them have been published in the last decade; see [18,192,214] for a thorough
survey. A recent breakthrough in quantum algorithms is the
Harrow-Hassidim-Lloyd algorithm for systems of linear equations [112]. It
further led to active research on quantum machine learning algorithms
[156,157,184] in the last few years; see [2] for some interesting discussions
about this line of research.



Syntax and semantics of
gquantum programs

In Section 2.3, several quantum algorithms were presented at the very low-level
model of quantum computing — quantum circuits. How can we design and implement
higher-level programming languages for quantum computers? From this chapter on,
we systematically develop the foundations of quantum programming.

As the first step, let us see how a classical programming language can be directly
extended for programming a quantum computer. As pointed out in Sections 1.1
and 1.2, this issue had been the main concern of early research on quantum
programming. This chapter studies a class of simple quantum generalizations of
classical programs — quantum programs with classical control: i.e., programs in the
superposition-of-data paradigm. The design idea of this class of quantum programs
was briefly introduced in Subsection 1.2.1. The control flow of these programs will
be further discussed shortly.

The chapter is divided into three parts:

» The while-language constitutes the “kernel” of many classical programming
languages. The first part of this chapter introduces a quantum extension of the
while-language. This part consists of Sections 3.1 to 3.3: Section 3.1 defines the
syntax of the quantum while-language. Sections 3.2 and 3.3 present its
operational and denotational semantics, respectively.

Along the way, we briefly prepare a theory of quantum domains needed for a
characterization of the denotational semantics of the loop in the quantum
while-language. For readability, the lengthy proofs of some lemmas about
quantum domains are postponed to a separate section — Section 3.6 — at the end
of the chapter.

» The second part — Section 3.4 — extends the quantum while-language by adding
recursive quantum programs (with classical control). The operational and
denotational semantics of recursive quantum programs are defined. Here, the
theory of quantum domains is also needed to deal with the denotational
semantics.

» The third part — Section 3.5 — presents an illustrative example showing how the
Grover quantum search can be programmed in the language defined in this
chapter.

Foundations of Quantum Programming.http://dx.doi.or g/10.1016/B978- 0- 12-802306- 8.00003-3
Copyright © 2016 Elsevier Inc. All rights reserved.
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SYNTAX

In this section, we define the syntax of a quantum extension of classical while-
language. Recall that a classical while-program is generated by the grammar:

S:i= Kkip|lu:=t|S;S
lifbthen S else S fi
| whilebdo Sod.

Here, S S, S are programs, u is a variable, t is an expression, and b is a Boolean
expression. Intuitively, while-programs are executed as follows:

The statement “skip” does nothing but terminates.

The assignment “u ;= t” assigns the value of expression t to variable u.

The sequential composition “S;; $” first executes S;, and when S terminates, it
executes S.

The conditional statement “if bthen S else S fi” starts from evaluating the
Boolean expression b: if b is true, § is executed; otherwise, S is executed. The
conditional statement can be generalized to the case statement:

ifGi > 9§
O0G —- S
...... (3.2)

or more compactly
if (0i-Gj — S) fi

where G1, Gy, .. ., G, are Boolean expressions, called guards, and §, S, ..., S
are programs. The case statement starts from evaluating guards: if G; is true,
then the corresponding subprogram S is executed.

The while-loop “while b do Sod” starts from evaluating the loop guard b: if b is
false, the loop terminates immediately; otherwise, the loop body Sis executed,
and when Sterminates, the process is repeated.

Now we expand the while-language so that it can be used for quantum program-

ming. We first fix the alphabet of the quantum while-language:

A countably infinite set qVar of quantum variables. The symbols
a9, 90, q1, G2, - . . will be used as meta-variables ranging over quantum
variables.
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» Each quantum variable g € gVar has a type Hq, which is a Hilbert space — the
state space of the quantum system denoted by qg. For simplicity, we only consider
two basic types:

Boolean = Hy, integer = Heo.

Note that the sets denoted by types Boolean and integer in classical
computation are exactly the computational bases of H, and H o, respectively
(see Examples 2.1.1 and 2.1.2). The main results presented in this chapter can be
easily generalized to the case with more data types.

A quantum register is a finite sequence of distinct quantum variables. (The notion of
quantum register in Section 2.2 is slightly generalized here by allowing it to contain
other quantum variables than qubit variables.) The state Hilbert space of a quantum
register § = q,...,0n is the tensor product of the state spaces of the quantum
variables occurring in G:

n
Hy= Q) Mg
i=1

When necessary, we write |v/)q to indicate that [v) is a state of quantum variable
0i; that is, [v) is in Hq. Thus, |v)q (¢i| denotes the outer product of states [v) and
lo) of o, and [Yr1)q, - - - [¥n)q, IS a state in Hg in which g; is in state [v;) for every
l<i<n
With these ingredients, we can define programs in the quantum while-language.
Definition 3.1.1. Quantum programs are generated by the syntax:

S:i=kip|q:=10) |G:=U[AS;S
[if (Om-M[q] = m— Sy) fi (3.2
| whileM[q] = 1 do Sod.

This definition deserves a careful explanation:

» Asin the classical while-language, statement “skip” does nothing and
terminates immediately.

» Theinitialization statement “q := |0)” sets quantum variable q to the basis state
|0). For any pure state |1/) € Hgq, there is obviously a unitary operator U in Hgq
such that |yr) = U|0). So, the system ¢ can be prepared in state |) by this
initialization and the unitary transformation q := U[q].

» The statement “q := U[Q]” means that unitary transformation U is performed on
quantum register @, leaving the states of the quantum variables not in g
unchanged.

» Sequential composition is similar to its counterpart in a classical programming
language.



64 CHAPTER 3 Syntax and semantics of quantum programs

 The program construct

if Om-M[@l=m— Sy fi =ifM[ql=m — Sy,
| m — Sy,
...... (3.3
O Mh — Sm,
fi

is a quantum generalization of the classical case statement (3.1). Recall that the
first step of execution of statement (3.1) is to see which guard G; is satisfied.
However, according to the Postulate of quantum mechanics 3 (see

Subsection 2.1.4), the way to acquire information about a quantum system is to
perform a measurement on it. So, in executing the statement (3.3), quantum
measurement

M = {Mm} = {Mmy, My, ..., Mm, }

will be performed on quantum register G, and then a subprogram Sy, will be
selected to be executed next according to the outcome of the measurement. An
essential difference between the measurement-based case statement (3.3) and a
classical case statement is that the state of program variables is changed after
performing the measurement in the former, whereas it is not changed after
checking the guards in the latter.

* The statement

whileM[q] = 1do Sod (3.4)

is a quantum generalization of the classical loop “while b do Sod”. To acquire
information about quantum register g, a measurement M is performed on it. The
measurement M = {Mp, M1} is a yes-no measurement with only two possible
outcomes: 0 ( “no”), 1 ( “yes™). If the outcome 0 is observed, then the program
terminates, and if the outcome 1 occurs, then the program executes the
subprogram Sand continues. The only difference between the quantum loop
(3.4) and a classical loop is that checking the loop guard b in the classical loop
does not change the state of program variables, but this is not the case in the
quantum loop.

Classical Control Flow:

Now it is the right time to explain that the control flow of a program in the
quantum while-language is classical, as indicated at the beginning of this chapter.
Recall that the control flow of a program is the order of its execution. In the quantum
while-language, there are only two statements — the case statement (3.3) and the
loop (3.4) — whose execution is determined by a choice as to which of two or
more paths should be followed. The case statement (3.3) selects a command to
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execute according to the outcome of measurement M: if the outcome is my, then
the corresponding command Sy, will be executed. Since the outcome of a quantum
measurement is classical information, the control flow in statement (3.3) is classical.
The same argument illustrates that the control flow in the loop (3.4) is classical too.

As pointed out in Subsection 1.2.2, it is also possible to define programs
with quantum control flow. Quantum control flow of programs is much harder to
understand, which will be the theme of Chapters 6 and 7.

Program Variables:

Before concluding this section, we present the following technical definition,
which will be needed in the sequel.

Definition 3.1.2. The set gvar (S) of quantumvariables in quantum program Sis
recursively defined as follows:

(i) If S= skip, then quar(S) = 7;
(ii) 1f S=qg:=0), thengvar(S = {q};
(i) If S=1q:=UJ[g], thengvar(S =T7;
(iv) 1f S= S, S, then gvar (S = gvar (S) U gvar (S);
(v) If S=if (Om- M[T] = m— Sy) fi, then

qvar (S) =qu |_J avar (Sm);
m

(vi) If S= whileM[q] = 1do Sod, then gvar(S) = quU qvar(9).

OPERATIONAL SEMANTICS

The syntax of quantum while-programs was defined in the last section. This section
defines the operational semantics of the quantum while-language. We first introduce
several notations:

» A positive operator p in a Hilbert space # is called a partial density operator if
tr(p) < 1. So, a density operator p (see Definition 2.1.21) is a partial density
operator with tr(p) = 1. We write D(H) for the set of partial density operators
in . In quantum programming theory, a partial density operator is a very useful
notion, because a program with loops (or more generally, recursions) may not
terminate with a certain probability, and its output is a partial density operator
but not necessarily a density operator.

» We write Hg for the tensor product of the state Hilbert spaces of all quantum

variables:
Hall = ® Hg.
geqvar
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o Letg=qu,...,qn be aquantum register. An operator A in the state Hilbert
space Hgq of g has a cylindrical extension A® | in Ha, where | is the identity
operator in the state Hilbert space

& Ha

qeqvar\g

of the quantum variables that are not in G. In the sequel, we will simply write A
for its cylindrical extension, and it can be easily recognized from the context,
without any risk of confusion.

* We will use E to denote the empty program: i.e., termination.

As in the theory of classical programming, the execution of a quantum program
can be properly described in terms of transition between configurations.
Definition 3.2.1. A quantumconfigurationisa pair (S p), where:

(i) Sisaquantum program or the empty program E;
(ii) p € D(Ha)) isapartial density operator in Hg, and it is used to indicate the
(global) state of quantum variables.

A transition between quantum configurations:
(Sp)— (S,0")

means that after executing quantum program S one step in state p, the state of
guantum variables becomes p’, and S is the remainder of Sstill to be executed.
In particular, if S = E, then Sterminates in state p’.

Definition 3.2.2. The operational semantics of quantum programs is the transi-
tion relation — between quantum configurations defined by the transition rules in
Figure 3.1.

The operational semantics (i.e., the relation —) defined previously should be
understood as the smallest transition relation between quantum configurations that
satisfies the rules in Figure 3.1. Obviously, the transition rules (IN), (UT), (IF),
(LO) and (L1) are determined by the postulates of quantum mechanics. As you
saw in Chapter 2, probabilities always arise from the measurements in a quantum
computation. But it should be noticed that the operational semantics of quantum
programs is an ordinary transition relation — rather than a probabilistic transition
relation. Several remarks should help the reader to understand these transition rules:

» The symbol U in the target configuration of the rule (UT) stands indeed for the
cylindrical extension of U in Hg. A similar remark applies to the rules (IF),
(LO) and (L1) for measurements and loops.

 Inthe rule (IF), the outcome mis observed with probability

Pm = tr (MmoMb,
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SK _—
(10 (skip, p) — (E, p)
(IN)
(@:= [0), p) > (E. pg)
where
5d_ [100a(01p10)q(01 + [0)q(LipIL)q 0] if type(q) = Boolean,
0 2o 10)g(nlpIMq (Ol if type(q) = integer.
(uT .
(@:=U[m), p) — (E,UpUT)
SO) (S1.p) — (S, 0")

(S1:%2,0) = (S: S, 0')

where we make the convention that E; S = $.

(IF)
(if (M- M[g] = m— S fi, p) = (Sm, MmpM{)

for each possible outcome m of measurement M = {Mp}.

(LO) :
(whileM[q] = 1do Sod, p) — (E,MgpM)
(LD :
(while M[q] = 1 do Sod, p) — (S whileM[d] = 1 do Sod, M1oM;)
FIGURE 3.1

Transition rules for quantum while-programs.

and in this case, after the measurement the state becomes

pm = MmPMlan/pm-

So, a natural presentation of the rule (IF) is the probabilistic transition:

(if (@M= M[Tl = m — S i, o) 2 (S, pm)
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However, if we encode both probability pm and density operator pm into a partial
density operator

Mm;OMrJg*n = PmpPm,

then the rule can be presented as an ordinary (a nonprobabilistic) transition.
» Likewise, in the rules (LO) and (L1) the measurement outcomes 0 and 1 occur
with probabilities:

Po = tr(MopM{),  py = tr(MzoM)),

respectively, and the state becomes Mong /Po from p when the outcome is 0,

and it becomes MlpMI/pl when the outcome is 1. These probabilities and
postmeasurement states are encoded into partial density operators so that the
rules (LO) and (L1) can be stated as ordinary transitions instead of probabilistic
transitions.

From this discussion, we see that, exactly, the convention of combining probabil-
ities with postmeasurement states enables us to define the operational semantics —
as a nonprobabilistic transition relation.

Transition Rulesfor Pure States:

The transition rules in Figure 3.1 were stated in the language of density operators.
As we will see in the next section, this general setting provides us with an
elegant formulation of denotational semantics. However, pure states are usually more
convenient in applications. So, we display the pure state variants of these transition
rules in Figure 3.2. In the rules for pure states, a configuration is a pair

(Sly)

with Sbeing a quantum program or the empty program E and |) a pure state in Hgj.
As indicated previously, transitions in Figure 3.1 are all nonprobabilistic. However,
the transitions in rules (IF"), (L0’) and (L1’) are probabilistic in the form of

(S 1) 38,1y,
Whenever the probability p = 1, then this transition is abbreviated to
(Sly)) — (S, 1¥).

Of course, the rules in Figure 3.2 are special cases of the corresponding rules
in Figure 3.1. Conversely, using the correspondence between density operators
and ensembles of pure states, the rules in Figure 3.1 can be derived from their
counterparts in Figure 3.2.

The reader might have noticed that Figure 3.2 does not include a pure state version
of the initialization rule (IN). Actually, the rule (IN) has no pure state version because
itis possible that an initialization will transfer a pure state into a mixed state: although
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SK’
(5K (skip, [¥)) = (E,|¥))
um) — —
@:=Ufdl [¥)) - (EUl¥))
P ’
(sC’) (S1 1Y) —p> (S, 1¥")
(S1S. 1Y) = (S S 1Y)

where we make the convention thatE; S = $.

(IF)

2
(it Om- M@ = m— S fi, ) M (g, Ml

for each outcome m of measurement M = {Mm]}.

(LO)
. _— [IMo|v)|[? Mo )
(whileM[g] = 1doSod, |[)) " — " (E qmeri)
(L1) YRWANE)
(whileM[q] = 1 doSod, [¢7)) 24" (5 whileM[g] = 1 do Sod, #MH)
FIGURE 3.2

Transition rules for quantum while-programs in pure states.

the initialization q := |0) changes the state of local variable g into a pure state |0), its
side effect on other variables may cause a transition of a global state |) € Hay of
all variables gqVar into a mixed state. To see the rule (IN) more clearly, let us look at
the case of type(q) = integer as an example.

Example3.2.1

(i) Wefirst consider the case where p isa pure state; that is, p = |y) (| for some
|¥) € Hay- We can write |1) in the form:

W) = aklv),
k

.
69
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whereall |yk) are product states, say

W= Q) [Vip)-

peqVvar
Then

p = e |Vl
ki

After theinitialization q := |0) the state becomes:

pg= . 10)g(nlpimq(0

N=—00
> |0>q<n|wk><w||n>q<0|)

= Zakoq* (
kil n=-—o00
> w|q|n><n|wkq>> (|0>q<0| ®®|wkp><w|p|)

n=—o0 p£q

= Zakoq (
=" ake (Wil Vi) (|0>q<0| 2 ® |wkp><w|p|)
kil

p#q

= [0)q(0l ® (Zakal (W1g1¥kg) ) 1¥kp) w) (35)

p#q

It is obviousthat pg is not necessary to be a pure state although p isa pure
State.

(ii) In general, supposethat p is generated by an ensemble {(p;, |/i))} of pure
states; that is,

p = Bilvi) Wil
i

For each i, wewrite pj = |vi) (vi| and assume that it becomec plo after the
initialization. By the previous argument, we can write plo in the form:

pig = 10)q (01 ® (Zaik|<ﬂik)<¢ik|) :

k
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where |gik) € Hqvar\{qg) for all k. Then the initialization causes p to become
o
= Z a(nlpin)g
=Y p ( > |0)q(n|,0i|n)q(0|> (3.6)
i n=—00
=10)g(0l ® (Z Piciklgik) (‘Pik|) :

i,k

From equations (3.5) and (3.6) we see that the state of quantumvariable q is set
to be |0) and the states of the other quantum variables are unchanged.

Exercise 3.2.1. Find a necessary and sufficient condition under which pg in
equation (3.5) is a pure state. [Hint: A density operator p is a pure state if and
onlyiftr(p?) = 1; see[174], Exercise 2.71]

Computation of a Program:

Now the notion of computation of a quantum program can be naturally defined in
terms of its transitions.

Definition 3.2.3. Let She a quantumprogramand p € D(Ha).

(i) Atransition sequence of Sstarting in p isafinite or infinite sequence of
configurationsin the following form:

= (S, 01) = ... = (Snen) = (St Pntl) =

such that p, # 0 for all n (except the last n in the case of a finite sequence).
(ii) If this sequence cannot be extended, then it is called a computation of Sstarting
inp.
(a) If acomputationisfinite and itslast configurationis (E, o'}, then we say
that it terminatesin p’.
(b) Ifitisinfinite, then we say that it diverges. Moreover, we say that S can
diverge from o whenever it has a diverging computation starting in p.

To illustrate this definition, let us see a simple example.
Example 3.2.2. Suppose that type(q;) = Boolean and type(gz) = integer. Con-
sider the program

S=qp:=10); tp:=10);q :=Hlol; q == +7;
ifMql=0—9§
(] 1-S
fi
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where:

» H isthe Hadamard transformation, g := g + 7 isarewriting of
02 := T7[0]

with T7 being the translation operator defined in Example 2.1.4;
» M isthe measurement in the computational basis |0), |1) of H>; that s,
= {Mo, M1}, Mo = |0)(0] and M1 = [1)(1];
s S = sKip;
« S =whileN[ge] = 1doq; := X[q:1] od, where X is the Pauli matrix (i.e., the
NOT gate), N = {Np, N1}, and

0 00
No= D Im(, Ny=) In)}n
N=—00 n=1
Letp =[1)q (1l ® | — 1)g,(—1] ® po and

Q) 10)q(0

001,02

Then the computations of Sstarting in p are:

(Sp)y—= (@ :=10); a1 :=Hlql; @ = +7; if...fi, 1)
— (o =H[ql; @ :=q +7; if...fi, pp)
= (@ :=q2+ 7; if...fi, p3)
— (if...fi, pg)
(S1,05) — (E, ps),
—
(S, 06),

(S, 06) = (1 = X[a1]; S, p6)
52,P5

— (g1 = X[o1]; S, ps) (after 2n — 1 transitions)
— (S, p5)

where:

=10)q, (0l ® | = 1gp (—11 ® p0,
p2 = 10)q; (01 ® 10)q, (O] ® po.
p3 = |+)qy {(+] ® [0)q, (0] ® po,
pa = 1+)q {(+1 ® [7)q (7| ® po,
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1
p5 = Elo)ql 01 ® 7)q (71 ® p0,

1
pe = 5 Loy (11 ® 7 {71 @ po-

So, Scan diverge from p. Note that S also hasthe transition
(S, 06) = (E, 031 )

but we always discard the transitions in which the partial density operator of the
target configurationis a zero operator.

Nondeter minism:

To conclude this section, let us observe an interesting difference between the
operational semantics of classical and quantum while-programs. Classical while-
programs are a typical class of deterministic programs that have exactly one
computation starting in a given state. (Here, if not only the conditional statement
“if ...then ...else” but also the case statement (3.1) is included, then it is
assumed that the guards Gp, Gy, ..., G, do not overlap each other.) However, this
example showed that quantum while-programs no longer possess such a determinism
because probabilism is introduced by the measurements in the statements “if (COm-
M[] = m — Sy) fi” and “while M[@] = 1 do S od”. Essentially, the operational
semantics — of quantum programs given in Definition 3.2.2 is a probabilistic
transition relation. However, the after encoding probabilities into partial density
operators, probabilism manifests as nondeterminism in the transition rules (IF), (L0)
and (L2). Therefore, the semantics — should be understood as a nondeterministic
transition relation.

DENOTATIONAL SEMANTICS

We defined the operational semantics of quantum programs in the previous section.
Then the denotational semantics can be defined based on it, or more precisely on
the notion of computation introduced in Definition 3.2.3. The denotational semantics
of a quantum program is a semantic function that maps partial density operators to
themselves. Intuitively, for any quantum program S, the semantic function of Ssums
up the computed results of all terminating computations of S,

If configuration (S, p’) can be reached from (S, p) in nsteps through the transition
relation —, which means there are configurations (S, p1), . . ., (Sh—1, on—1) such that

(Sp) = (S, p1) = ... = (Sh-1,pn-1) = (S, 0),

then we write:
(Sp)—=>"(S,0).

Furthermore, we write —* for the reflexive and transitive closures of —; that is,
(Sp)—>*(S,0)

if and only if (S p) —" (S, p’) for some n > 0.
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Definition 3.3.1. Let Sbe a quantum program. Then its semantic function
[S] : DHa) - D(Hail)
is defined by

[SI(e) =Y " {Io" : (S p) =* (E. ")} @7

for all p € D(Hay), where {| - |} stands for multi-set, which means a (generalized)
set that allows multiple instances of an element.

The reason for using a multi-set rather than an ordinary set in equation (3.7) is that
the same partial density operator may be obtained through different computational
paths, as we can see from the rules (IF), (LO) and (L1) in the last section. The
following simple example illustrates the case more explicitly.

Example 3.3.1. Assume that type(q) = Boolean. Consider the program:

S=q:=10); g:=H[q;ifM[g] =0 - §

O 1-S
fi
where;
» M isthe measurement in the computational basis |0), |1) of the state space # of
a qubit;

e S =q:=I[gandS = q:= X[q] with | and X being the identity operator and
the NOT gate, respectively.

Let p = [0)a (0|, where

0)al = @) 10)q-

geqvar
Then the computations of Sstarting in p are:

(S p) = (q:=H[ql;if...fi, p)
— (if .. fi, | +)q(+ & &) 10)p(0])
p#q
(S0, 51000 ® ®pq10)p(0) — (E,
(S1, 311)q(1l ® @pql00p(0) — (E,

—

S0, we have:

1 1
[Sl(o) = 5;0 + 5;0 =p.
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BASIC PROPERTIES OF SEMANTIC FUNCTIONS

As in classical programming theory, operational semantics is convenient for describ-
ing the execution of quantum programs. On the other hand, denotational semantics
is suitable for studying mathematical properties of quantum programs. Now we
establish several basic properties of semantic functions that are useful for reasoning
about quantum programs.

First of all, we observe that the semantic function of any quantum program is
linear.

Lemma 3.3.1(Linearity). Let p1, 02 € D(Har) andig, 22 > 0.1f X101+ A202 €
D(Han), then for any quantum program S, we have;

[SI(k101 + 2202) = A1[S)(p1) + 22[F] (02).

Proof. We can prove the following fact by induction on the structure of S;
« Claim: If (S p1) — (S, p7) and (S p2) — (S, p5), then

(SA1p1 +A2p2) = (S, A1p] + A20p).

Then the conclusion immediately follows. O

Exercise 3.3.1. Prove the claimin the proof of Lemma 3.3.1.

Secondly, we present a structural representation for the semantic functions of
guantum programs except while-loops. The representation of the semantic function
of a quantum loop requires some mathematical tools from lattice theory. So, it
is postponed to Subsection 3.3.3 after we prepare the necessary tools in the next
subsection.

Proposition 3.3.1 (Structural Representation).

(i) [skip](p) = p.
(ii) (a) If type(q) = Boolean, then

[a:=10)](p) = 10)q{0lp10)q (Ol + [0)q(1]p[1)q(Ol.

(b) If type(q) = integer, then

[a:=10](p) = Y [0)g(nlpIn)g(Ol.

N=—00

(iii) [g:=U[@l](p) = UpUT.
) [S1: S]0) = [SD([S ).
W) [if @m-M[@ =m— Sp) fi](0) = X p[Sn]MmpMb).
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Proof. (i), (ii) and (iii) are obvious.
(iv) By Lemma 3.3.1 and the rule (SC) we obtain:

[S1S110) =[S (- {ler : (S1.0) —* E.p0)l})
[[S2](p1) : p) =™ (E p1)l}

=21

=Z{|Z{|p’:<52,p1>e P} = (81p) —* (E pa)l]
21
2 e

= lp" 2 (S1,p) = (E, p1) and (S, p1) =™ (E, o)}
= (S S 0) (E, p")I}
= [Si: 2]
(v) follows immediately from the rule (IF). |

QUANTUM DOMAINS

Before presenting a representation of the semantic function of a quantum while-
loop, we first have to pave the road leading toward it. In this subsection, we examine
the domains of partial density operators and quantum operations. The notions and
lemmas presented in this subsection will also be used in Section 3.4 and Chapter 7.

Basic Lattice Theory:

We first review the requisite concepts from lattice theory.

Definition 3.3.2. A partial order isa pair (L, C) where L is a nonempty set and
C isabinary relation on L satisfying the following conditions:

(i) Reflexivity: x C xfor all x € L;
(ii) Antisymmetry: xC yandy C ximplyx=yfor all x,y € L;
(iii) Trangtivity: xC yandy C zimplyx C zfor all x,y, z € L.

Definition 3.3.3. Let (L, ©) be a partial order.

(i) Anelement x € L iscalled theleast element of L when x C yfor all y € L. The
least element is usually denoted by 0.
(ii) Anéelement x € L iscalled an upper bound of a subset X C L if y C x for all
xe X.
(iii) xiscalled theleast upper bound of X, written x = |_| X, if
(a) xisan upper bound of X;
(b) for any upper boundy of X, it holdsthat x C y.

We often write | |~ Xn or |_|,,Xn for |_| X when X is a sequence {Xn}n2o
Definition 3.3.4. A complete partial order (CPO for short) is a partial order
(L, ©) satisfying the following conditions:



3.3 Denotational semantics 77

(i) it hastheleast element O;
(i) |In2oXn exists for any increasing sequence {x,} inL; i.e.

XOC...CXnEXpp1 E ...

Definition 3.3.5. Let (L, C) bea CPO. Thenafunctionf fromL into itself issaid
to be continuousif

()t

for any increasing sequence {X,} in L.

The following theorem has been widely used in programming theory for the
description of semantics of loops and recursive programs.

Theorem 3.3.1. (Knaster-Tarski) Let (L, ) bea CPO and functionf : L — L is
continuous. Then f hasthe least fixed point

oo
uf =[]0
n=0

(i.e, f(uf) = uf, andif f (x) = xthen uf C Xx), where

Q0 =0,
f+D ) = fFM™(0)) for n> 0.

Exercise 3.3.2. Prove Theorem 3.3.1.

Domain of Partial Density Operators:

We now consider the lattice-theoretic structures of quantum objects required in
the representation of quantum while-loops. Actually, we need to deal with two levels
of quantum objects. At the lower level are partial density operators. Let # be an
arbitrary Hilbert space. A partial order in the set D(#) of partial density operators
was already introduced in Definition 2.1.13. Recall that the Léwner order is defined
as follows: for any operators A, B € £L(H), A C Bif B— Alis a positive operator. The
lattice-theoretic property of D(H) equipped with the Léwner order C is revealed in
the following:

Lemma 3.3.2. (D(H),C) is a CPO with the zero operator 04 as its least
element.

Domain of Quantum Operations:

We further consider the lattice-theoretic structure of quantum operations (see
Definition 2.1.25).

Lemma 3.3.3. Each quantum operation in a Hilbert space # is a continuous
function from (D(H), £) into itself.

We write QO(#H) for the set of quantum operations in Hilbert space #. Quantum
operations should be considered as a class of quantum objects at a higher lever than
partial density operators because D(H) € L(H), whereas QO(H) C L(L(H)).
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The Lowner order between operators induces a partial order between quantum
operations in a natural way: for any &£, F € QO(H),

e ECF & E(p)E F(p)forall p e D(H).

In a sense, the Lowner order is lifted from lower-level objects D(#) to higher-level
objects QO(H).

Lemma 3.3.4. (QO(H),C) isa CPO.

The proofs of Lemmas 3.3.2, 3.3.3 and 3.3.4 are quite involved. For readability,
they are all postponed to Section 3.6.

SEMANTIC FUNCTION OF LOOP

Now we are ready to show that the semantic function of a quantum while-loop
can be represented as the limit of the semantic functions of its finite syntactic
approximations. To do this, we need an auxiliary notation: abort denotes a quantum
program such that

[abort](p) = 074,

for all p € D(H). Intuitively, program abort is never guaranteed to terminate; for
example, we can choose

abort = while Myjviai[d] = 1 do skip od,

where q is a quantum variable, and Mivias = {Mo = OHq, M1 = I} is a trivial
measurement in the state space q. The program abort will serve as the basis for
inductively defining the syntactic approximations of a quantum loop.

Definition 3.3.6. Consider a quantum loop

while = whileM[q] = 1 do Sod. (3.8)

For anyinteger k > 0, thekth syntactic approximationwhile® of whileisinductively
defined by

while©® = abort,
whilektD = if M[q] = 0 — skip
O 1 — S while®

fi

A representation of the semantic function of a quantum while-loop is then
presented in the following:
Proposition 3.3.2. Let while be the loop (3.8). Then

]

[while] = | | [[Wh”e(k)]] ,

k=0
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where while® is the kth syntactic approximation of while for every k > 0, and the
symbol |_] standsfor the supremumof quantumoperations: i.e., theleast upper bound
in CPO (QO (Ha) , B).

Proof. Fori = 0,1, we introduce auxiliary operators

& D(Han) — D(Hal)

defined by &(p) = MipM. forall p € D(H).
First, we prove:

k—1
[while®] () = 3" [0 0 (1] €1)"] )

n=0

for all k > 1 by induction on k. The symbol o in the preceding equality stands
for composition of quantum operations; that is, the composition F o £ of quantum
operations £ and F is defined by (F o £)(p) = F(E(p)) for every p € D(H). The
case of k = 1 is obvious. Then by Proposition 3.3.1 (i), (iv) and (v) and the induction
hypothesis on k — 1 we obtain:

[white®] (o) = [scip] €o(p) + [ while® 2] €10))

= &o(p) + [while* ] (] o £ (o))
k—2
= &)+ Y _ [€00 ([0 D" (([S] © £1)(p)) (3.9)
n=0
k—1

=Y [E0o([S]o €D (o).
n=0
Secondly, we have:
[while](o) =D~ {10 : (while, p) —* (E, )|}
o
=2 > {0’ while, p) ¥ (€, 0')1}
k=1
So, it suffices to show that
> {10 - while, p) ¥ (€011} = [0 ([ 0 €1* ] ()
for all k > 1. By the previous points, it is not hard to prove this equality by induction
onk. O

A fixed point characterization of the semantic function of a quantum loop can be
derived from the preceding proposition.
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Corollary 3.3.1. Let while be the loop (3.8). Then for any p € D(Hay), it
holds that

[while] (o) = MopMy + [while] ([S] (MlpMD) .

Proof. Immediate from Proposition 3.3.2 and equation (3.9). O

CHANGE AND ACCESS OF QUANTUM VARIABLES

One key issue in understanding the behavior of a program is to observe how it
changes the states of program variables and how it accesses program variables during
its execution. As the first application of the semantic function just studied, we now
address this issue for quantum programs.

To simplify the presentation, we introduce an abbreviation. Let X C gVar be a set
of quantum variables. For any operator A € L(Hay), We write:

trx(A) =g, #q(A)

where tr®qex #, 1 the partial trace over system ®qex Hq (see Definition 2.1.22).
Then we have:
Proposition 3.3.3

(i) trovar(s ([S](0)) = trovar(s) () Whenever tr ([S](p)) = tr(p).
(ii) Ifit holdsthat

trqvar\qvar(s) (P1) = trqvar\qvar(s) (02),

then we have:

trgvar\quar(s) ([S1(01)) = trqvar\quar(s) ([S] (02))-

Recall from Definition 2.1.22 that trx(p) describes the state of the quantum
variables not in X when the global state of all quantum variables is p. So, the
preceding proposition can be intuitively explained as follows:

» Proposition 3.3.3(i) indicates that the state of the quantum variables not in
gvar (S) after executing program Sis the same as that before executing S. This
means that program Scan only change the state of quantum variables in qvar (S).

» Proposition 3.3.3(ii) shows that if two input states p; and pp coincide on the
quantum variables in qvar (S), then the computed outcomes of S starting in p1
and pp, respectively, will also coincide on these quantum variables. In other
words, if the output of program Swith input oz is different from that with input
02, then p1 and p must be different when restricted to qvar (S). This means that
program Scan access at most the quantum variables in gvar (S).

Exercise3.3.3. ProveProposition 3.3.3. [Hint: usetherepresentation of semantic
functions presented in Propositions 3.3.1 and 3.3.2.]
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TERMINATION AND DIVERGENCE PROBABILITIES

Another key issue with the behavior of a program is its termination. The first
consideration about this problem for quantum programs is based on the following
proposition showing that a semantic function does not increase the trace of partial
density operator of quantum variables.

Proposition 3.3.4. For any quantum program S and for all partial density
operators p € D(Hay), it holdsthat

tr([F(p)) < tr(p).

Proof. We proceed by induction on the structure of S

» Case 1. S= skip. Obvious.
» Case2.S=q:=|0). If type(qg) = integer, then using the equality
tr (AB) = tr(BA) we obtain:

o0

tr([Sl(p)) = Y tr(l0)q(nlplniq(0l)
Nn=—o0

= Y tr(g(0|0)g(nipln)g)

N=—00

=tr [( > ln)q<n|) p} =1r(p).
N=—00

It can be proved in a similar way when type(q) = Boolean.
e Case3.S=70:=UI[q]. Then

tr([S (o)) = tr (upu'*> —tr (u'*up> = tr(p).
* Cased.S=S;;S. It follows from the induction hypothesis on §; and S that

tr([S)(0)) = tr((S]([St](0)))
< tr([St](p))
<tr(p).

e Caseb5.S=if (Om- M[Q] = m— Sy) fi. Then by the induction hypothesis we
obtain:

tr([S](0)) = Ztr (Isml (MmoMh))
< Ztr <Mmp|\/| )

o
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» Case 6. S= whileM[g] = 1 do S od. We write (while’)" for the statement
obtained through replacing Shy S in (while)" given in Definition 3.3.6. With
Proposition 3.3.2, it suffices to show that

tr ([(whil€)"] (0)) < tr(p)

for all n > 0. This can be carried out by induction on n. The case of n =0 is
obvious. By the induction hypothesis on nand S, we have:

tr ([white)™™] o)) =t (MopMF) +tr ([(while)"] ([S] (MaoM])))
(MopM )+tr( [S] (MlpM ))
<tr (MgpM(D Str (MlpMI)
—tr [(MSMO + MIM1> ,0]
=1r(p).

O

Intuitively, tr ([S](p)) is the probability that program S terminates when starting

in state p. From the proof of the preceding proposition, we can see that the only

program constructs that can cause tr([](p)) < tr(p) are the loops occurring in S.
Thus,

tr(p) —tr([(p))

is the probability that program S diverges from input state p. This can be further
illustrated by the following example.
Example 3.3.2. Let type(q) = integer, and let

> n—1
Mo = 3~/ =l +1 = myn,
n=1
e 1
= 10001 + 3y o= mnl + | — (.
n=1

ThenM = {Mg, M1} isayes-no measurement in the state Hilbert space Hq (note that
M is not a projective measurement). Consider the program:

while = whileM[q] = 1doq:=q+ 1 od

Let p = [0)¢(0] ® po With

po = &) 10)p(0].

p#q



3.3 Denotational semantics 83

Then after some cal culations we have:

024, ifn=0,1,2,

M o) —
[(while)"](p) = {% (ZE;% %|k>q(k|> ®pp ifn=>3,

n=2

. 1{n-1
[while](p) = 2 (Z nTm)q(nl) ® po

and

]

. 1 -1
tr(Jwhil€](p)) = > nT =5
n=2

This means that program while terminates on input p with probability % and it
divergesfrominput p with probability %

A more systematic study of the termination of quantum programs will be
presented in Chapter 5.

SEMANTIC FUNCTIONS AS QUANTUM OPERATIONS

To conclude this section, we establish a connection between quantum programs and
quantum operations (see Subsection 2.1.7).

The semantic function of a quantum program is defined to be a mapping from
partial density operators in g to themselves. Let V be a subset of qvar. Whenever
a quantum operation £ in Hg is the cylindric extension of a quantum operation F in
Hv = Qqev Hq, Meaning that

E=FRIL

where Z is the identity quantum operation in Hqvar\v, We always identify £ with F,
and £ can be seen as a quantum operation in Hy. With this convention, we have:

Proposition 3.3.5. For any quantum program S, its semantic function [J] is a
quantumoperation in Hqvar(s).-

Proof. It can be proved by induction on the structure of S. For the case that Sis
not a loop, it follows from Theorem 2.1.1 (iii) and Proposition 3.3.1. For the case that
Sis a loop, it follows from Proposition 3.3.2 and Lemma 3.3.4. O

Conversely, one may ask: can every quantum operation be modelled by a quantum
program? To answer this question, let us first introduce the notion of local quantum
variable.

Definition 3.3.7. Let S be a quantum program and @ a sequence of quantum
variables. Then:
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(i) Theblock command defined by Swith local variablesgis:
begin local g : Send. (3.10)
(ii) The quantum variables of the block command are:
gvar (beginlocal q: Send) = qvar(S) \ g.

(iii) The denotational semantics of the block command is the quantum operation
from Havar(s) 10 Haar(s)\q defined by

[begin local §: Send] (p) = try([S)(0)) (3.11)

for any density operator p € D(Hquar(s), Where try, stands for the partial
trace over Hg (see Definition 2.1.22).

The intuitive meaning of block command (3.10) is that program Sis running in the
environment where g are local variables that will be initialized in S, After executing
S the auxiliary system denoted by the local variables q is discarded. This is why the
trace over Hg is taken in the defining equation (3.11) of the semantics of the block
command. Note that (3.11) is a partial density operator in Hqvar(s)\g-

A block command will be seen as a quantum program in the sequel. Then we
are able to provide a positive answer to the question raised earlier. The following
proposition is essentially a restatement of Theorem 2.1.1 (ii) in terms of quantum
programs.

Proposition 3.3.6. For any finite subset V of qVar, and for any quantumoperation
£ in Hy, there exists a quantum program (more precisely, a block command) S such
that [S] = €.

Proof. By Theorem 2.1.1 (ii), there exist:

(i) quantum variables p C qVar \ G,

(i) a unitary transformation U in Hpg,
(iii) a projection P onto a closed subspace of Hpug, and
(iv) astate |ep) in Hp

such that
E(p) = tra, [PUlen) (o] © p)UTP]
forall p € D(Hq). Obviously, we can find a unitary operator Ug in Hp such that
leo) = Upl0)p

where [0)p = |0)...|0) (all quantum variables in p are initialized in state |0)). On
the other hand,

M={Mg=P,M;=1—P}
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is a yes-no measurement in Hpug, Where | is the identity operator in Hpug. We set

S=beginlocal p:p:=[0)p; P:= Uplpl; pUT:=U[puUT];
if M[pudl =0 — skip
O 1 — abort
fi
end

Then it is easy to check that [S] = £. O

CLASSICAL RECURSION IN QUANTUM PROGRAMMING

The notion of recursion allows the programming of repetitive tasks without a large
number of similar steps to be specified individually. In the previous sections, we
have studied the quantum extension of the while-language, which provides a program
construct, namely the quantum while-loop, to implement a special kind of recursion —
iteration — in quantum computation. The general form of recursive procedure has
been widely used in classical programming. It renders a more powerful technique
than iteration, in which a function can be defined, directly or indirectly, in terms
of itself. In this section, we add the general notion of recursion into the quantum
while-language in order to specify procedures in quantum computation that can call
themselves.

The notion of recursion considered in this section should be properly termed as
classical recursion in quantum programming because the control flow within it is still
classical, or more precisely, the control is determined by the outcomes of quantum
measurements. The notion of recursion with quantum control flow will be introduced
in Chapter 7. To avoid confusion, a quantum program containing recursion with
classical control will be called a recursive quantum program, whereas a quantum
program containing recursion with quantum control will be referred to as a quantum
recursive program. With the mathematical tools prepared in Subsection 3.3.2, the
theory of recursive quantum programs presented in this section is more or less
a straightforward generalization of the theory of classical recursive programs.
However, as you will see in Chapter 7, the treatment of quantum recursive programs
is much more difficult, and it requires some ideas that are radically different from
those used in this section.

SYNTAX

We first define the syntax of recursive quantum programs. The alphabet of recursive
quantum programs is the alphabet of quantum while-programs expanded by adding
a set of procedure identifiers, ranged over by X, X1, X, .. ..

Quantum program schemes are defined as generalized quantum while-programs
that may contain procedure identifiers. Formally, we have:
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Definition 3.4.1. Quantum program schemes are generated by the syntax:

Si= X|kip|q:=10) |q:=U[@|S:S
[if (Om-M[q] = m— Sy) fi (3.12)
| whileM[q] = 1 do Sod.

The only difference between the syntax (3.2) and (3.12) is that a clause for
procedure identifiers X is added in the latter. If a program scheme Scontains at most
the procedure identifiers Xy, .. ., X, then we write

S= 9Xg,..., Xnl.

As in classical programming, procedure identifiers in a quantum program scheme
are used as subprograms, which are usually called procedurecalls. They are specified
by declarations defined in the following:

Definition 3.4.2. Let X1, ..., X, be different procedure identifiers. A declaration
for Xy, ..., Xn isa system of equations:

X1¢< 9,
D:{ ... (3.13)
Xn <= Sy,
wherefor everyl <i <n,§ = §[Xy, ..., Xp] isaquantum program scheme.

Now we are ready to introduce the key notion of this section.
Definition 3.4.3. A recursive quantum program consists of:

(i) aquantumprogramschemeS= §Xj,..., Xy, called the main statement; and
(ii) adeclarationD for Xy, ..., Xn.
OPERATIONAL SEMANTICS

A recursive quantum program is a quantum program scheme together with a

declaration of procedure identifiers within it. So, we first define the operational

semantics of quantum program schemes with respect to a given declaration. To this

end, we need to generalize the notion of configuration defined in Section 3.2.
Definition 3.4.4. A quantum configurationisa pair (S, p), where:

(i) Sisa quantum program scheme or the empty program E;
(ii) o € D(Ha)) isapartial density operator in Hgj.

This definition is the same as Definition 3.2.1 except that Sis allowed to be not
only a program but also a program scheme.

Now the operational semantics of quantum programs given in Definition 3.2.2
can be easily generalized to the case of quantum program schemes.

Definition 3.4.5. Let D be a given declaration. The operational semantics of
guantum program schemes with respect to D is the transition relation —p between
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guantumconfigurationsdefined by thetransition rulesin Figure 3.1 together with the
following rule for recursion:

(REC) —— if Xj & § isin the declaration D.
CETIC R

FIGURE 3.3
Transition rule for recursive quantum programs.

Of course, when used in this definition, the rules in Figure 3.1 are extended by
allowing program schemes to appear in configurations, and the transition symbol —
is replaced by —p. As in classical programming, the rule (REC) in Figure 3.3 can be
referred to as the copy rule, meaning that at runtime a procedure call is treated like
the procedure body inserted at the place of call.

DENOTATIONAL SEMANTICS

Based on the operational semantics described in the last subsection, the denotational
semantics of quantum program schemes can be easily defined by straightforward
extending of Definitions 3.2.3 and 3.3.1.

Definition 3.4.6. Let D be a given declaration. For any quantum program scheme
S, its semantic function with respect to D is the mapping:

[SD] : D(Hal) — D(Hai)

defined by

[SDI(p) = _{Io’ : (S p) = (E. o)}

for every p € D(Han), where — [ isthe reflexive and transitive closure of —p.
Suppose that a recursive quantum program consists of the main statement Sand
declaration D. Then its denotational semantics is defined to be [SD]. Obviously, if
Sis a program (i.e., a program scheme that contains no procedure identifiers), then
[SID] does not depend on D and it coincides with Definition 3.3.1, and thus we can
simply write [S] for [SD].
Example 3.4.1. Consider the declaration

D X1 < S,
X es
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where:

S =if M[q] =0 — q:=H[q]; Xo
O 1 — skip
fi

S =if N[g] =0 — q:=Z[q]; X1
O 1 — skip
fi

gisaqubit variable, M is the measurement in the computational basis |0), |1) and N
the measurement in the basis |+), |—); that is,

M = {Mg = [0)(0, My = [1)1]},

N'={Np = [+)(+], Ny = |=){-1}.

Then the computations of recursive quantum program X; with declaration D starting
inp=|+)(+| are:
X1, 0) =D (S1,0)

(= HIal; X2, 310)(0) —p (X2, 3p),
(skip, 311)(1)) —p (E, 311)(1])

where:
1 1 1 1
X2, Ep) —p (S, 50) —p (0= Z[q]; Xq, Ep) —p (X1, §|—><—|) =D
and we have:
1
[%1ID](0) = 3 551001 = 1)Ll
n=1

Before moving on to study various properties of general recursive programs, let
us see how a quantum while-loop discussed in the previous sections can be treated
as a special recursive quantum program. We consider the loop:

while = whileM[q] = 1 do Sod.

Here Sis a quantum program (containing no procedure identifiers). Let X be a
procedure identifier with the declaration D:

X = if M[q] = 0 — skip

g 1—-SX
fi
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Then the quantum loop while s actually equivalent to the recursive quantum program
with X as its main statement.

Exercise 3.4.1. Show that [while] = [X|D].

Basic Properties of Semantic Functions of Recur sive Quantum Programs:

We now establish some basic properties of semantic functions of recursive
quantum programs. The next proposition is a generalization of Propositions 3.3.1
and 3.3.2 to quantum program schemes with respect to a declaration.

Proposition 3.4.1. Let D be the declaration given by equation (3.13). Then for
any p € D(Hay), we have:

Oz, ifX ¢ (Xe...., %),

[SIDI(o) X=X (1<i<m;

(ii) if SissKkip, initialization or unitary transformation, then [SD](p) = [F)(p);
(iii) [T1; T2ID](p) = [T2ID]([T1ID](p));

(iv) [if Om-M[@]=m— Tm fiID](p) = 3 [TmiD] (MmpMﬁ;);

(v) [whileM[g] = 1 do Sod|D](p) = |, [[whne(k)m]] (0), where while® is

the kth syntactic approximation of the loop (see Definition 3.3.6) for every
integer k > 0.

() [X|D](p) =

Proof. Similar to the proofs of Propositions 3.3.1 and 3.3.2. O

Proposition 3.4.1(v) can be further generalized so that the denotational semantics
of a recursive quantum program can be expressed in terms of that of its syntactic
approximations.

Definition 3.4.7. Consider the recursive quantum program with the main state-
ment S = X, ..., Xm] and the declaration D given by equation (3.13). For any
integer k > 0, the kth syntactic approximation Sg‘) of S with respect to D is
inductively defined as follows:

S,(Jo) abort, (3.19)
£ = s[s/xa . 50%), '

where abort isasin Subsection 3.3.3, and

SP1/X1,...,Pn/Xn]

stands for the result of simultaneous substitution of Xi,...,Xn by P1,...,Pp,

respectively, in S.
It should be noticed that the preceding definition is given by induction on k
with Sbeing an arbitrary program scheme. Thus, g, ceey g in equation (3.14) are

assumed to be already defined in the induction hypothesis for k. It is clear that for all
k>0, Sg‘) is a program (containing no procedure identifiers). The following lemma
clarifies the relationship of a substitution and a declaration when used to define the
semantics of a program.
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Lemma 3.4.1. Let D be a declaration given by equation (3.13). Then for any
program scheme S, we have:

(i) [SD] = [S[Si1/X1,...,S/Xa] ID].
(i) [[S{';H)H = [SID®] for every integer k > 0, where declaration

Proof.

(i) can be proved by induction on the structure of Stogether with Proposition 3.4.1.
(i) It follows from (i) that

[[ao(k>]] - [[s[s(l'g/xl ..... sg'g/xn] |D(">]]
- [[s[ KX, "D)/xn]]]
-]

O
Based on the previous lemma, we obtain a representation of the semantic function
of a recursive program by its syntactic approximations.
Proposition 3.4.2. For any recursive program Swith declaration D, we have:

[Sp] =E| [5]

Proof. Forany p € D(Hay), we want to show that

[SD](p) = |j [[S(Dk)]] (p)-
k=0

It suffices to prove that for any integers r, k > 0, the following claims hold:
Claim1: (S p) =5 (E, p/) = 31 > 0st. (S, p) —=* (E, p').
Claim2: (S, p) =" (E, p') = (S p) —~§ (E. p').
This can be done by induction on r,k and the depth of inference using the
transition rules. O
Exercise 3.4.2. Complete the proof of Proposition 3.4.2.

FIXED POINT CHARACTERIZATION

Proposition 3.4.2 can be seen as a generalization of Proposition 3.3.2 via Propo-
sition 3.4.1(v). A fixed point characterization of quantum while-loop was given in
Subsection 3.3.3 as a corollary of Proposition 3.3.2. In this section, we give a
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fixed point characterization of recursive quantum programs and thus obtain a gen-
eralization of Corollary 3.3.1. In classical programming theory, recursive equations
are solved in a certain domain of functions. Here, we are going to solve recursive
quantum equations in the domain of quantum operations defined in Subsection 3.3.2.
To this end, we first introduce the following:

Definition 3.4.8. Let S= X, ..., Xn] be a quantum program scheme, and let
QO(Hay) be the set of quantum operationsin Hg). Then its semantic functional is
the mapping:

[S]: QO(Ha" = QO(Ha)
defined asfollows: for any &1, ..., & € QO(Han),

[SI&r,- ... &n) = [SE]
where

is a declaration such that for each 1 < i < n, T; is a program (containing no
procedure identifiers) with [T] = &;.

We argue that the semantic functional [S] is well-defined. It follows from
Proposition 3.3.6 that the programs T; always exist. On the other hand, if

is another declaration with each program T/ satisfying [T/] = &, then we can
show that

[SE] = [SE].

Now we define the domain in which we are going to find a fixed point of the
semantic functional defined by a declaration for procedure identifiers Xg, ..., Xp. Let
us consider the Cartesian power QO (Hai)". An order C in QO(Ha)" is naturally
induced by the order C in QO(Haq): forany &1, ...,&En F1, ..., Fn € QO(Han),

e (&1,....En CE (F1,..., Fn) & foreveryl <i <n & C F.

It follows from Lemma 3.3.4 that (QO(Ha)", ) is a CPO. Furthermore, we have:
Proposition 3.4.3. For any quantum program scheme S = §Xj,..., Xyl its
semantic functional
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IS : (QOHaN", E) = (QO(Hai), )

is continuous.
Proof. Foreach 1 <i < n, let {&j}j be an increasing sequence in (QO(Hal), E).
What we need to prove is:

9 (I_l glj ..... I_I Snj) = I_I[[S]] (glj ..... 5nj) .
J J

Suppose that

be declarations such that

[Pl =] | & and [Py] = &;
j

forany 1 < i < nand for any j. Then it suffices to show that

[sip] = | | [siy] - (3.15)
i

Using Proposition 3.4.1, this can be done by induction on the structure of S. O
Exercise 3.4.3. Prove equation (3.15).
Let D be the declaration given by equation (3.13). Then D naturally induces a
semantic functional:

[D] : QO(Ha)" — QOHa)",

[D] ¢y, - - -, &n) = ([S1)(Eqs - - Enoeny [S]Er -, &n))
forany &1,...,& € QO(Hay). It follows from Proposition 3.4.3 that
[D] : (QO(Han" E) — (QO(Ha", E)

is continuous. Then by the Knaster-Tarski Theorem (Theorem 3.3.1) we assert that
[D] has a fixed point:

uD] = (&f..... &%) € QOHa)".

We now are able to present the fixed-point characterization of recursive quantum
programs:
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Theorem 3.4.1. For the recursive quantum program with the main statement S
and the declaration D, we have:

[SD] = [S|(«[D]) = [T - .. &R

Proof. First of all, we claim that for any program scheme T = T[Xy, ..., X,] and
for any programs Ty, ..., Tp,
[TT1/X1, ..., Tn/Xnl] = [TI([T4].. .., [TnD). (3.16)

In fact, let us consider declaration

Then byDefinition 3.4.8 and Lemma 3.4.1 (i) we obtain:

[TICT1]. - - [T = [TIE] = [T[T1/Xq, - .., Tn/Xn]IE]
= [T[T1/X1, .., Tn/Xnl]

because Ty, ..., Ty are all programs (without procedure identifiers).
_ Secondly, we define the iteration of [D], starting from the least element
0=(0,...,0)in QO(Ha)", as follows:

[D]Q@©) = (O,...,0),
[PI*V® = [0] (PI¥ @)

where 0 is the zero quantum operation in . Then it holds that

o1 () - ([s5]. - [5]) e

for every integer k > 0. Equation (3.17) can by proved by induction on k. Indeed, the
case of k = 0 is obvious. The induction hypothesis for k together with equation (3.16)
yields:

o1 (8) = 1o ([s13] .- [sw])
= (s ([so] -+ [se]) - 1wl ([s55] -+ [s]))
=([[sl[ /X, ‘I‘D)/xn]]] ..... [[sq[ KX, ‘g/xn]]b

=([s5™] - [85™]).
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Finally, using equation (3.16), Proposition 3.4.3, the Knaster-Tarski Theorem and
Proposition 3.4.1 (iii), we obtain:

[S] (1 [D)) = [S] (E] [o]® (6))

k=0

-5 (L1 (s8] 198D

k=0

- Llisi([s5] - [38])

k=0

:1;[[3[ L |

- (101

k
= [SID].

O
To conclude this section, we leave the following two problems for the reader. As
pointed out at the beginning of this section, the materials presented in this section
are similar to the theory of classical recursive programs, but | believe that research
on these two problems will reveal some interesting and subtle differences between
recursive quantum programs and classical recursive programs.
Problem 3.4.1

(i) Can ageneral measurement in a quantum program be implemented by a
projective measurement together with a unitary transformation? If the program
contains no recursions (and no loops), then this question was already answered
by Proposition 2.1.1.

(ii) How can a measurement in a quantum program be deferred? For the case that
the program contains no recursions (and no loops), this question was answered
by the principle of deferred measurement in Subsection 2.2.6. The interesting
caseisa programwith recursions or loops.

Problem 3.4.2. Only recursive quantum programs without parameters are con-
sidered in this section. How do we define recursive quantum programs with parame-
ters? We will have to deal with two different kinds of parameters:

(i) classical parameters;
(ii) quantum parameters.

Bernstein-Varzirani recursive Fourier sampling [1,37,38] and Grover fixed point
guantum search [109] are two examples of recursive quantum programs with
parameters.
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ILLUSTRATIVE EXAMPLE: GROVER QUANTUM SEARCH

The quantum while-language and its extension with recursive quantum programs
have been studied in the previous sections. We now use the quantum while-
language to program the Grover search algorithm in order to illustrate its utility.
For the convenience of the reader, let us first briefly recall the algorithm from
Subsection 2.3.3. The database searched by the algorithm consists of N = 2"
elements, indexed by numbers 0,1,...,N — 1. It is assumed that the search problem
has exactly L solutions with 1 < L < % and we are supplied with an oracle — a
black box with the ability to recognize solutions to the search problem. We identify
aninteger x € {0,1, ..., N — 1} with its binary representation x € {0, 1}". The oracle

is represented by the unitary operator O on n + 1 qubits:

Xia) 3 g f0)
forall x e {0,1}"and g € {0, 1}, where f : {0, 1}" — {0, 1} defined by

1 if xis asolution,
fx) = .
0 otherwise
is the characteristic function of solutions. The Grover operator G consists of the
following steps:

(i) Apply the oracle O;
(ii) Apply the Hadamard transform H®";
(iii) Perform a conditional phase shift Ph:

[0) — 10), [x) — —|x) forall x  0;

that is, Ph = 2|0)(0] — I.
(iv) Apply the Hadamard transform H®" again.

A geometric intuition of operator G as a rotation was carefully described in
Subsection 2.3.3. Employing the Grover operator, the search algorithm is described
in Figure 3.4, where the number k of iterations of the Grover operator is taken to
be the positive integer in the interval [7; — 1, 771, and 6 is the angle rotated by the
Grover operator and defined by the equation:

0 N—-L 0
cos = = —(0555

2 2 )

N

Now we program the Grover algorithm in the quantum while-language. We use
n+ 2 quantum variables: do, q1, ..., qn-1, 0, I'-

» Their types are as follows:

type(d;) = type(q) = Boolean (0 <i < n),
type(r) = integer

.
95
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1. 10y®"|1)

H®M+1)

) e N
= R go IX)|—) = (cos§|a> +sm§|ﬁ)> -,
3. 9‘: [cos (Zk—z_le) |o) + sin (%0) |ﬁ):| |—)

measure the first n qubits in the computational basis
—

X)|=)

Grover search algorithm.

* The variable r is introduced to count the number of iterations of the Grover
operator. We use quantum variable r instead of a classical variable for this
purpose since, for the reason of simplicity, classical variables are not included in
the quantum while-language.

Then the Grover algorithm can be written as the program Grover in Figure 3.5.
Note that the size of the searched database is N = 2", so n in the program Grover
should be understood as a metavariable. Several ingredients in Grover are specified

as follows:

» The measurement M = {Mg, M1} in the loop guard (line 7) is given as follows:

Mo = IDe(ll, M=) Il

1>k I<k

with k being a positive integer in the interval [ 75 — 1, 2 |;

* Program:

FIGURE 3.5

1 go:=10); qr:==10); ...... ; On—1 = [0);

2. q:=10);

3. r:=0);

4. q:= XIql;

5. o :=HI[qol; o1 :==H[al; ...... ; On—1 = HlOn-11;
6. q:= HIql;

7. whileM[r] =1doD od;

8. if (Ox-M'[gg,01,--.,0n—1] = X — skip) fi

Quantum search program Grover.
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e The loop body D (line 7) is given in Figure 3.6;
e Intheif...fi statement (line 8), N is the measurement in the computational basis
of n qubits; that is,
M’ = {M} : x € {0,1}"}

with M} = |x)(x| for every x.

» Loop Body:
1 qu qlr RN anll q = O[QO: qlr RN anll q]v
2. qo '=Hlgol; g1 :=HIlql; -..... ; On—1 = Hl0h_1];
3. do,d1,---+0n-1 = Ph[QO’ i, ..., Qn—1]3
4. qo :=HIqol; g1 :=Hlal; ...... ; On—1 = H[On-11;
5 ri=r+1

FIGURE 3.6

Loop body D.

The correctness of this program will be proved in the next chapter using the
program logic developed there.

PROOFS OF LEMMAS

Several lemmas about the domains of partial density operators and quantum opera-
tions were presented without proofs in Subsection 3.3.2. For completeness, we give
their proofs in this section.

The proof of Lemma 3.3.2 requires the notion of square root of a positive operator,
which in turn requires the spectral decomposition theorem for Hermitian operators
in an infinite-dimensional Hilbert space 7{. Recall from Definition 2.1.16 that an
operator M e L(#) is Hermitian if MT =M. As defined in Subsection 2.1.2, a
projector Py is associated with each closed subspace X of H. A spectral family in H
is a family

{E)\}foo<)\<+oo

of projectors indexed by real numbers A satisfying the following conditions:

(i) Ey, C E,, whenever A1 < A;
(ii) Ex =lim,_,4 E, foreach 2; and
(iii) lim) ., _~ E) = O'H and 1im;\_)+oo E, = I'H'
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Theorem 3.6.1 ([182], Theorem 111.6.3). (Spectral decomposition) If M is a
Hermitian operator with spec(M) < [a,b], then there is a spectral family {E;}

such that
b
M =/ AE;,
a

where the integral in the right-hand side is defined to be an operator satisfying the
following condition: for any € > 0, there exists § > 0 such that for any n > 1 and

X0, X1, - -+ s Xn—1, Xn, Y1, - - -5 Yn—1, Yn With
a=X <N <X=<...ZY1<%-1<Y¥n<Xn=Db
it holdsthat
b n
d (/a AdE;, iz;yi(Exi - Ey“)) <e

whenever max{ , (X — Xi—1) < 8. Here, d(-,-) stands for the distance between
operators (see Definition 2.1.14).

Now we are able to define the square root of a positive operator A. Since A is a
Hermitian operator, it enjoys a spectral decomposition:

A= /AdEA.

Then its square root is defined to be
VA= / VAdEy.

With these preliminaries, we can give:
Proof of lemma 3.3.2. First, for any positive operator A, we get:

2
glA) 2 = | (VAL VAR )| = (0lAR) 1A (3.18)
by the Cauchy-Schwarz inequality (see [174], page 68).
Now let {on} be an increasing sequence in (D(H),C). For any |¢) € H, put
A= pn— pmand |¢) = Alyr). Then
WIAY) < Wlenlv) < W12 - tr(on) < Y112,

and similarly we have (¢|Ajp) < |l¢||. Thus, it follows from equation (3.18) that

e T
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Furthermore, we obtain:

4
A = sup T

lyy£0 Il
g (AW
2o lwl*

< sup el

~ 20 11
_ g M2
w0 llvl?

= ||Al?

and ||All < 1. This leads to

(plAlg) = (AVAY), AVAIY))

- o]
< 1A | VAW’
= (VAW VAI))

= (Y |AlY).
Using equation (3.18) once again we get:

lenlw) = pml) I1* = L@l AlY) 2

(3.19)
< (WA = [(¥lpnlr) — (| oml¥) 2.

Note that {(1|on|¥)} is an increasing sequence of real numbers bounded by [|v[|2,
and thus it is a Cauchy sequence. This together with equation (3.19) implies that
{onl¥)} is a Cauchy sequence in H. So, we can define:

(Jim_pn) 19} = Tim_pnlp).

Furthermore, for any complex numbers 11, 22 € C and |yr1), [2) € H, it holds that

(nirgopn> (alyn) +22l¥2) = lim_pn (1l¥1) + A21¥2))
= ngmoo (A1onl¥1) + A20nl¥2))
=2 lim pnly) + 22 lim pnly)

= <nl_1>n;o ,on> Y1) + A2 (nl_lzl;o pn) [¥2),
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and limp_, o o is a linear operator. For any |vy) € H, we have:

(w1 Jim_pnlw) = (1), Jim_pnly)) (¥lenly) = 0.

= lim
n—oo
Thus, limp_, o0 pn is positive. Let {|vi)} be an orthonormal basis of #. Then
tr (Jim_pn) = D (vl lim_pnlvs)
i
= >~ (Wi, Jim_pnlv))
|
= Jim > (Wilenlvi)
|

= lim tr(pn) <1,
n—00

and limp_ o pn € D(H). So, it suffices to show that

o
nlggo pn = I_!) on;
N=

that is,

(i) pm C limp_ o on forallm> 0; and
(ii) if pom C p forall m> 0, then limp_, o0 pn E p.

Note that for any positive operators B and C, B C C if and only if (¢ |B|y) <
(¥ |Cly) forall |y) € H. Then both (i) and (ii) follow immediately from

(¥] Jim_pnly) = lim (Vo).

This completes the proof of Lemma 3.3.2.

The proof of Lemma 3.3.3 can be easily done based on Lemma 3.3.2.
Proof of Lemma 3.3.3. Suppose that £ is a quantum operation with Kraus

representation £ = ) ;Ei o EiT (see Theorem 2.1.1), and {pn} is an increasing
sequence in D(#H). Then by Lemma 3.3.2 we obtain:

¢ (Liom) ¢ G, )
n
= 2 (gl on) &
|
= plim, > Eion]
|

nl_l)l‘go E(pn)

=|]&en.
n
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Finally, we can prove Lemma 3.3.4.

Proof of Lemma 3.3.4. Let {&y} be an increasing sequence in (QO(H),C).
Then for any p € D(H), {En(p)} is an increasing sequence in (D(H), E). With
Lemma 3.3.2 we can define:

(U €n> (o) =|_|&n(p) = lim_En(p),
n n

and it holds that

tr ((l_l sn) (p)) =tr ( Jim &n(p)) = lim tr(€n(p)) <1
n
because tr(-) is continuous. Furthermore, |_|, £n can be defined on the whole of £L(#)
by linearity. The defining equation of | |, & implies:

(i) EmE L, énforallm= 0;
(i) iféEn = Fforallm>Othen| |,&n C F.

So, it suffices to show that | |, & is completely positive. Suppose that AR is an extra
Hilbert space. For any C € L(HR) and D € L(H), we have:

(IR® |_|5n) Ce®D)=C® (|_|Sn> (D)
n n
=C® lim &n(D)
n—o00
= lim (C® &n(D))
n—o00
= lim (Zr® &n) (C® D).

Then forany A € L(Hr ® H) we get:

(IR ®| | sn) A
n

by linearity. Thus, if A is positive, then (Zr ® £y)(A) is positive for all n, and
(Zr ® L, &n) (A) is positive.

Jim (TR ® En) (A)

BIBLIOGRAPHIC REMARKS

The quantum while-language presented in Section 3.1 was defined in [221], but
various quantum program constructs in it were introduced in the previous works by
Sanders and Zuliani [191,241] and Selinger [194], among others. A general form
of quantum while-loops was introduced and their properties were thoroughly investi-
gated in [227]. A discussion about the existing quantum programming languages was
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already given in Subsection 1.1.1; it is worth comparing the quantum programming
language described in this chapter with the languages mentioned there.

The presentation of operational and denotational semantics in Sections 3.2 and 3.3
is mainly based on [221]. The denotational semantics was actually first given by
Feng et al. in [82], but the treatments of denotational semantics in [82] and [221] are
different: in [82], the denotational semantics is directly defined, whereas in [221],
the operational semantics comes first and then the denotational semantics is derived
from the operational semantics. The idea of encoding a probability and a density
operator into a partial density operator in the transition rules was suggested by
Selinger [194]. A domain theory for quantum computation was first considered by
Kashefi [133]. Lemmas 3.3.2 and 3.3.4 were obtained by Selinger [194] in the case
of finite-dimensional Hilbert spaces. The proof of Lemma 3.3.2 for the general case
was given in [225], and it is essentially a modification of the proof of Theorem 111.6.2
in [182]. A form of Proposition 3.3.6 was first presented by Selinger in [194]. The
current statement of Proposition 3.3.6 is given based on the notion of local quantum
variable, which was introduced in [233].

Recursion in quantum programming was first considered by Selinger in [194].
But the materials presented in Section 3.4 are slightly different from those in [194]
and unpublished elsewhere.

Finally, it should be pointed out that this chapter is essentially the quantum gen-
eralization of the semantics of the classical while-programs and recursive programs
as presented by Apt, de Boer and Olderog in [21].



CHAPTER

Logic for quantum programs

A simple quantum programming language was defined in Chapter 3 to write quantum
programs with classical control. It was shown by several examples to be convenient
to program some quantum algorithms.

As is well-known, programming is error-prone. It is even worse when pro-
gramming a quantum computer, because human intuition is much better adapted
to the classical world than to the quantum world. Thus, it is critical to develop
methodol ogies and techniques for verification of quantum programs.

In this chapter, we build logical foundations for reasoning about correctness of
guantum programs. This chapter consists of the following parts:

» Thefirst step in developing alogic for quantum programsis to define the notion
of quantum predicate, which can properly describe properties of quantum
systems. We introduce the notion of quantum predicate as a physical observable
in Section 4.1. Moreover, the notion of weakest precondition is generalized to
the case of quantum programs.

» Foyd-Hoarelogic is an effective proof system for correctness of classical
programs. Based on Section 4.1, we develop alogic of the Floyd-Hoare style for
guantum programsin Section 4.2, where soundness and (relative) completeness
of such alogic are proved, and an exampleis given to show how thislogic can be
used in verification of quantum programs.

* Alogic for quantum programsis not a straightforward extension of the
corresponding logic for classical programs. We have to carefully consider how
various quantum features can be incorporated into alogical system. Itis
well-known that a distinctive feature between classical and quantum systemsis
non-commutativity of observables about quantum systems. Section 4.3 is
devoted to examining (non-)commutativity of the quantum weakest
preconditions.

QUANTUM PREDICATES

Inclassical logic, predicates are used to describe properties of individualsor systems.
Then what isaquantum predicate? A natural ideais that a quantum predicate should

Foundations of Quantum Programming.http://dx.doi.or g/10.1016/B978- 0- 12-802306- 8.00004-5 1 03
Copyright © 2016 Elsevier Inc. All rights reserved.
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be aphysical observable. Recall from Section 2.1.4 that an observable of a quantum
system is expressed by a Hermitian operator M in its state Hilbert space #. At this
moment, for simplicity, we assume that # is finite-dimensiona. If A € C and a
nonzero vector |y) € H satisfy

Mly) = Al¥),

then 2 iscalled an eigenvalue of M and | ) the eigenvector of M correspondingto A.
It turns out that all eigenvalues of M are real numbers. We write spec(M) for the set
of eigenvalues of M —the (point) spectrum of M. For each eigenvalue A € spec(M),
the eigenspace of M corresponding to A isthe (closed) subspace

Xp ={l¥) e H:AlY) = Aly)}.

In order to see what a quantum predicate should be, let us first consider a
specia class of quantum observables (Hermitian operators), namely projections.
Historically, Birkhoff-von Neumann quantum logic is the first logic for reasoning
about the properties of quantum systems. One of its basic ideas is that a proposition
about a quantum system can be modelled by a (closed) subspace X of the system’s
state Hilbert space H. The subspace X can be seen asthe eigenspace of the projection
Px (see Definition 2.1.10) corresponding to eigenvalue 1, and eigenvalue 1 can be
understood as the truth value of the proposition modelled by X.

Extending this idea, whenever an observable (a Hermitian operator) M is
considered as aquantum predicate, its eigenvalue A should be understood as the truth
value of the proposition described by the eigenspace X;,. Note that the truth value of a
classical propositioniseither O (false) or 1 (true), and the truth value of aprobabilistic
proposition is given as areal number between 0 and 1. This observation leads to the
following:

Definition 4.1.1. A quantum predicate in a Hilbert space H is a Hermitian
operator M in H with all its eigenvalues lying within the unit interval [0, 1].

The set of predicatesin # is denoted P (7). The state space H. in the preceding
definition and the following development can be infinite-dimensiona unless it is
explicitly stated to be finite-dimensional, although for simplicity, we assumed it is
finite-dimensional in the discussion at the beginning of this section.

Satisfaction of Quantum Predicates:

Now we consider how a quantum state can satisfy a quantum predicate. Recall
from Exercise 2.1.8 that tr(Mp) is the expectation value of measurement outcomes
when a quantum system is in the mixed state o and we perform the projective
measurement determined by observable M on it. Now if M is seen as a quantum
predicate, then tr(Mp) may be interpreted as the degree to which quantum state
p satisfies quantum predicate M, or more precisely the average truth value of the
proposition represented by M in a quantum system of the state p. The reasonableness
of the previous definition is further indicated by the following fact:
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Lemma 4.1.1. Let M be a Hermitian operator in H. Then the following state-
ments are equivalent:

(i) M e P(H) isaquantum predicate.
(ii) Oy = M C Iy, where 0y, |4 are the zero and identity operatorsin #,
respectively.
(iii) 0 <tr(Mp) < 1for all density operators p in H.

An operator M satisfying 0y © M C |y is commonly called an effect in the
literature of quantum logic and quantum foundations. Intuitively, clause (iii) in the
previous lemma means that the satisfaction degree of a quantum predicate M by a
guantum state p is awaysin the unit interval.

Exercise4.1.1. Prove Lemma 4.1.1.

The following two lemmas show some basic properties of quantum predicates
that will be frequently used in this chapter. The first one gives a characterization of
the Léwner order between quantum predicatesin terms of satisfaction degrees.

Lemma 4.1.2. For any observables M, N, the following two statements are
equivalent:

(i) MEN;
(ii) for all density operators p, tr(Mp) < tr(Np).

Exercise4.1.2. Prove Lemma 4.1.2.

Furthermore, the next lemma examines the | attice-theoretic structure of quantum
predicates with respect to the Lowner partial order.

Lemma4.1.3. Theset (P(H), E) of quantum predicateswith the Léwner partial
order is a complete partial order (CPO) (see Definition 3.3.4).

Proof. Similar to the proof of Proposition 3.3.2. O

It is worthwhile to point out that (P (#),C) is not a lattice except in the trivial
case of one-dimensional state space #; that is, the greatest lower bound and least
upper bound of elementsin (P(H), C) are not always defined.

QUANTUM WEAKEST PRECONDITIONS

Quantum predicates as defined previously can be used to describe the properties of
guantum states. The next question that we need to answer in developing alogic for
reasoning about quantum programsis: How do we describe the properties of quantum
programsthat transform a quantum state into another quantum state?

In classical programming theory, the notion of weakest precondition was ex-
tensively used for specifying the properties of programs. The weakest precondition
describes a program in a backward way; that is, it determines the weakest property
that the input must satisfy in order to achieve a given property of the output. This
notion can be generalized to the quantum case. Actually, the quantum generalization
of weakest precondition will play akey rolein logics for quantum programs. In this
subsection, we introduce a purely semantic (syntax-independent) notion of quan-
tum weakest precondition. We saw that the denotational semantics of a quantum
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program is usually represented by a quantum operation in the last chapter. So, in
this subsection, a quantum program is simply abstracted as a quantum operation.

Definition 4.1.2. Let M, N € P(H) be quantum predicates, and let £ € QO(H)
be a quantum operation (see Definition 2.1.25). Then M is called a precondition of
N with respect to £, written {M}E{N}, if

tr(Mp) < tr(NE(p)) (4.1)

for all density operators p in .

Theintuitive meaning of condition (4.1) comes immediately from the interpreta-
tion of satisfaction relation between quantum states and quantum predicates: tr (M p)
isthe expectation of truth value of predicate M in state p. More explicitly, inequality
(4.1) can be seen as a probabilistic version of the statement: if state p satisfies
predicate M, then the state after transformation £ from p satisfies predicate N.

Definition 4.1.3. Let M € P(H) be a quantum predicate and £ € QO(H)
a quantum operation. Then the weakest precondition of M with respect to £ is a
guantum predicate wp(€) (M) satisfying the following conditions:

(i) {(wp(E)(M)}E{MY;
(ii) for all quantumpredicatesN, {N}£{M} impliesN C wp(&)(M),
where C stands for the Léwner order.

Intuitively, condition (i) indicates that wp(E)(M) is a precondition of M with
respect to £, and condition (ii) means that whenever N is also a precondition of M,
then wp(&)(M) isweaker than N.

The preceding abstract definition of quantum weakest precondition is often not
easy to use in applications. S0, it is desirable to find an explicit representation of
quantum weakest precondition. We learned from Theorem 2.1.1 that there are two
convenient representations of a quantum operation, namely the Kraus operator-sum
representation and the system-environment model. If (the denotational) semantics of
aquantum programis represented in one of these two forms, its weakest precondition
also enjoys an elegant representation. Let us first consider the Kraus operator-sum
representation.

Proposition 4.1.1. Suppose that quantum operation £ € QO(H) is represented
by the set {E;} of operators; that is,

E(p) =) EipE|
i
for every density operator p. Then for each predicate M € P(H), we have:

wp&)(M) = 3 E[ME;. 4.2)
i
Proof. We see from condition (ii) in Definition 4.1.3 that weakest precondition

wp(€)(M) isuniquewhen it exists. Then we only need to check that wp(£)(M) given
by equation (4.2) satisfies the two conditionsin Definition 4.1.3.
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(i) Sincetr(AB) = tr(BA) for any operators A, B in H, we have:

tr (Wp(€)(M)p) = tr ((Z E{*ME) p)
i
=Y tr (E'ME;
Su (eve)
=Y (MEipEﬁ) (4.3
i

()

=tr(ME(p))

for each density operator p in H. Thus, {wp(€)(M)}E{M}.
(ii) Itisknownthat M C N if and only if tr(Mp) < tr(Np) for al p. Thus, if
{N}£{M}, then for any density operator p we have:

tr(Np) < tr(ME&(p)) = tr(wp(&)(M)p).

Therefore, it followsimmediately that N C wp(£)(M). O

We can aso give an intrinsic characterization of wp(€) in the case that the

denotational semantics £ of a quantum program is given in a system-environment
model:

£(p) = tre [PU(Jeo)(eo| ® p)U TP (4.4)

for all density operator p in H, where E is an environment system with state Hilbert
space He, U isaunitary transformationin He ® H, P isaprojector onto some closed
subspace of He ® H, and |ep) isafixed statein He.

Proposition 4.1.2. If quantum operation £ is given by equation (4.4), then
we have:

WP(E)(M) = (eg]UTP(M ® Ig)PU ep)

for each M € P(H), where |g is the identity operator in the environment system's
state space HEe.
Proof. Let {|ex)} be an orthonormal basis of Hg. Then

E(p) =) _ (eIPUleg) peolU"Plex),
k

.
107
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and using Proposition 4.1.1 we obtain:

Wp(E)(M) =Y (eolU T Ple)M (e |PU ep)
k

= (eolU'P (Z |eK>M<eK|) PUlep).
k

Note that

> ladM(al =M ® (De@@) =M®Ig
k

k

because {|e&x)} is an orthonormal basis of Hg, and M is an operator in H. This
completes the proof. O
Schrédinger-Heisenberg Duality:
Asin classical programming theory, the denotational semantics £ of a quantum
program is aforward state transformer:

E:DH) - D(H),
p = E(p) foreach p € D(H)

where D(H) stands for the set of partial density operators in #H: i.e., positive
operators with traces < 1. On the other hand, the notion of weakest precondition
defines a backward quantum predicate transformer:

wp(€) 1 P(H) — P(H),
M > wp(E)(M) foreachM € P(M).

They provide us with two complementary ways to look at a quantum program.

The duality between forward and backward semantics has been extensively
exploited to cope with classical programs. It will be equally useful for the studies
of quantum programs. Moreover, the relationship between a quantum program
and its weakest precondition can even be considered from a physics point of
view — the Schrédinger-Heisenberg duality (Figure 4.1) between quantum states
(described as density operators) and quantum observables (described as Hermitian
operators).

Definition 4.1.4. Let £ be a quantum operation mapping (partial) density oper-
ators to (partial) density operators, and let £* be an operator mapping Hermitian
operatorsto Hermitian operators. If we have

(Duality) tr[ME(p)] = tr[EX(M)p] (4.5)

for any (partial) density operator o, and for any Hermitian operator M, then we say
that £ and £* are (Schrodinger-Heisenberg) dual.

It follows from the definition that the dual £* of a quantum operation £ is unique
whenever it exists.



4.1 Quantum predicates

P E &M
£l pE*
E(p) E M

The mapping p — £(p) isthe Schrédinger picture, and the mapping M +— £*(M)
is the Heisenberg picture. The symbol = stands for satisfaction relation; that is,
tr(Mp) = Pr{p &= M} (the probability that p satisfies M).

FIGURE 4.1
Schrédinger-Heisenberg duality.

The following proposition indicates that the notion of weakest precondition in
programming theory coincides with the notion of Schrodinger-Heisenberg duality in
physics.

Proposition 4.1.3. Any quantum operation £ecQO(H) and its weakest precondi-
tionwp(€) are dual to each other.

Proof. Immediate from equation (4.3). O

To concludethis section, we collect several basic algebraic properties of quantum
weakest preconditionsin the following proposition.

Proposition 4.1.4. Let . > 0and £, F € QO(H), and let {£,} be an increasing
sequencein QO(H). Then

(i) wp(rLE) = awp(&) provided AE € QO(H);
(i) wp(€ + F) = wp(&) +wp(F) provided £ + F € QO(H);
(iii) wp(€ o F) = wp(F) o wp(&);
(iv) wp (LIS o&n) = LncoWP(En), where | |72 o wp(&n) is defined by

o0 A o
|| won) | M) = || wocen)(v)
n=0 n=0

foranyM € P(H).
Proof. (i) and (ii) areimmediately from Proposition 4.1.1.
(i) Itiseasy to seethat {L}£{M} and {M}.F{N} implies {L}€ o F{N}. Thus,
we have:

{wp(&) Wp(F)(M)}E o F{M}.

On the other hand, we need to show that N = wp(&) (Wp(F)(M)) whenever
{N}€ o F{M}. Infact, for any density operator p, it follows from
equation (4.3) that

109



110 CHAPTER 4 Logic for quantum programs

tr(Np) < tr(M(€ o F)(p))
= tr(MF(E(p)))
= tr(wp(F)(M)E(p))
= tr(Wp(&) (Wp(F)(M)) o).

Therefore, we obtain
Wp(E o F)(M) = wp(E)(WP(F)(M)) = (WP(F) o Wwp(E))(M).

(iv) First, we note that the following two equalities follow immediately from the
definition of |_] in CPO (P(H), E):

o0
M (U Mn) = lim MMn,
n=0

o0 o0
] [ Mn] =] ]tromn.
n=0 n=0
Then we can prove that
o o0
| | woEnmy ¢ || EniMy.
n=0 n=0

Indeed, for any p € D(H), we have:

(e.¢] o0
tr (I_l wp<€n><M)p) = || trowp@Enmyp)
n=0 n=0

oo

< ] trMénto
n=0

i o)

o u{C1e)o)

Second, we show that {N} |_|o2 o En{M} impliesN & |_|72 o Wp(En) (M).

It suffices to note that
o0
tr(Np) <tr [M | || & ]
n=0

- (o)

o0
= || trMéncon
n=0
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oo
= || trowpEnMyp)
n=0

=1 ((D Wp(fn)) (M)p)

for al density operators p. Thus, it holds that

] ]
wp ([ | &n | M) = | |wpEnm). 0
n=0

n=0

FLOYD-HOARE LOGIC FOR QUANTUM PROGRAMS
Floyd-Hoarelogicisalogical systemwidely usedin classical programming method-
ology for reasoning about correctness of programs. It consists of a set of inference
rules defined in terms of preconditionsand postconditions.

The notions of quantum predicate and weakest precondition were introduced in
the last section for abstract quantum programs modelled by quantum operations.
Based on them, in this section, we present a logic of the Floyd-Hoare style for
reasoning about correctness of quantum programs in the while-language introduced
in Section 3.1.

CORRECTNESS FORMULAS

In the classical Floyd-Hoare logic, correctness of a program is expressed by a
Hoare triple which consists of a predicate describing the input state and a predicate
describing the output states of the program. The notion of Hoaretriple can be directly
generalized into the quantum setting.

Let gvar be the set of quantum variables in the while-language defined in
Section 3.1. For any set X C gVar, we write

Hx = Q) Hq

geX

for the state Hilbert space of the system consisting of quantum variablesin X, where
Hq is the state space of quantum variable g. In particular, we set

Hal = ® Hg.
geqvar

Recall from the last section, a quantum predicatein Hyx is a Hermitian operator P in
Hx such that 0y, E P C Iy, We write P(Hx) for the set of quantum predicates
inHx.
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Definition 4.2.1. A correctness formula is a statement of the form:

{PIS{Q}

where Sis a quantum program, and both P, Q € P(Ha) are quantum predicatesin
‘Han . The quantum predicate P is called the precondition of the correctness formula
and Q the postcondition.

IntheFloyd-Hoarelogicfor classical programs, P and Q in aHoaretriple {P}S{Q}
aretwo first-order logical formulas. The Hoare logical formula {P}S{Q} can be used
to describe two different kinds of correctness of programs:

» Partial correctness: If an input to program S satisfies the precondition P, then
either Sdoes not terminate, or it terminates in a state satisfying the
postcondition Q.

« Total correctness: If an input to program S satisfies the precondition P, then S
must terminate and it terminatesin a state satisfying the postcondition Q.

Although the appearance of a Hoare triple {P}S{Q} in the quantum case is the same
asthat in the classical case, precondition P and postcondition Q in the former are two
quantum predicates, i.e. observables represented by Hermitian operators. We write
D(Hx) for the set of partial density operators, i.e. positive operatorswith traces < 1,
in Hx. Intuitively, for any quantum predicate P € P(Hx) and state p € D(Hx),
tr(Pp) stands for the probability that predicate P is satisfied in state p. Asin the
classical programming theory, a correctness formula can also be interpreted in two

different ways:
Definition 4.2.2
(i) Thecorrectness formula {P}S{Q} istruein the sense of total correctness,
written
Ftot {PIS{Q},
if we have:
tr(Pp) < tr(Q[S](p)) (4.6)

for all p € D(Han), where [ isthe semantic function of S (see
Definition 3.3.1).

(ii) The correctness formula {P}S{Q} istruein the sense of partial correctness,
written

Fpar {P}S{Q},
if we have:
tr(Pp) < tr(Q[(p)) + [tr(p) — tr([F(p))] 4.7)

for all p € D(Han).
Theintuitive meaning of the defining inequality (4.6) of total correctnessis:
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e The probability that input p satisfies quantum predicate P is not greater than the
probability that quantum program Sterminates on p and its output [S](p)
satisfies quantum predicate Q.

It is obviousfrom Definition 4.1.2 that =it {P}S{Q} is arestatement of the fact that
P is aprecondition of Q with respect to quantum operation [9], i.e.,

{PHS{Q}-

Recall that tr (o) —tr ([ (p)) isthe probability that quantum program Sdivergesfrom
input p. Thus, the defining inequality (4.7) of partial correctnessintuitively means:

» If input p satisfies predicate P, then either program Sterminates on it and its
output [F)(p) setisfies Q, or Sdivergesfrom it.

To better understand this definition, let us see a simple example. This example
clearly illustrates the difference between total correctness and partial correctness.
Example4.2.1. Assume that type(q) = Boolean. Consider the program:

S= whileM[q] = 1doq := o7[q] od
where Mo = |0)(0], M1 = |1)(1], and o7 is the Pauli matrix. Let
P=y)qvI®P

where [) = |0) + B|1) € Hz, and P’ € P (Hqvar\(g})- Then

(i) We seethat thetotal correctness
Ftot {P}S{10)q(0] ® P}
doesnot hold if B # 0and P’ # Oy, - IN fact, put
o =1 ® gunq-
Note that p is not normalized for simplicity of presentation. Then
[SI(o) = &1210) 0] ® 1240
and
tr(Pp) = tr(P) > |a?tr(P") = tr((0)q(0| ® P)[S](0)).
(ii) We have the partial correctness:
=par {P}S{10)q(0l ® P'};
that is,

tr(Pp) < tr((10)q(0l ® PH[S](p)) + [tr(p) — tr([S](p))]- (4.8)
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Here, we only consider a special class of partial density operatorsin Hvar\(q):
p=1p)qlel ®p'
where |¢) = a|0) + b|1) € Ho,and p’ € D (Hq\/ar\{q}). A routine calculation
yields:
[SI(p) = 1a%]0)q(0l @ o’

and

tr(Pp) = I(ple)|?tr (P'p)
< [a2tr(P'p') + [tr(p) — [al2tr (p)]
=1tr((10)q(0l ® PH[S](p)) + [tr (p) — tr([S[())].
Exercise4.2.1. Proveinequality (4.8) for all p € D(Hay).
The following proposition presents several basic properties of total and partial
correctness formulas.
Proposition 4.2.1

(1) If =ror {PS{Q}, then [=par {P}S{Q).
(ii) For any quantumprogram S, and for any P, Q € P(Hay), we have:

':tOt {OHa”}S{Q}v ':pal’ {P}S{IHa||}

(i) (Linearity) For any Py, P2, Q1, Q2 € P(Han) and A1, 12 > Owith
A1P1 4 A2P2,11Q1 + 12Q2 € P(Han), if

Ftot {Pi}S{Qi} (i = 1,2),

then
Ftot {A1P1 + 22P2}S{A1Q1 + 22Q2}.

The same conclusion holds for partial correctnessif A1 + A2 = 1.

Proof. Immediate from definition.

WEAKEST PRECONDITIONS OF QUANTUM PROGRAMS

In Subsection 4.1.1, we aready defined the notion of weakest precondition for a
general quantum operation (thought of as the denotational semantics of a quantum
program). In this subsection, we consider its syntactic counterpart, namely weakest
precondition for a quantum program written in the while-language defined in
Section 3.1. Asinthe case of classical Floyd-Hoarelogic, weakest preconditionsand
weakest liberal preconditions can be defined for quantum programs corresponding
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to total correctness and partial correctness, respectively. They will play akey rolein
establishing the (relative) completeness of Floyd-Hoarelogic for quantum programs.

Definition 4.2.3. Let S be a quantum while-program and P € P(Hg)) be a
quantumpredicatein Hy.

(i) The weakest precondition of Swith respect to P is defined to be the quantum

predicatewp.S.P € P(Hai) satisfying the following conditions:

(@) =tot {(Wp.SPIS[P};

(b) if quantum predicate Q € P (Ha) satisfies =ior {Q}S{P} then Q C wp.S.P.
(ii) The weakest liberal precondition of Swith respect to P is defined to be the

quantum predicate Wip.S.P € P (Hail) satisfying the following conditions:

(@) Fpar {WIp.SPIS[P};

(b) if quantum predicate Q € P(Ha) satisfies =par {Q}S{P} then

QC wip.SP.

By comparing the previous definition and Definition 4.1.3, we can see that they
are compatible; that is,

wp.SP = wp([S])(P). (4.9)

Note that the left-hand side of this equality is given directly in terms of program S,
whereas the right-hand side is given in terms of the semantics of S.

The next two propositions give explicit representations of weakest preconditions
and weakest liberal preconditions, respectively, for programs written in the quantum
while-language. They will be essentially used in the proof of completeness of
guantum Floyd-Hoare logic for total and partial correctness. Let us first consider
weakest preconditions of quantum programs.

Proposition 4.2.2

(ii) (a) If type(g) = Boolean, then
wp.q = |0).P = [0)q{0IP[0)q (0l + |1)q{OIP|0)q{(1].

(b) If type(q) = integer, then

wp.q:=1[0).P= Y In)g(O|PO)q(n|.

N=—00

(iii) wp.g:=U[q].P = UTPU.

(iv) wp.S1; $.P =wp.5.(Wp.2.P).

(v) wp.if (M- M[q] = m— Sp) fi.P = 3, MhWp.Sn.P)Mp.
(vi) wp.whileM[d] = 1do Sod.P = |2 Pn, where

Po = OHau_’ .
Pns1 = MEPMo + MJ (wp.SPr)M; for all n = 0.
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Proof. The trick is to simultaneously prove this proposition and Corollary 4.2.1
following by induction on the structure of quantum program S.

e Casel. S= skip. Obvious.
 Case2.S= q:=|0). Weonly consider the case of type(q) = integer, and the
case of type(q) = Boolean is similar. First, it holds that

tr(( > |n)q<0|P|0)q<n|) p) =tr (P > |0)q<n|P|n)q(0|>

N=—00 N=—00

= tr(P[q = [0)](p)).
On the other hand, for any quantum predicate Q € P(Hal), if

Ftot {Q}g:= |0){P},

tr(Qp) < tr(P[q:=10)](p))

=tr (( > |n>q<0|P|0>q<n|) p)
Nn=—o0

foral p € D(Han), thenit followsfrom Lemma4.1.2 that

QC ) Ing(OPIO)g(nI.

N=—00

» Case3.S
» Case4d. S

g := U[q]. Similar to Case 2.
S1; S. It follows from the induction hypothesison §; and S that

tr (Wp.S1-(Wp-$.P)) p) = tr((wp.$.P)[S1](0))
= tr (P[] ([S1](»))
= tr(P[S1; S](p)).
If l=tot {Q)St; S{P}, thenfor all p € D(Ha), we have:
tr(QP) < tr(P[Sy; $](p)) = tr((Wp.S1.(Wp.S2.P)) ).

Therefore, it followsfrom Lemma4.1.2 that Q C wp.S;.(Wp.$.P).
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e Caseb.S= if (Om-M[Q] = m— Sy) fi. Applying the induction hypothesison
Sm, We obtain:

tr <<Z M%(wp.sn.mMm) p) = tr(Wp.Sn.P)MmpMiy)
m m
=Y tr(P[Sml (MmpMi)
m

—tr (PXm:[[Sn}] (Mmpw;)>

— tr(P[if (Om- M[G] = m— S fi](0)).

Ftot {Q}if (M- M[@] = m— Sy) fi{P},

then

tr(Qp) < tr ((Z M%(wp.sn.mMm) p)
m

for al p, and it followsfrom Lemma 4.1.2 that

QC Y MhWp.SnP)Mm.
m

e Case6.S= whileM[7q] = 1do S od. For simplicity, we write (while)" for the
nth syntactic approximation “ (while M[g] = 1 do S od)"” of loop S (see
Definition 3.3.6). First, we have:

tr(Pnp) = tr(P[(while)"] ().

This claim can be proved by induction on n. The basis case of n = 0 isobvious.
By the induction hypotheseson n and S, we obtain:

tr (Pny10) = tr(M{PMop) + tr(MI (wp.S .Pr)M10)
= tr(PMopM{) + tr (wp.S Pn)MypM])
= tr(PMopM{) + tr (Pa[ST(M1oM]))
= tr(PMopMJ) + tr (P[(while)"[([S](M10M])))
— tr[P(MopM} + [S; (whil®"](M1pM] )]
= tr(P[(whil®™ ] ().
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Now continuity of trace operator yields:

tr ((|_| Pn) p) = [ trPnp)
n=0 n=0

o0
= |_| trP[while)[ (o))

n=0
o0
=tr | P|_|[while"](p)
n=0
= tr(P[whileM[q] = 1do S od](p)).
So, if
Etot {Q}whileM[d] = 1do S od{P},
then

tr(Qp) < tr ((L] Pn) p)
n=0

for al p, and by Lemma4.1.2 we obtain Q T | |52 Pn.

O
The following corollary shows that the probability that an initial state p satisfies

the weakest precondition wp.S.P is equal to the probability that the terminal state
[S](p) satisfies P. It follows from the proof of the previous proposition. But it can
also be derived from equations (4.3) and (4.9).

Corollary 4.2.1. For any quantumwhile-program S, for any quantum predicate
P € P(Han), and for any partial density operator p € D(Hal), we have:

tr(Wp.SP)p) = tr(P[F(p)).

We can also give explicit representations of weakest liberal preconditions of
quantum programs.

Proposition 4.2.3

(ii) (a) If type(q) = Boolean, then

wip.q :=|0).P = |0)q(0|P|0)q(0] + |1)q(OIP|0)qg(1l.
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(b) If type(q) = integer, then

wlp.q:=|0).P = Z [N)q(0IP[O)qg(N.

N=—00

(iii) wip.g:= U[g].P = UTPU.

(iv) Wip.S1; S.P =wIp.S.(Wip.S.P).

v) wip.if (Om-M[q] == m— Sy fi.P = 3, MhMp.Sn.P)Mp.
(vi) wip.whileM[q] = 1do Sod.P = [32, Pn, Where

Po =344,
Phi1= MSPMO + MI(wIp.SPn)Ml foralln> 0.

Proof. Similar to the case of weakest precondition, we prove this proposition
and its corollary following simultaneously by induction on the structure of quantum
program S.

e Casel. S= skip,orqg:=|0),orq:= U[q]. Similar to Cases 1, 2 and 3 in the
proof of Proposition 4.2.2.
e Case2.S= $;S. Firgt, with theinduction hypothesison S; and S,
we have:
tr(Wip.S;.(Wp.$.P)p) = tr(wlp.S.P[S1](0)) + [tr (p) — tr([S1](0))]

= tr(P[S]([S1](p)) + [tr ([S1](0)) — tr ([S]([S1] (0)))]
+ [tr(p) — tr([St](p))]

= tr(P[S]([S1](0) + [tr (p) — tr ([S]([S1] ()]
= tr(P[F(p)) + [tr(p) — tr([SJ(p))].

If =par {Q}S{P}, then it holds that

tr(Qp) < tr(P[S(p)) + [tr(p) — tr([S(p))]
=tr(wlp.5.(Wp.$.P)p)

foral p € D(Hay), and by Lemma4.1.2 we obtain:
QC WIp.S.(Wp.$.P).

e Case3.S= if (Om-M[q] = m— Sy) fi. It can be derived by the induction
hypothesison all Sy, that
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tr (Z Mﬂ:n(vvlp.sn.P)Mmp> =3 tr(Mh(WP.Sn.P)Mmp)
m

tr (Wl D-S”n-P)MmPMIn)

m
2
m
> {r IS MmeMI) + [tr (MmpME) — tr ([Sm] (MmpME) 1]
m
> tr (PISnl(MmoMiy ) + [Ztr(Mmprb - Ztr(ﬂsn}](MmpMIn»}
m m m
—tr (PZ[[sn]](MmpM%)
m

+ [tr (p > M?%Mm> —tr (Zﬂsnwmpwlﬁ;))}

=tr(P[(p)) + [tr(p) — tr([F(p))]

because
> MiMm = gy,
m
If =par {Q}S{P}, thenfor &l p € D(Hay), it holds that

tr(Qp) < tr(P[S](p)) + [tr(p) — tr([F(p))]
—tr (Z Ml p.Sﬂ.P)Mmp> .
m

Thistogether with Lemma 4.1.2 implies

QC Y MEWip.Sn.P)Mm.
m

e Case4.S= whileM[q] = 1do S od. We first prove that
tr(Pnp) = tr(P[(while)"](0)) + [tr (p) — tr([(while)"] (p))] (4.10)

by induction on n, where (while)" is an abbreviation of the syntactic
approximation (while M[q] = 1do S od)". The case of n = O is obvious.
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By induction on S and the induction hypothesis on n, we observe:

tr (P110) = tr[(MJPMo) + M (Wp.S.Pp)My ]
= tr(M{PMop) + tr (M] (wip.S Pp)M1p)
— tr(PMopM{) + tr (WIp.S.Pp)M1pM.)
= tr (PMopM{) + tr (P[ST(M1oMY)) + [tr(M1pM]) — tr([S](MapM]))]
= tr(PMopMy) + tr (P[while)"]([S](M1pMY)) + [tr ([S](M1pM]))
— tr([whil®"]([S|(M1oM]))] + [tr(M1pM]) — tr([STM1oM]))]
= tr(P[MopM{) + [(whil®)"]([S](M1pM]))]
+[tr (p) — tr(MopMJ + [(while)") ([S](M1oM]))]
= tr(P[(while)™™](p)) + [tr (p) — tr([(whil®™ ] (o)].

This completes the proof of equation (4.10). Note that quantum predicate P C 1.
Then| — P ispositive, and by continuity of trace operator we obtain:

tr ((|_| Pn) p) =[]t Pnp)
n=0 n=0

=[] {tr (PLwhile)"] (0)) + [tr () — tr([(while)"](0))]}
n=0

o0
=tr(p) + [ ] tr [(P = Dwhil®"])(0)]
n=0

=1tr(p) +tr {(P — 1) || [ewhile)™] (p)}

n=0
=tr(p) +tr[(P— D[ (p)]
=tr(P[F(p)) + [tr(p) — tr([F(p)].

For any Q € P(Hall), =par {Q}S{P} implies:
tr(Qp) < tr(P[S](p)) + [tr (o) — tr([S](p))

()

for al p € D(Ha). Thistogether with Lemma4.1.2leadsto Q T [ |72y Pn. [

Corollary 4.2.2. For any quantumwhile-program S, for any quantum predicate
P € P(Han), and for any partial density operator p € D(Hal), we have:

tr(Wp.SP)p) = tr(P[S](p)) + [tr(p) — tr([F[(p)].
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The previouslemma means that the probability that an initial state p satisfies the
weakest liberal precondition Wip.S.P is equal to the sum of the probability that the
terminal state [ (p) setisfies P and the probability that S does not terminate when
starting from p.

To conclude this subsection, we present a recursive characterization of weakest
precondition and weakest liberal precondition of the quantum while-loop. This
characterization provides a key step in the proof of completeness of quantum Floyd-
Hoarelogic.

Proposition 4.2.4. We write while for quantumloop “ while M[g] = 1do Sod”.
Thenfor any P € P(Ha), we have:

(i) wp.whileP = MPMo + M (wp.S.(wp.while.P))M;.
(i) wipwhileP = M{PMo + M] (wip.S.(wip.whileP))M.
Proof. We only prove (ii), and the proof of (i) is similar and easier. For every
0 € D(Hay), by Proposition 4.2.3 (iv) we observe;
tr[(MJPMg + M wip.S wipwhileP)My)p]
— tr(PMopMY) + tr[(Wip.S (WipwhileP))My oM/ |
— tr(PMopMY) + tri(wipwhileP) [S](M1oM])]
+[tr(MpM)) — tr ([S|(MgpM))]
— tr(PMopMY) + tr[P[while] ([S](M1oMI )] + [tr ([S|(M1oM])
— tr([while] ([S|M1pMI)1 + [tr (M1oM]) — tr ([S|(M1oM]))]
= tr[P(MopM{ + [while] ([S|(M1oM])))]
+[tr(MgpM]) — tr ([while] ([S|(M1oM] )]
— tr(P[while](0)) + [tr (oM] My) — tr ([while] ([S](M1oM])))]
— tr(Pwhile] (p)) + [tr (o (I — M{Mg)) — tr ([while] ([S](M1oM])))]
= tr(P[while] (0)) + [tr (p) — tr (MopM + [while] ([S](M1pM])))1
= tr(P[whil€] (p)) + [tr (o) — tr (while] (0))].
This means that
{MSPMO + MI(WIp.S(wIp.whiIe.P))Ml} while(P},
and

Q & M{PMo + M (wip.S (WipwhileP))My

provided =par {Q}while{P}. O
From Propositions 4.2.2 (vi) and 4.2.3 (vi) we see that the previous proposition
can be actually strengthened as follows:
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» wp.while.P and wip.while.P are the least fixed point and the greatest fixed point
of function:

X > MJPMg + M] (Wp.SX)My,

respectively.

PROOF SYSTEM FOR PARTIAL CORRECTNESS

Now we are ready to present an axiomatic system of Floyd-Hoarelogic for quantum
while-programs. The axiomatic system is given in terms of correctness formulas
defined in Subsection 4.2.1. The quantum Floyd-Hoare logic can be divided into
two proof systems, one for partial correctness and one for total correctness. In this
subsection, we introduce the proof system gPD for partial correctness of quantum
programs. It consists of the axioms and inference rulesin Figure 4.2.

An application of the proof system qPD and the proof system qTD for total
correctness presented in the next subsection will be given in Subsection 4.2.5 below
where the correctness of the Grover algorithm is proved using gPD and qTD. The
reader who is mainly interested in the applications of quantum Floyd-Hoare logic
may first leave hereto learn therule (R-LT) of the system gTD in the next subsection
and then directly move to Subsection 4.2.5. If she/he likes, the reader can return to
this point after finishing Subsection 4.2.5.

As we know, the most important issue for any logical system is its soundness
and completeness. In the remainder of this subsection, we study soundness and
compl eteness of the proof system gPD. We say that a correctnessformula {P}S{Q} is
provablein gTD, written

Fqpp {P}SIQ}

if it can be derived by a finite number of applications of the axioms and inference
rulesgivenin Figure 4.2.

We first prove the soundness of gPD with respect to the semantics of partial
correctness:

» provability of acorrectnessformulain the proof system qPD impliesitstruthin
the sense of partial correctness.

Before doing this, let us introduce an auxiliary notation: for i = 0, 1, the quantum
operation & is defined by

Ei(p) = MipM]

foral p € D(Han). Thisnotation was already used in the proof of Proposition 3.3.2.
It will be frequently used in this subsection and the next aswell asin Chapter 5.
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(Ax-SK) {P}Skip{P}
(Ax-In) If type(q) = Boolean, then
{10)q{OIPI0)q(Ol + 11)q{0IPI0)q{1l}q := [O){P}

If type(q) = integer, then
> Ing{OIPI0)g(n| { q := |0){P}
Nn=—00

(Ax-UT) {UTPU}G := U[qI{P}

P1IS{Q}  {Q}%(R}

R-SC
( ) {P}S1; S{R}
RIP) _PaiSQ) foralm

{ S MiPM| if (Om- M) = m— S fi(Q)

{Q}S{MSPMO + MIQMl}

(R-LP)

{M{PMo + MI QMg }whileM[q] = 1 do Sod{P)
Ron PCP (PISIQ) QCQ

{PIS(Q}

FIGURE 4.2
Proof system gPD of partial correctness.

Theorem 4.2.1 (Soundness). The proof system gPD is sound for partial correct-
ness of quantum while-programs; that is, for any quantum while-program S and
guantumpredicates P, Q € P(Ha), we have:

Fqpp {PIS{Q} implies f=par {P}S(Q}.

Proof. We only need to show that the axioms of gPD are valid in the sense of
partial correctness and inference rules of qPD preserve partial correctness.
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* (Ax-SK) Itisobviousthat F=par {P}skip{P}.

* (Ax-In) We only provethe case of type(q) = integer, and the case of
type(q) = Boolean issimilar. For any p € D(Hay), it followsfrom
Proposition 3.3.1 (ii) that

tr[( > |n)q<0|P|0>q<n|) p} > tr(Inig{0IP|0)g(nlp)

N=—00 N=—00
o

> tr(PI0)g(nlpIn)q(0l)

N=—00

=tr (P Z |0)q<n|p|n)q(0|>

N=—00

= tr(P[q := [0)] (o))

Therefore, we have:

Fpar { > |n)q<0|P|O)q<n|} q:= |0){P}.

Nn=—00
e (Ax-UT) Itis easy to see that
=par {UTPUIT:= U[TI{P).
* (R-SCO) If =par {P1S1{Q} and [=par {Q}SAR}, thenfor any p € D(Hai) we have:

tr(Pp) < tr(Q[St](p)) + [tr(p) — tr([St] ()]
< tr(R[S]([Si](0))) + [tr ([S1] () — tr ([S]([SL] (0)N)]
+ [tr(p) — tr([St](p))]
= tr(R[S1; $](0)) + [tr(p) — tr([S1; S (p)].

Therefore, F=par {P}S1; S{R} holds as desired.
* (R-IF) Assumethat =par {Pm}Sm{Q} for all possible measurement outcomes m.
Thenforal p € D(Hay), since

> MEMm = I,
m
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it holdsthat

tr (Z Mﬂ:anMmp> =3 tr(MiPmMmp)
m m

= > tr(PmMmoM)
m

= > {tr @ISl MmoMi) + [t (MmoMi) — tr (ISl MmoMa)1 |
m

= > tr (QISnlMmoMi ) + [Ztr(MmpM;b - Ztr([[snwmpMﬁ;))}
m m m

=tr (QZ[[%}](MmpMin)) + [tr (Z pMR;Mm> —tr (Z[[Sm]](Mm;OM;q)>i|

= tr(Q[if...fi (o)) + [tr(p) — tr([if...fi (o)1,

and
= par {Z MIanMm} if...fi{Q},
m

whereif...fi isan abbreviation of statement “if (Om- M[q] = m— Sy) fi".
(R-LP) Suppose that

Fpar (QIS{M{PMo + M] QM1 .
Thenfor al p € D(Han), it holds that

tr(Qp) < tr((M{PMo + MI QM) [S)(0)) + [tr (p) — tr ([S](0))]- (4.11)

Furthermore, we have:

tr [ (M5PMo + MiQM1) o] < Xn: tr (P (oo (1] 0 €0%) ()
k:0
+1r (Q (€10 (IS0 €1)") () (4.12)

n—1
+ Y [trEro dsio £0 o) —tr (S 0 0 10)) |
k=0

foral n > 1. Infact, equation (4.12) may be proved by induction on n. The case
of n= lisobvious. Using equation (4.11), we obtain:
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tr (Q (10 (1] 0 £1)") () = tr ((MEPMo +MIQM1) (] 0 0™ (1))
+ [tf (Ero (S0 &D") (p) —tr (([[s]] ° 51)“+1(p))]
=1 (P (50 o([§o 51)”“) (p)) +tr (Q (61 o([F o 51)"+1) (p))
+ [t ((Ero (o 0" () —tr (S0 )™ () . (4.13)

Combining equations (4.12) and (4.13), we assert that

tr [ (MgPMo +MIQW1) ] = riltr (P(£00 (S0 £0¥) )

+1r (Q(Ere (S o0™?) ()
> [tr (€10 (ST o &%) — tr (ST 0 €0 20 .
k=0

Therefore, equation (4.12) holdsin the case of n+ 1 provided it istrue in the
case of n, and we complete the proof of equation (4.12).
Now we note that

tr (€10 ([0 €0 (0)) = tr (Ma([S] 0 ED (oM} )
= tr (([S] 0 €0 (0)M{M1 )
= tr (IS 0 €00 (1 = MgMo))
=tr (ISl &0 ) —tr (oo (IS 0 EDN(0))

Then it follows that
n-1 n-1

Y- [t (ere ASlo 0 ) —tr ((AS] 0 £0M 1) | = Y- tr ((IS] o €0 )
k=0 k=0
n—1

- {tr (€00 IS)o €00 — nftr (asie 61)”1(/3))}

k=0 k=0
n—1

=tr(p) ~ tr (([S o E0"(0)) — Y_tr (€00 (IS o €0 ).
k=0
(4.14)

On the other hand, we have:
tr(Q(E1 0 ([S] 0 EDM(p)) = tr(QM1([S] 0 EDM(IM])
< trMy([S] 0 EDM(PIM])
= tr(([S] o ED™(p)M]My) (4.15)

= tr([S] 0 EDM(P)(| — M{Mo))
=tr([ o ENM () — tr((Eg o ([ 0 EDM(p)).

.
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Putting equations (4.14) and (4.15) into equation (4.12), we obtain:

n
tr [(MEPMo +MQM1)p ] = 3 tr (Peo o (IS 0 0M(0)
k=0

K n
+ | tr(p) = Y _tr(Eoo ([T o 51)k)(,0))}
k=0

n
—tr|P Z(é’o o ([ o 51)k)(p))

k=0

k=0

B n
+ [ tr(p) —tr (Z(So o([S]o 51)‘3(0))} .

Let n — oo. Thenit followsthat

tr [(MgPMO + MIQMl)p] < tr(P[whil€](p) + [tr (p) — tr ([while] (p))]

and

par (M{PMo + M QM4 }while(P},

where while is an abbreviation of quantum loop “whileM[d] = 1do S'.
e (R-Or) Thevalidity of this rule followsimmediately from Lemma4.1.2 and
Definition 4.2.2. [l

Now we are going to establish completeness for the proof system qPD with
respect to the semantics of partial correctness:

« truth of aquantum program in the sense of partial correctnessimpliesits
provability in the proof system qPD.

Note that the Léwner ordering assertions between quantum predicates in the rule
(R-Or) are statements about complex numbers. So, only a completeness of gPD
relative to the theory of the field of complex numbers may be anticipated; more
precisely, we can add all statements that are true in the field of complex numbers
into gPD in order to make it complete. The following theorem should be understood
exactly in the sense of such arelative completeness.

Theorem 4.2.2 (Completeness). The proof system gPD is complete for partial
correctness of quantum while-programs; that is, for any quantum while-program S
and quantum predicates P, Q € P(Hal), we have:

Fpar {P}S{Q} implies Fqpp {P}S{Q}.

Proof. If =par {P}S{Q}, then by Definition 4.2.3 (ii) we have P £ wip.S.Q.
Therefore, by the rule (R-Or) it suffices to prove the following:
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Claim:
FgpD {(WIP.SQ}IS(Q}.

We proceed by induction on the structure of Sto provethisclaim.

Case 1. S= skip. Immediate from the axiom (Ax-Sk).

Case 2. S= (:= 0. Immediate from the axiom (Ax-In).
Case 3. S= 7 := U[q]. Immediate from the axiom (Ax-UT).
Cased.S= S; . It follows from the induction hypothesison S and S that
Fgpp {WIP.S1.(WIP.$.Q)} S {Wp.$.Q}
and
FgpD (WIP.$.Q1$(Q}-
We obtain:

Fgpp {(WIP.S1.(WIP.$.Q)}S1; $(Q}
by the rule (R-SC). Then with Proposition 4.2.3 (iv) we see that
Fgpp {(WIP.S1; $.Q1S;; ${Q}-

Case5.S= if (m-M[q] = m— Sy) fi. For all m, by theinduction hypothesis
on Sy, we obtain:

FgpD {(WIP.Sn.Q}Sm(Q}.
Then applying the rule (R-IF) yields:

gPD | > Min(wp.Sn. QM {if (Om- M[T) = m — Sm) fi{Q),
m

and using Proposition 4.2.3 (v) we have:
Fqep (Wip.if (Om- M[q] = m — Sy) fi.Q}if (Om- M[q] = m— Sy) fi{Q}.

Case 6. S= whileM[q] = 1do S od. For simplicity, we write while for
guantum loop “while M[q] = 1 do S od”. The induction hypothesison S asserts
that

FqpD {WIp.S.(Wip.whileP)}S{wip.while.P}.
By Proposition 4.2.4 (ii) we have:

wipwhileP = M{PMo + M (wip.S wip.whileP))M.
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Then by therule (R-LP) we obtain:
Fqpp {wWip.while.P}while{P}

as desired. O

PROOF SYSTEM FOR TOTAL CORRECTNESS

We studied the proof system gPD for partial correctness of quantum while-programs
in the last subsection. In this subsection, we further study a proof system gTD for
total correctness of quantum while-programs. The only difference between gTD and
gPD is the inference rule for quantum while-loops. In the system gPD, we do not
need to consider termination of quantum loops. However, it is crucial in the system
gTD to have arule that can infer termination of quantum loops. To give the rule
for total correctness of quantum loops, we need a notion of bound function which
expresses the number of iterations of a quantum loop in its computation.

Definition 4.2.4. Let P € P(H a1) be a quantum predicate and a real number
€ > 0. Afunction

t: D(H a1) — N ( nonnegative integers)

is called a (P, €)-bound function of quantum loop “ while M[g] = 1 do Sod” if it
satisfies the following two conditions:

@ (I8 (M1oM])) = t(p); and
(i) tr(Pp) > e implies

t (IS (M1oM])) < t(o)

for all p € D(Hal).

A bound function is also often called a ranking function in the programming
theory literature. The purpose of a bound function of aloop isto warrant termination
of the loop. The basic idea is that the value of the bound function is always
nonnegative and it is decreased with each iteration of the loop, and thus the loop
should terminate after a finite number of iterations. A bound functiont of aclassical
loop “while Bdo Sod " isrequired to satisfy the inequality

t([Sl(s) < t(s)

for any input state s. It is interesting to compare this inequality with conditions
(i) and (ii) of the previous definition. We see that the conditions (i) and (ii) are two
inequalities between

(15 ()
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and t(p), but not between t([S](p)) and t(p). Thisis because in the implementation
of the quantum loop “while M[g] = 1 do Sod”, we need to perform the yes-no
measurement M on p when checking the loop guard “M[q] = 1", and the states of
guantum variables will become MlpMI from p whence the measurement outcome
“yes’ is observed.

Thefollowing lemma givesa characterization of the existence of abound function
of a quantum loop in terms of the limit of the state of quantum variables when the
number of iterations of the loop goes to infinity. It provides a key step for the proof
of soundness and compl eteness of the proof system qTD.

Lemma4.2.1. Let P € P(H ay) be a quantum predicate. Then the following two
statements are equivalent:

(i) for anye > 0, thereexists a (P, €)-bound function t. of the while-loop
“whileM[q] = 1do Sod”;
(ii) limp oo tr (P([S] 0 £1)"(p)) = Ofor all p € D(H an).

Proof. (i) = (ii) We provethisimplication by refutation. If
Jimtr (P([S] o £)"(0)) # 0,

thenthereexist ¢g > 0 and astrictly increasing sequence {ny} of nonnegativeintegers
such that

tr (P([S] o £1)™(p)) = €0

for al k > 0. Thus, we have a (P, €p)-bound function of loop “while M[g] = 1
do Sod”. For each k > 0, we set

pk = ([S] o ED™(p).

Then it holds that tr (Ppx) > eo, and by conditions (i) and (ii) in Definition 4.2.4
we obtain:

teg (PK) > teg ([[S]](MlpkMI))
= teo (([S] © €1) (0w))
=t ((I5] 0 €)™+ ™ (o)

Consequently, we have an infinitely descending chain {t.,(ox)} in N. This is a
contradiction because N is awell-founded set.
(il) = (i) Foreach p € D(Han), if

Jim_tr (P([S] o £)"(0)) =0,
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thenfor any € > 0, thereexistsN € N such that
tr (P[] o £1)"(0) <€
for al n > N. We define:
te(p) =min {N e N: tr (P([] 0 £1)"(p)) < € foraln=>N}.

Now it suffices to show that te is a (P, €)-bound function of loop “while M[q] = 1
do Sod”. To this end. we consider the following two cases:

e Casel.tr(Pp) > €. Supposethat t.(p) = N. Thentr(Pp) > € impliesN > 1.
By the definition of t., we assert that

tr (P([[S]] o 51)n(,0)) <e€

foraln> N. Thus,foraln>N -1 > 0,

tr (PS] o £0" (18] (MpM1) )) = tr (PIS] 0 £0™(0)) < e.
Therefore, we have:
te (IS (M{pM1)) =N =1 <N =tc(p),
e Case2.tr(Pp) < €. Again, suppose that t. (0) = N. Now we have the following

two sub-cases:
» Subcase2.1.N = 0. Thenfor al n > 0, it holds that

tr (P([S] o )" (p)) < €.

Furthermore, it is easy to see that

te ([[S]] (MlPM;D) =0=tc(p).

» Subcase2.2.N > 1. We can derive that

te(p) > te (18] (M1oM; ) )

in the way of Case 1. O

Now we are ready to present the proof system qTD for total correctness of

guantum while-programs. As mentioned before, the system qTD differs from the

proof system qPD for partial correctness of quantum programsonly in the inference

rule for loops. More precisely, the proof system qTD consists of the axioms (Ax-Sk),

(Ax-In) and (Ax-UT) and inference rules (R-SC), (R-IF) and (R-Or) in Figure 4.2 as
well asinferencerule (R-LT) in Figure 4.3.
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o {QISIM{PMo + MIQMy)
e foreache > 0, t¢ isa(MIQMl,e)-bound function
of loop whileM[q] = 1do Sod

(R-LT) : ;
{MIPMo + MIQMyjwhileM[g] = 1 do Sod{P}

FIGURE 4.3
Proof system gTD of total correctness.

An application of the rule (R-LT) to prove total correctness of the Grover search
algorithm will be presented in Subsection 4.2.5 following.

The remainder of this subsection is devoted to establishing soundness and
completeness of gTD:

» provability of acorrectnessformulain the proof system qTD is equivalent to its
truth in the sense of total correctness.

We write:

Fqmp {PIS(Q}

whenever the correctness formula {P}S{Q} can be derived by a finite number of
applications of the axioms and inference rulesin qTD.

Theorem 4.2.3 (Soundness). The proof system TD is sound for total correctness
of quantum while-programs; that is, for any quantum program S and quantum
predicates P, Q € P(Ha), we have:

Fqrp {P}SIQ} implies =tot {PIS(Q}.

Proof. It suffices to show that the axioms of qTD are valid in the sense of total
correctness, and inference rules of qTD preservetotal correctness.

The proof for soundness of (Ax-Sk), (Ax-In) and (Ax-UT) issimilar to the case of
partial correctness. The proof of the remaining inference rules are given as follows:

* (R-SC) Supposethat [=tot {P}S1{Q} and =tot {Q}S{R}. Then for any
o € D(Hay), with Proposition 3.3.1 (iv) we obtain:

tr(Pp) < tr(Q[S1](p)
< tr(R[S[([S]()))
= tr(P[S1; ] (0)).
Therefore, =tor {P}S1; SAR).

* (R-IF) Supposethat ot {Pm}Sn{Q} for al possible measurement outcomes m.
Then for any p € D(Hay), it holds that
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tr (PmMmeMb) < tr (QISm] (MmoMh) )

Therefore, we have:

tr (Z M,JqumMmp> = Ztl’ (PmMmPMEO
= > tr (QISml (MmoMf))

—tr (Q;m (MmpMIn))

= tr(Q[if Mm-M[A] = m— Sy) fi](p)),

and it follows that
Etot {Z M&PMm} if (Om-M[g] = m— Sy) fi{Q).
m

e (R-LT) We assume that
ot (QIS{M{PMo + MyQMs .
Thenfor any p € D(Han), we have:
tr(Qp) < tr ((M{PMo + M{QMD[S)(0)) . (4.16)

We first prove the following inequality:

tr [(MSPMO + MIQMl) ,0]
4.17)

n
= >t (Plgoo (S0 EI(0)) +tr Q€10 (IS o E1)"] (0)
k=0

by induction on n. Indeed, it holds that

tr [(MSPMO + MIQMl) p] —tr (PMong) Ftr (QMlpMI)
= tr(P&y(p)) + tr(QE1(p)).
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So, equation (4.17) is correct for the base case of n = 0. Assume that equation (4.17)
is correct for the case of n = m. Then applying equation (4.16), we obtain:

tr [(MSPMO + MIQMl) p] = tr(PEy(p)) + tr (QMlme

m
= > (Pigoo (18] o E010) ) +tr (Q[Ex o ([5] 0 0™ (0)
k=0

m
<Y tr (Pigoo (15 0 £01K(0) )
k=0
i ((MSPMO + MIQMl) [S] ([E10 ([S] o &™) (p)))

= > tr (PiEo o (18] 0 1) +tr (PMo[S] ([£1 0 ([S] 0 E0™] () M] )
k=0

+tr (QM1[S] ([&1 0 (1) 0 £0™] () M)
m+-1

= > tr (Pigoo (5 o £n1(p) +tr (Q[€ro (IS0 E0™ ().
k=0

Therefore, equation (4.17) also holds for the case of n = m+ 1. This completes the

proof of equation (4.17).

Now, sincefor any € > 0, there exists(MIQMl, €)-bound function t. of quantum
loop “while M[q] = 1 do Sod”, by Lemma4.2.1 we obtain:

lim_tr(QI€1 o ([] 0 £)"(0)) = lim_tr(QM1([F] 0 ED"(PIM])
= lim tr(M]QMy([S] 0 £1)"(p))
=0.
Consequently, it holds that

n
tr[(M{PMo + M{QM)p] < lim > tr(PI€o o ([5] o £1)1K(p)
k=0

+ lim tr(Q(€1 o ([S] 0 ED™(0))

=Y tr(Pl&o ([§ o ED1"(p))

n=0
=tr (P Y [Eoo([So 61)“]<p))

n=0
= tr (P[whileM[q] = 1do Sod](p)) .

.
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Theorem 4.2.4 (Completeness). The proof system qTD is complete for total
correctness of quantum while-programs; that is, for any quantum program S and
quantumpredicates P, Q € P(Ha), we have:

Ftot {P}S(Q} implies qrp {P}S(Q}.
Proof. Similar to the case of partial correctness, it suffices to prove the follow-
ing:
 Clam:

Fqmp {Wp.SQ}SQ}

for any quantum program S and quantum predicate P € P(Hay), because by
Definition 4.2.3 (i) we have P T wp.SQ when =it {P}S{Q}. This claim can
be proved by induction on the structure of S. We only consider the case of S =
whileM[q] = 1 do S od. The other cases are similar to the proof of Theorem 4.2.2.

We write while for quantum loop “while M[q] = 1 do S od”. It follows from
Proposition 4.2.4(i) that

wp.while.Q = MSQMO + MI(Wp.S'.(Wp.whiIe.Q))Ml.
So, our aim is to derive that
47D {MSQMO + MI(Wp.S’.(Wp.WhiIeQ))Ml} while{Q}.
By the induction hypothesison S we get:
Fqmo {wp.S.(wp.while.Q)} S {wp.while.Q}.

Then by the rule (R-LT) it suffices to show that for any ¢ > 0, there exists a

(MI(Wp.S’.(Wp.WhHe.Q))Ml, €)-bound function of the quantum loop while. Apply-
ing Lemma4.2.1, we only need to prove:

lim tr (MI(Wp.S'.(Wp.WhiIe.Q))Ml([[S']] o 51)“(p)) —0. (4.18)
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The proof of equation (4.18) is carried out in two steps. First, by Propositions 4.2.2
(iv) and 3.3.1 (iv) we observe:

tr (M (wp.S.(wp:while Q)M ([S] o £0"())
—tr (wp.S’.(wp.whiIe.Q)Ml([[S]] o 51>“(p)|vq)
tr (wpwhileQ[S] (Ma([S] o £0"(p)M] ) )
= tr (wpwhileQ([S] 0 £0™ () (4.19)

tr (QIwhile]([ST o £0™ ()

> w(Q[éoo (STo e ] ).

k=n+1

Secondly, we consider the following infinite series of nonnegative real numbers:

i tr (Q[€00 (ISTo 0 | () =tr (Q i €00 (S0 0¥ (,,)) . (420
n=0

n=0

Since Q E |y, it follows from Propositions 3.3.1 (iv) and 3.3.4 that

o0
tr (QZ RIS <p>) = tr(Q[while] (p))
n=0
< tr([while](p))
<tr(p) < 1.

Therefore, the infinite series in equation (4.20) converges. Note that equation (4.19)
is the sum of the remaining terms of the infinite series in equation (4.20) after
the nth term. Then convergence of the infinite series in equation (4.20) implies
equation (4.18), and we compl ete the proof. O

It should be pointed out that, as remarked for Theorem 4.2.2, the preceding
theorem is also merely arelative completeness of the proof system qTD with respect
to the theory of the fields of complex numbers because, except that the rule (R-Or) is
employed in qTD, the existence of bound functionsin the rule (R-LT) is a statement
about complex numbers too.

AN ILLUSTRATIVE EXAMPLE: REASONING ABOUT
THE GROVER ALGORITHM
In the last two subsections, we developed the proof system gPD for partial correct-

ness and qTD for total correctness of quantum while-programs, and established their
soundnessand (relative) completeness. The purpose of this subsection isto show how
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the proof systems gPD and gTD can actually be used to verify correctness of quantum
programs. We consider the Grover quantum search algorithm as an example.

Recall from Subsection 2.3.3 and Section 3.5 the search problem can be stated
as follows. The search space condists of N = 2" elements, indexed by numbers
0,1,...,N — 1. It is assumed that the search problem has exactly L solutions with
l1<Lc< % and we are supplied with an oracle — a black box with the ability to
recognize solutions to the search problem. Each element x € {0,1,...,N — 1} is
identified with its binary representation x € {0, 1}". In the quantum while-language,
the Grover agorithm solving this problem can be written as the program Grover in
Figure 4.4, where:

e Program:
Lgo:=10); a1:=10); ...... » On—1:=10);
2. q:=10);
3. r:=|0);
4. gq:=Xlql;
5. 0o :=H[aol; a1 :=Hlal; -..... i On—1 = H[gn-1];
6. q:=HIal;
7. whileM[r] = 1doD od;
8. if (Ox-M'[00,01,--.,0n—1] = X — sKip) fi
FIGURE 4.4

Quantum search program grover.

* (o,d1,--.,0n—1,Q are quantum variables with type Boolean and r with type
integer;

» Xisthe NOT gate and H the Hadamard gate;

e M = {Mgp, M1} isameasurement with

Mo = Ihrdll, Mz=) Ihe(l,

1>k <k

and k being a positive integer in theinterval [ 7 — 1, 7] with 6 being
determined by the equation

9_ N—L(O<9<7t
STV T TEYER

)
e M’ isthe measurement in the computational basis of n qubits; that is,
M’ = {M} :x e {0,1}"}

with M; = |x)(x| for every x;
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» D isthesubprogramgivenin Figure 4.5.

» Loop Body:
1 QOv qu ce inflv q = O[QOv qu ce inflv q]v
2. qo == Hlgol; g1 :=Hla]; -..... ; On—1 = HIlOn_1];
3. Jo,d1,---+0n-1 = Ph[qO! di, - .-, Qn—1]3
4. qo :=HIqol; g1 :=Hlml; ...... ; On—1 = H[On-11;
5r=r+1

FIGURE 4.5

Loop body D.

In Figure 4.5, O isthe oracle represented by the unitary operator on n + 1 qubits:

Xia) S g @ fo)
foral x € {0,1}"and g € {0, 1}, wheref : {0, 1}" — {0, 1} defined by

1 if x isasolution,
f(x) = .
0 otherwise

is the characteristic function of solutions. The gate Ph is a conditional phase shift:
[0) = 0), |x) > —|x) forall x+#0;

that is, Ph = 2|0)(0| — I.

Correctness Formulafor Grover Search:

It was shown in Subsection 2.3.3 that the Grover algorithm can achieve success
probability

2k+1 N—-L
N

Pr( success) = sin? (—2 6)>——

wherek is the integer closest to the real number

/L
arccos y/ iy -

0

that is, kisaninteger in theinterval [ 2; — 1, 2] . The success probability is at least
one-half because L < % In particular, if L <« N, then it is very high. Using the
ideas introduced in the previous subsections, this fact can be expressed by the total

correctness of the program Grover:

Ftot {Psuccl }Grover {P},



140

CHAPTER 4 Logic for quantum programs

where the precondition is the product of the success probability psuce = Pr(success)
and the identity operator:

n—1
= Qg ®lg®1r,
i=0

and the postcondition is defined by

P= ( > |t>q<t|) ®lg®lr,
t solution

lg G =0,1,...,n—1) and | are the identity operator in # (type Boolean), I; is
the identity operator in H, (typeinteger) andq = qo, d1, - - -, Gn—1.

To avoid an overly complicated calculation, we choose to consider a very special
case: L = 1andk = & — 3 isthe midpoint of theinterval [ — 1, & ]. Inthis case,
thereisaunique solution, say s, and the postcondition

P=ls)g{sl®lq®]Ir.
Also, we have pg,cc = 1. So, what we need to proveis then simply
Ftot {I}Grover {P}.
By the soundness of qTD (Theorem 4.2.3), it suffices to show that
FqTD {1}Grover {P}. (4.21)

We can proveit by using the proof rules presented in Figures 4.2 and 4.3.

Verification of Loop Body D:

For better understanding, we divide the proof of equation (4.21) into several steps.
First, we verify the loop body D given in Figure 4.5. For this purpose, the following
simplelemmais useful.

Lemma4.2.2. For eachi = 1,2,...,n, supposethat G isa quantumregister and
Uj isaunitary operator in Hg,. Let U = Up ... U2U3z, where U; actually standsfor its
cylinder extension in @, Hq for every i < n. Then for any quantum predicate P,
we have:

Proof. By repeatedly using the axiom (Ax-UT). O
With the previous lemma, we can prove the correctness of loop body D. First, it
is easy to see that

3 M PM{=P.
te{0,q)"
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By the axiom (Ax-Sk) and the rule (R-IF) we obtain:
Fqro {P}if (Ox- M'[go, 01, - -, On—1] = X — skip) fi{P} (4.22)
We put:

P = 19)q(sl ® |—)q(—| ® [K)r (K|,

1) = cos [% . k)e] la) + sin [% . k)e] Is)
for every integer |, and

Q= (IWgwil ® [-)q(—I® ().
<k

Then we have:

MJP'Mo + MIQM1 = 3" (vn)q(wl @ [-)q(~1 @ i ),
I<k

G @lge Ul HMPM+ MM G @ Ig® ULy

= > (V1—1gWi-1l ® [=)g(—I ® [l = D (1 — 1))
I<k

=Q

where G is the Grover rotation defined in Figure 2.2 (see Subsection 2.3.3). Thus, it
followsfrom Lemma4.2.2 that

o {QIDIM{P'Mo + MIQMy).

Termination of Loop “while M[r] = 1do D od”:
A key step in proving the correctness of the Grover algorithm is to show
termination of the loop in line 8 of Figure 4.4. We define a bound function

t:'D(’Ha@Hq@’Hr)—)N
asfollows:
s if p € D(Hq® Hq ® Hr) can be written as
o
D> el
| t=—00

with p; being an operator (but not necessarily a partial density operator) in
Hg ® Hqforal —oo < 1,t < oo, then

t(p) = k — max{max(l,t)|p;; # 0 andl,t < k}.
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Then we have:
[[D]](MlpMI) = [D] (Z oIt ® ||)r(t|)
I,t<k

=3 [Gelg)an (6T ®lq) @+ 1y t+1],
I,t<k

and it follows that
t([D](M1pM})) < t(p),

where G is the Grover rotation. So, tisa (MIQMl, €)-bound function for any €. By
therule (R-LT) we assert that

o7 (M{P'Mo + MI QM4 }while Mir] = 1 do D od{P'}. (4.23)

Correctness of the Grover Algorithm:
Finally, we can assemble all the ingredients prepared before to prove the
correctness of the Grover algorithm. Using the axiom (Ax-In) we obtain:

m-1 n—1 m n—1
X 10 (0@ Qg ®1g® 'r} am=10){ X100 01® @ lg&Ig®]r
i=0 i=m i=0

i=m+1

form=0,1,...n— 1, and they can be combined by the rule (R-SC) to yield:

n—-1
{1}do := 10);q1 := [0);...;Gn_1 := |0) ®|O>qi(0|®|q®|r]

i=0
n—-1

q:=10) { X)10)q (0l ® [0)q (0 ® Ir
i=0
n—-1

ri=0) |0)g; (0] ® [0)q (0l ® [0} (O]
i=0

q:= X[dl;qo := Hlopl; a1 := H[ml;...;
n—1 = Hltn—11;0 := HIaAl {|Y)q(¥| ® | -)q{—I @ 1O)r(~I},  (424)
where
1
W) =— > X
@xe{o,l}“

is the equal superposition. Note that the last part of equation (4.24) is derived by
Lemma4.2.2 and the following equality:
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[(H’f)®" o X'H' @ |r] ()| @ [=)q(~| @ 10)r(0]) (HE" @ HX @ Ir)

}—\

n—
[0)q; (O] ® [0)g(Ol ® |0} (0.
i=0

It is obvious that P = P. On the other hand, it follows from the assumption
k=% — }that |) = |o). Then we obtain:
[Y)g(¥ | @ [=)q(—1 ® |0)r (0] = |Yo)g{¥ol ® [=)q(—| ® [0)r (O]
= MJP'Mo + M]QM;.

We complete the proof by using the rules (R-Or) and (R-SC) to combine
equations (4.22), (4.23) and (4.24).

COMMUTATIVITY OF QUANTUM WEAKEST
PRECONDITIONS

In the previous sections of this chapter, we have built a logical foundation for
reasoning about correctness of quantum programs, including the quantum weakest
precondition semantics and the Floyd-Hoarelogic for quantum while-programs. This
logical foundation is, of course, a generalization of the corresponding theories for
classical and probabilistic programs, but it is certainly not asimple generalization. In-
deed, it hasto answer some problemsthat would not arisein the realm of classical and
probabilistic programming. This section deals with one of these problems, namely
(non-)commutativity of quantum predicates. The influence of other fundamental dif-
ferences between quantum systems and classical systems on quantum programming
will be revealed in Chapters 6 and 7 and discussed in Sections 8.5 and 8.6.

The significance of the (non-)commutativity problem of quantum predicates
comes from the following observation that more than one predicate may be in-
volved in specifying and reasoning about a complicated property of a quantum
program, but:

» quantum predicates are observables, and their physical simultaneous verifiability
depends on commuitativity between them, according to the Heisenberg
uncertainty principle (see[174], page 89).

» mathematically, alogical combination like conjunction and digunction of two
guantum predicates is well-defined only when they commute.

We consider the (non-)commutativity problem of quantum weakest preconditions
defined in Section 4.1.1. For any two operators A and B in a Hilbert space H, it is
said that A and B commute if

AB = BA.
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So, what concerns us is the question:

» Givenaquantum operation £ € QO(H) (as the denotational semantics of a
guantum program). For two quantum predicatesM, N € P (), when do
wp(€)(M) and wp(E) (N) commute?

Thisquestion isinteresting because one might need to deal with logical combinations
of quantum predicates when reasoning about complicated quantum programs. For
example, one might like to know whether the conjunction “M and N” is satisfied
after a quantum program & is executed. Then she/he would consider whether the
conjunction “wp(€)(M) and wp(E)(N)” of weakest preconditions s satisfied before
the program is executed. However, as pointed out previously, these conjunctions are
well-defined only if the involved quantum predicates commute. (A further discussion
about related issuesisleft as Problem 4.3.2 at the end of this section.)

Now we start to address this question. To warm up, we first see a simple example.

Example4.3.1 (Bit flip and phase flip channels). Bit flip and phaseflip are quan-
tum operations on a single qubit, and they are widely used in the theory of quantum
error-correction. Let X, Y, Z stand for the Pauli matrices (see Example 2.2.2).

« Thebit flip is defined by
£(p) = EopE} + E1pE], (4.25)

where Eg = ,/pl and E; = /T — pX. It is easy to see that wp(€)(M) and
wp(€)(N) commute when MN = NM and MXN = NXM.

» If E; inequation (4.25) isreplaced by /1 — pZ (respectively /1 — pY), then
£ isthe phase flip (respectively bit-phase flip), and wp(€) (M) and wp(€)(N)
commute when MN = NM and MZN = NZM (respectively MYN = NYM).

Secondly, we consider two simplest classes of quantum operations: unitary
transformations and projective measurements.
Proposition 4.3.1

(i) Let& € QO(H) beaunitary transformation; that is,
£(p) = UpUT

for any p € D(H), where U isa unitary operator in 4. Then wp(€)(M) and
wp(€)(N) commuteif and only if M and N commute.

(ii) Let {P«} be a projective measurement in H; that is, Py, Pk, = 8k, Pk, and
>« Px = I3, where

1, ifky = ko,

P =
kika 0, otherwise.
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If £ is given by this measurement, with the result of the measurement unknown:

E(p) = Z PkoPx
k

for each p € D(H), thenwp(€)(M) and wp(€)(N) commuteif and only if
PcMPy and PcNPx commute for all indicesk.

In particular, let {]i)} be an orthonormal basis of H. If £ is given by the
measurement in the basis {|i)}:

E(p) =) PipPi,
i

where P; = |i)(i| for each basis state |i), then wp(E) (M) and wp(E) (N)
commute for any M, N € P(H).

Exercise 4.3.1. Prove Proposition 4.3.1.

After dealing with the previous example and special case, we now consider the
weakest preconditionswith respect to ageneral quantum operation £. Unfortunately,
we are only able to give some useful sufficient (but not necessary) conditions for
commutativity of wp(€)(M) and wp(E)(N).

As usual, we consider two representations of £, namely the Kraus operator-
sum representation and the system-environment model. Let us first work in the
case where quantum operation £ is given in the Kraus operator-sum form. The
following proposition presents a sufficient condition for commutativity of wp(€)(M)
and wp(€)(N) in the case where M and N already commute.

Proposition 4.3.2. Suppose that 7 is finite-dimensional. Let M,N € P(#) and
they commuite, i.e., there exists an orthonormal basis {|)} of H such that

M= Zlillﬁi)(lﬁily N = ZMiW/i)(‘/’H
| i

where A;, ui are reals for each i ([174], Theorem 2.2), and let quantum operation
& € SO(H) be represented by the set {E;} of operators,i.e. £ = ) ;Ejo EiT. If for
anyi,j, k, I, we have either Ay = Ajuk or

> kI [Yrm) (V1 Ej [¥m) =0,

m

then wp(&) (M) and wp(E)(N) commute.

Exercise 4.3.2. Prove Proposition 4.3.2.

To present another sufficient condition for commutativity of quantum weakest
preconditions, we need to introduce commutativity between a quantum operation
and a quantum predicate.

Definition 4.3.1. Let quantum operation £ € QO(H) be represented by the set
{Ei} of operators,i.e, & =) Ejo EiT, and let quantum predicate M € P(H). Then
we say that M and £ commuteif M and E; commute for eachi.
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It seems that in this definition commutativity between quantum predicate M and
guantum program £ depends on the choice of operatorsE; in the Kraus representation
of £. Thus, one may wonder if this definition isintrinsic because the Kraus operators
E; are not unique. To address this problem, we need the following:

Lemma 4.3.1 ([174], Theorem 8.2). (Unitary freedom in the operator-sum
representation) Suppose that {E;j} and {Fj} are operator elements giving rise to
guantumoperations £ and F, respectively; that is,

5=ZEioEﬁ, f:ZFjoFJT.
| J

By appending zero operatorsto the shortest list of operation elements we may ensure
that the numbers of E; and Fj are the same. Then £ = F if and only if there exist
complex numbers ujj such that

E = Zuiij
]

for all i, and U = (ujj) is (the matrix representation of) a unitary operator.
Asasimple corollary, we can see that the definition of commutativity between a
quantum predicate M and a quantum operation £ does not depend on the choice of
the Kraus representation operators of £.
Lemma 4.3.2. The notion of commutativity between observables and quantum
operationsis well-defined. More precisely, supposethat £ is represented by both {E;}
and {Fj}:

€=ZEioEiT=ZFjonT.
i j

Then M and Ej commute for all i if and only if M and Fj commute for all j.

Furthermore, commutativity between observables and quantum operations is
preserved by composition of quantum operations.

Proposition 4.3.3. Let M € P(H) be a quantum predicate, and let £1,&> €
QO(H) be two quantum operations. If M and & commute for i = 1,2, then M
commutes with the composition £1 o £2 of £1 and &3.

Exercise 4.3.3. Prove Proposition 4.3.3.

The following proposition gives another sufficient condition for commutativity
of wp(&)(M) and wp(€)(N) aso in the case where M and N commute. This
conditionis presented in terms of commutativity of quantum operationsand quantum
predicates.

Proposition 4.3.4. Let M,N € P(H) be two quantum predicates, and let £ €
QO(H) be a quantum operation. If M and N commute, M and £ commute, and N
and & commute, then wp(&) (M) and wp(&€)(N) commute.
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Exercise 4.3.4. Prove Proposition 4.3.4.
Now we turn to consider the system-environment model of quantum operation:

E(p) = tre [PU (leo) (eol ® p) U'P] (4.26)

for all density operators p in #, where E is an environment system of which the
state Hilbert spaceis Hg, U isaunitary operator in He ® H, P isaprojector onto a
closed subspace of He ® H, and |ep) isagiven state in Hg. To thisend, we need two
generalized notions of commutativity between linear operators.

Definition 4.3.2. Let M, N, A, B, C € L(H) be operatorsin #. Then:

(i) Wesay that M and N (A, B, C)-commute if
AMBNC = ANBMC.

In particular, it is simply said that M and N A-commute when M and N
(A A, A)-commute;
(ii) We say that A and B conjugate-commuteif

At = BAf.

Obvioudly, commutativity is exactly |4,-commutativity.

The next two propositions present several sufficient conditionsfor commutativity
of quantum weakest preconditionswhen quantum operation £ is given in the system-
environment model.

Proposition 4.3.5. Let quantum operation £ be given by equation (4.26), and we
write A = PU|ep). Then:

(i) wp(&)(M) and wp(£)(N) commuteifandonlyif M ® I[eand N ® Ig
(AT, AAT, A)-commute;

(ii) wp(&)(M) and wp(£)(N) commute whenever (M ® Ig)Aand (N ® Ip)A
conjugate-commute,

where lg = |4y isthe identity operator in He.

Proposition 4.3.6. Suppose that # is finite-dimensional. Let £ be given by
equation (4.26), and let M,N € P(H) be quantum predicates and they commute,
i.e., there exists an orthonormal basis {|v)} of H such that

M= "2l (Wil N=Y_ uili)(¥il
i i
where Aj, ui arerealsfor eachi. If for anyi, j, k, I, we have Ajuj = Ajuj or

(eolUTPlvien) L(eglUTPIy@),

then wp(&E) (M) and wp(£)(N) commute.
Exercise 4.3.5. Prove Propositions 4.3.5 and 4.3.6.
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Obvioudly, (non-)commutativity of quantum weakest preconditions is still not
fully understood. To conclude this section, we propose two problems for further
studies.

Problem 4.3.1. The main results obtained in this section for commutativity of the
weakest preconditionswp(£) (M) and wp(€)(N) (Propositions4.3.2, 4.3.4 and 4.3.6)
deal with the special case where M and N commute. So, an interesting problem
is to find a sufficient and necessary condition for commutativity of wp(£)(M) and
wp(€)(N) of a general quantum operation £ in the case where M and N may not
commute.

An even more general problem would be: How to characterize [wp(&)(M),
wp(€)(N)] in terms of [M, N], where for any operators X and Y, [X, Y] stands for
their commutator, i.e., [X, Y] = XY — YX?

Problem 4.3.2. Various healthiness conditions for predicate transformer seman-
tics of classical programs were introduced by Dijkstra [ 75], e.g., conjunctivity and
disiunctivity. These conditions were also carefully examined for probabilistic predi-
cate transformers [ 166]. An interesting problem is to study healthiness conditions
for quantum predicate transformers in the light of noncommutativity of quantum
predicates. Note that this problem was considered in [225] for a special class of
quantum predicates, namely projection operators.
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Birkhoff-von Neumann quantum logic mentioned in Section 4.1 was first introduced
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D’Hondt and Panangaden, and the notion of quantum weakest precondition was first
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The exposition of Floyd-Hoare logic for quantum programs in Section 4.2 is
based on [221]. Several other approaches to quantum Floyd-Hoare logic were
briefly discussed in Subsection 1.1.3. In addition, Kakutani [132] proposed an
extension of Hartog's probabilistic Hoare logic [114] for reasoning about quantum
programswritten in Selinger’slanguage QPL [194]. Adams[8] defined alogic QPEL
(Quantum Program and Effect Language) and its categorical semantics in terms of
state-and-effect triangles.

The discussion about (non-)commutativity of quantum weakest preconditions
given in Section 4.3 is based on [224]. A basis for solving Problem 4.3.2 is lattice-
theoretic operations of quantum predicates (i.e., quantum effects), which have been
widely studied in the mathematical literature since the 1950s; see for example
[110,131].
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Analysis of quantum
programs

Chapter 4 developed logical tools for reasoning about correctness of quantum prog-
rams. This chapter turns to algorithmic analysis of the behavior of quantum programs,
with a focus on termination analysis. The theoretical results and algorithms presented
in this chapter will be useful for the design of compilers for quantum programming
languages and optimization of quantum programs.

The chapter is organized as follows:

» In Section 5.1, we examine the behavior of quantum extension of the while-loop
defined in Section 3.1, including termination and average running time. This
section is divided into three subsections: Subsection 5.1.1 considers a class of
simple quantum loops with a unitary operator as their body, Subsection 5.1.2
further deals with quantum loops with a general quantum operation as their
body, and Subsection 5.1.3 presents an example that computes the average
running time of a quantum walk on an n-circle.

» Motivated by quantum while-loops, we identify quantum Markov chains as the
semantic model of quantum programs. Furthermore, we argue that termination
analysis of quantum programs can be reduced to the reachability problem of
quantum Markov chains. Reachability analysis techniques for classical Markov
chains heavily depend on algorithms for graph-reachability problems. Likewise,
a kind of graphical structure in Hilbert spaces, called quantum graphs, play a
crucial role in the reachability analysis of quantum Markov chains. So,

Section 5.2 gives an introduction to quantum graph theory, which provides a
mathematical basis of Section 5.3.

» In Section 5.3, we study the reachability problems for quantum Markov chains.
In particular, we present several (classical) algorithms for computing the
reachability, repeated reachability and persistence probabilities of quantum
Markov chains.

» For readability, the proofs of several technical lemmas in Sections 5.1 to 5.3 are
postponed to the last section of this chapter, Section 5.4.

Since our main aim is to develop algorithms for analyzing quantum programs,
the state Hilbert spaces considered in this chapter are always assumed to be
finite-dimensional. Although a few results in this chapter may also be used in an
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infinite-dimensional state Hilbert space, the majority cannot be. Analysis of quantum
programs in infinite-dimensional state spaces is a challenging problem and requires
radically new ideas, and it should be a very important topic for future research.

TERMINATION ANALYSIS OF QUANTUM WHILE-LOOPS

As in classical programming, difficulty in the analysis of quantum programs essen-
tially comes from loops and recursions. This section focuses on the quantum exten-
sion of the while-loop introduced in Section 3.1. We mainly consider termination of
a quantum loop, but its average running time is also briefly discussed.

QUANTUM WHILE-LOOPS WITH UNITARY BODIES

To ease understanding, let us start from a special form of quantum while-loop:
S= whileM[q] = 1doq:= U[q] od (5.1)

where:

» {denotes quantum register qg, . . ., On, and its state Hilbert space is
H = Qi1 Hq;

 the loop body is the unitary transformation g := U[q] with U being a unitary
operator in H;

 the yes-no measurement M = {Mg, M1} in the loop guard is projective; that is,
Mo = Py and M1 = Px with X being a subspace of A and X+ being the
orthocomplement of X (see Definition 2.1.7(ii)).

The execution of the quantum loop Sin equation (5.1) is clearly described by its
operational and denotational semantics presented in Sections 3.2 and 3.3. To help the
reader further understand the behavior of loop S here we examine its computational
process in a slightly different manner. For any input state p € D(H), the behavior of
the loop Scan be described in the following unwound way:

(i) Initial step: The loop performs the projective measurement
M = {Mg = Py1,M; = Px}

on the input state p. If the outcome is 1, then the program performs the unitary
operation U on the post-measurement state. Otherwise, the program terminates.
More precisely, we have:

« The loop terminates with probability

P (p) = tr(PyLp).
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In this case, the output at this step is

(1) _ PXJ_,OPXJ_
Pout = — 7y
P (p)
« The loop continues with probability

PR () =1 = () = tr(Pxp).

In this case, the program state after the measurement is

oD _ PxpPx
mid — (1 '
Pf\j%(p)

Furthermore, pr% is fed to the unitary operation U and then the state

(2 @
Py = Uppigu’

is returned. Note that pi(r?) will be used as the input state in the next step.

(ii) Induction step: Suppose that the loop has run n steps, and it did not terminate at

the nth step; that is, pf\,”T) > 0. If Pi(r?H) is the program state at the end of the nth

step, then in the (n+ 1)th step, p-(”“) is the input, and we have:

n
e The termination probability is

Y (o) = tr Pyt )

and the output at this step is

(n+1)
m+1) _ Pxioin TPxe
ot = e

Pt

e The loop continues to perform the unitary operation U on the
post-measurement state

n+l

(n+1) _ Pxop Py

md 1
pf\TTJr ()

with probability

PP (o) = 1 - pMY (o) = tr(Pxoin ™),

and the state

(n+2) (n+1), 1
pin ) =Uppig UT

will be returned. Then state Pi(r?+2) will be the input of the (n + 2)th step.
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The reader may like to compare this description of the execution of quantum loop
Swith its semantics given in Section 3.2. Based on this description, we can introduce
the notion of termination.

Definition 5.1.1

(i) If probability p(”) (p) = 0 for some positive integer n, then we say that the
loop (5.1) terminates from input p.
(ii) The nontermination probability of the loop (5.1) frominput p is

paT(0) = lim P ()

where

P (o) = H plr (0)

denotes the probability that the loop does not terminate after n steps.
(iii) We say that the loop (5.1) almost surely terminates from input o whenever
nontermination probability pnt(0) = 0.

Intuitively, a quantum loop almost surely terminates if for any € > 0, there exists
a large enough positive integer n(e) such that the probability that the loop terminates
within n(e) steps is greater than 1 — ¢.

In this definition, termination was considered for a single input. We can also
define termination for all possible inputs.

Definition 5.1.2. A quantum loop is terminating (respectively, almost surely
terminating) if it terminates (respectively, almost surely terminates) from all input
p € D(H).

In the computational process of a quantum loop, a density operator is taken as
input, and a density operator is given as output with a certain probability at each
step. Thus, we can obtain the overall output by synthesizing these density operators
returned at all steps into a single one according to the respective probabilities. Note
that sometimes the loop does not terminate with a nonzero probability. So, the
synthesized output may not be a density operator but only a partial density operator,
and thus a quantum loop defines a function from density operators to partial density
operators in H.

Definition 5.1.3. The function F : D(H) — D(H) computed by the quantum
loop (5.1) is defined by

Flp) = Zp(<“ Vo) - o (0) - i

for each p € D(H).
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It should be noted that in the defining equation of F(p) the quantity

o Vo) - P (o)

is the probability that the loop does not terminate at steps from 1 to n — 1 but it
terminates at the nth step.
For any operator A in the Hilbert space # and any subspace X of H, we write:

Ax = PxAPx

where Py is the projection onto X; that is, Ax is the restriction of A in X. Then the
computational process of quantum loop (5.1) can be summarized as:
Lemma5.1.1. Let p be an input state to the loop (5.1). Then we have:

(i)

— -1
PR (p) = tr (U ox U™

for any positive integer n;
(i)

o
F(p) = Pyx1pPyr + Pyx.U (Z UQPXU;(n> UTPyu,

n=0

where X is the subspace defining the projective measurement in the loop guard, and
U isthe unitary transformation in the loop body.

Exercise5.1.1. Prove Lemma 5.1.1.

The following exercise further shows that the function computed by quantum
loop Sin equation (5.1) coincides with the denotational semantics of Saccording to
Definition 3.3.1.

Exercise 5.1.2. Provethat F(p) = [J(p) for any p € D(H).

As shown in the following exercise, almost sure termination of a quantum loop
can also be characterized in terms of the function computed by it.

Exercise5.1.3. Show that for each p € D(H), we have:

(D) (el F(p)¥) =0if|p)or |§) € X;
(ii) tr(F(p)) =tr(p) —pnT(p). Thus, tr (F(p)) =tr(p) if and only if the loop (5.1)
almost surely terminates frominput state p.

Termination:

Obviously, it is hard to decide directly by Definition 5.1.1 when the quantum
loop (5.1) terminates. Now we try to find a necessary and sufficient condition for its
termination. This can be done through several reduction steps.

First of all, the next lemma allows us to decompose an input density matrix into a
sequence of simpler input density matrices when examining termination of a quantum
loop.
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Lemma 5.1.2. Let p = ) ;pipi with pj > 0 for all i. Then the loop (5.1)
terminates frominput p if and only if it terminates frominput p; for all i.

Exercise5.1.4. Prove Lemma 5.1.2.

If {(pi, [¥i))} is an ensemble with p; > 0 for all i, and density operator

p = Bilvi)Wil,
i

then the previous lemma asserts that the loop (5.1) terminates from input mixed state
p if and only if it terminates from input pure state |;) for all i. In particular, we have:
Corollary 5.1.1. A quantumloop isterminating if and only if it terminates from
all pureinput states.
Secondly, the termination problem of a quantum loop may be reduced to a corre-
sponding problem of a classical loop in the field of complex numbers. We decompose
the subspace X and its ortho-complement X defining the projective measurement in

the guard of quantum loop (5.1). Let {|my), ..., |m)} be an orthonormal basis of H
such that

k [

D Im)my| =Px and Y [m)(m| = Pyy,

i=1 i=k+1
where 1 < k < I. In other words, the basis {|my),...,|m)} of # is divided into

two parts {|my), ..., |mk)} and {|mk41), ..., M)} with the former being a basis of X
and the latter a basis of X, Without any loss of generality, we assume in the sequel
that the matrix representations of operators U (the unitary transformation in the loop
body), Ux (the restriction of U in X), px (the restriction of input p in X), denoted also
by U, Ux, px respectively for simplicity, are taken according to this basis. Also, for
each pure state |y) we write |y)x for the vector representation of projection Px|/)
in this basis.
Lemma 5.1.3. The following two statements are equivalent:

(i) Thequantumloop (5.1) terminates frominput o € D(H);
(i) UQ,oxU;(n = Okxk for some nonnegative integer n, where Ok isthe
(k x k)-zero matrix.

In particular, it terminates from pure input state |) if and only if Ug|y)x = 0 for
some nonnegative integer n, where 0 is the k-dimensional zero vector.
Proof. This result follows from Lemma 5.1.1 (i) and the fact that tr (A) = 0 if and
only if A = 0 when A s positive. O
It should be noticed that the condition Uy|v)x = 0 in Lemma 5.1.3 is actually a
termination condition for the following loop:

whilev # 0dov := Uyv od (5.2)

This loop must be understood as a classical computation in the field of complex
numbers.
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Thirdly, we can show certain invariance of termination of a classical loop under a
nonsingular transformation.

Lemmab5.1.4. Let Sheanonsingular (k x k)-complex matrix. Then the following
two statements are equivalent:

(i) Theclassical loop (5.2) (withv e CK) terminates frominput vy € CK.
(ii) Theclassical loop:

whilev # 0dov ;= (SUXS_l)v od

(with v e CK) terminates from input Svo.

Proof. Note that Sv # 0 if and only if v # 0 because Sis nonsingular. Then the
conclusion follows from a simple calculation. O

Furthermore, we shall need the Jordan normal form theorem in the proof of the
main results in this section. The proof of this normal form theorem can be found in
any standard textbook on matrix theory; e.g., [40].

Lemma 5.1.5. [Jordan normal formtheorem] For any (k x k)-complex matrix A,
thereisanonsingular (k x k)-complex matrix Ssuch that

A=s)As!

where

|
IA) =P K )
i=1
= diag(Jy; (A1), Ik, (A2, - - ., I (AD)

Jig (A1)
‘]kz ()‘2)

Ji (AD)

is the Jordan normal form of A, Z::l ki =k, and
I i) = : (5:3)

isa (ki x kj)-Jordan block for each 1 < i < |. Furthermore, if the Jordan blocks
corresponding to each distinct eigenvalue are presented in decreasing order of the
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block size, then the Jordan normal formis uniquely determined once the ordering of
the eigenvaluesis given.

The following technical lemma about the powers of Jordan blocks is also needed
in the discussions following.

Lemma 5.1.6. Let J, (1) be a (r x r)-Jordan block and v an r-dimensional
complex vector. Then

JM)™v=0

for some nonnegative integer n if and only if . = 0 or v = 0, where O is the
r-dimensional zero vector.

Proof. The “if” part is clear. We now prove the “only if” part. By a routine
calculation we obtain:

n({NY,n-1({NY),n2 . n n—r4-2 n n—r+1

(e () (Mg e (0 )

0 )\n (Q)Kn—lul<r23>kn—r+3(r22>)\n—r+2
Jr()\’)n — 0 0 AN <r24 )kn—r+4 (rES )An—r+3

0 0 0o . an (T)Anfl

0 0 0 0 AN

Notice that Jy(A)" is an upper triangular matrix with the diagonal entries being A".
So if A # 0then J; ()™ is nonsingular, and J; (A)"v = O implies v = 0. O

Now we are able to present one of the main results of this section, which gives
a necessary and sufficient condition for termination of a quantum loop from a pure

input state.
Theorem 5.1.1. Suppose the Jordan decomposition of Uy is

Ux = SIUy)S ?

where

|
IUx) = P I (hi) = diagJ, (1), I, (A2), .-, Iy (M)
i=1

Let S1y)x be divided into | sub-vectorsvs, vy, . .., Vv, such that the length of v; is
ki. Then the quantum loop (5.1) terminates from input |v) if and only if for each
1<i<lI, A =0orv; =0, where0isthek;-dimensional zero vector.

Proof. Using Lemmas 5.1.3 and 5.1.4 we know that the quantum loop (5.1)
terminates from input |v) if and only if

JU"S Ly)x =0 (5.4)
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for some nonnegative integer n. A simple calculation yields
IUO"SHY)x = (G D)™V T, Gl (™) T, G Gy DT

where vT stands for the transpose of vector v; that is, if v is a column vector then vT
is a row vector, and vice versa. Therefore, equation (5.4) holds for some nonnegative
integer n if and only if for each 1 < i < I, there exists a nonnegative integer n; such
that

Ji )My = 0.

Then we complete the proof by using Lemma 5.1.6. O

Obviously, we can decide whether the quantum loop (5.1) terminates from any
given mixed state by combining Lemma 5.1.2 and Theorem 5.1.1.

Corollary 5.1.2. The quantum loop (5.1) is terminating if and only if Ux has
only zero eigenvalues.

Almost suretermination:

We now turn to consider almost sure termination. A necessary and sufficient
condition for almost sure termination of the quantum loop (5.1) can also be derived
by several steps of reduction. We first give a lemma similar to Lemma 5.1.2 so that a
mixed input state can be reduced to a family of pure input states.

Lemmab.1.7. Let p = >, pipi Withpi > 0 for all i. Then the quantumloop (5.1)
almost surely terminates from input p if and only if it almost surely terminates from
input o; for all i.

Exercise5.1.5. Prove Lemma 5.1.7.

Corollary 5.1.3. A quantum loop is almost surely terminating if and only if it
almost surely terminates from all pure input states.

We then present a technical lemma, which forms a key step in the proof of
Theorem 5.1.2 following.

Lemma 5.1.8. The quantum loop (5.1) almost surely terminates from pure input
state |) if and only if

. n _
nl_lygollUxIWII =0.
Proof. From Lemma 5.1.1, we have:

P () = UYLy |2,

Note that in the left-hand side of the preceding equation |v) actually stands
for its corresponding density operator |){¥|. So pnT(|¥)) = 0 if and only if
limp, 0 [[UR[¥) | = 0. O
The following theorem gives a necessary and sufficient condition for almost sure
termination of a quantum loop from a pure input state.
Theorem 5.1.2. Suppose that Uy, S, J(Ux), J (Aj) andvj (1 <i < |) aregiven
asin Theorem5.1.1. Then the quantumloop (5.1) almost surely terminates frominput
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|[v) ifandonlyiffor eachl < i <1, |Aj] < 1 or vj = 0, where O isthek;-dimensional
zero vector.
Proof. First, for any nonnegative integer n, we have:

URIv) = SI(Ux)"'S ).
Then limp_ o ||UR|¥) || = 0 if and only if
Jim_ [[3(Ux)"S )l =0 (55)

since Sis nonsingular. Using Lemma 5.1.8 we know that the loop (5.1) almost surely
terminates from input |v) if and only if equation (5.5) holds. Note that

IU"S ) = (G OD™VD T, G 0™V T G GV DT
where vT stands for the transpose of vector v. Then equation (5.5) holds if and only if
Jim (13 ()il = 0 (5.6)
forall 1 <i < I. Furthermore, we have:
J)W = (ri ( f‘) Ay g, rf ( r‘) AV Ay + ( A ) ANy, A”vr) ' .
i io ! !

So, equation (5.6) holds if and only if the following system of k; equations are valid:
. k—1( N n—j., .

limp— oo Zj:O i )”i Vigj+1) = 0,
- k=2 M Y.n-j _

limn— 00 Zj=o A Nig+a) =0,

’ (5.7)

) n _
limn oo [A{Vi(k—1) + ( 1 )lln i1 =0,

where it is assumed that vi = (i1, Vi2, . . ., Vik)-
We now consider two cases. If |Aj] < 1, then

lim ( n )A.”‘j —0
n—oo \ | !

forany 0 <j < ki — 1, and all of the equations in (5.7) follow. On the other hand, if
[Ai] > 1, then from the last equation in (5.7) we know that vix = 0. Putting vix = 0
into the second equation from the bottom in (5.7) we obtain vjk_1) = 0. We can
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further move from bottom to top in the system (5.7) of equations in this way, and
finally we get:

Vit = Vi2 = = Vigg—1) = Vik =0

This completes the proof. O

Corollary 5.1.4. Quantum loop (5.1) is almost surely terminating if and only if
all the eigenvalues of Ux have normsless than 1.

This subsection only considered a special class of quantum loops with a unitary
transformation as their body. It can be seen as a warming up for the next subsection.
But the termination conditions presented in this subsection are of independent
significance because they are much easier to check than the corresponding conditions
in the next subsection given for more general quantum loops.

GENERAL QUANTUM WHILE-LOOPS

Termination of a special class of quantum while-loops with unitary bodies was
carefully studied in the last subsection. However, the expressive power of this kind
of quantum loop is very limited; for example, they cannot model the case where a
measurement occurs in the loop body or a quantum loop is nested in another. Now
we consider a general quantum while-loop as defined in Section 3.1:

whileM[q] = 1do Sod (5.8)

where M = {Mg, M1} is a yes-no measurement, g is a quantum register, and the loop
body Sis a general quantum program. As we saw in Section 3.3, the denotational
semantics of Sis a quantum operation [§] = £ in the state Hilbert space of q (if the
quantum variables qvar (S) € p). So, the loop (5.8) can be equivalently rewritten as:

whileM[q] = 1doq:= £[q] od. (5.9

This subsection focuses on quantum loop (5.9). Let us see how the loop (5.9) is
executed. Roughly speaking, the loop consists of two parts. The loop body “g :=
£[Mq]” transforms a density operator o to density operator £(o). The loop guard
“M[d] = 1” is checked at each execution step. For i = 0,1, we define quantum
operation & from the measurement M = {Mg, M1} in the loop guard as follows:

&i(0) = MioM/ (5.10)

for any density operator o. Moreover, for any two quantum operations F, F2, we
write 7> o F1 for their composition; that is,

(F2 0 F1)(p) = F2(F1(p))
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for all p € D(H). For a quantum operation F, F" denotes the nth power of F, i.e.,
the composition of n copies of F. Then the execution of the loop with input state p
can be more precisely described as follows:

(i) Initial step: We first perform the termination measurement {Mg, M1} on the
input state p.

The probability that the program terminates, that is, the measurement

outcome is 0, is

P (p) = tri€o(p)],
and the program state after termination is

P&t = &0(0) /P (o).

We encode probability pT (,0) and density operator Pout into a partial

density operator

p(Tl) (0)pi = E0p)-

So, &(p) is the partial output state at the first step.
The probability that the program does not terminate, that is, the
measurement outcome is 1, is

PR (0) = trIEL ()],
and the program state after the outcome 1 is obtained is

P\ = E1(p) /P ()

Then it is transformed by the loop body £ to

— (£ 0 ED(P)/PGL(P),

(5.11)

upon which the second step will be executed. We can combine p(l) and ,OI(Z)

into a partial density operator

P (00D = (€ 0 E1)(p).

(ii) Induction step: We write

(<n) l_[ p(l)

for the probability that the program does not terminate within n steps, where

()

PnT

is the probability that the program does not terminate at the ith step for

every 1 < i < n. The program state after the nth measurement with outcome 1 is
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(1000 ] (o)

()

Pmid = (<n) !
PNT

which is then transformed by the loop body £ into

pD) (€0 ED"(p)
|n (<n) :
PNT
"D nto a partial density operator

P (0o = (€ 0 £1)(p).

(n+1)

Now the (n+ 1)st step is executed upon p;,," ™.

The probability that the program terminates at the (n + 1)st step is then

(n+1) (p) =tr [50 <pl(:+1))] ’

and the probability that the program does not terminate within n steps but it
terminates at the (n + 1)st step is

A o) =tr ([€o0 (E0 )" ().
The program state after the termination is

P = (€9 0 (€ 0 EDM(0) /™Y ().

Combining q(”“) (p) and péﬂfl) yields the partial output state of the

program at the (n + 1)st step:

A oS = €00 (€ 0 £)M(p).

The probability that the program does not terminate within (n + 1)
steps is then

P () = tr([€1 0 (€ 0 EDM(0)). (5.12)

As pointed out in Section 3.1, the major difference between a classical loop and
a quantum loop comes from the checking of the loop guard. During checking the
guard of a classical loop, the program state is not changed. However, the quantum
measurement in the guard of a quantum loop disturbs the state of the system. Thus,
the quantum program state after checking the loop guard may be different from that
before checking. The change of program state caused by measurement M is depicted
by quantum operations & and £1.

.
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The preceding description of the computational process of quantum loop (5.9) is
a generalization of the execution of loop (5.1) described in Subsection 5.1.1. Now
Definitions 5.1.1, 5.1.2 and 5.1.3 for the special quantum loop (5.1) can be easily
extended to the general quantum loop (5.9).

Definition 5.1.4

(i) We say that quantum loop (5.9) terminates from input state p if probability
pﬁTT)(p) = 0 for some positive integer n.
(ii) We say that loop (5.9) almost surely terminates frominput state p if the

nonter mination probability
paT(0) = lim P (o) =0

where pf\ﬁ“) is the probability that the program does not terminate within n
steps.

Definition 5.1.5. The quantum loop (5.9) is terminating (respectively, almost
surely terminating) if it terminates (respectively, almost surely terminates) from any
input p.

The (total) output state of a quantum loop is obtained by summing up its partial
computing results obtained at all steps. Formally, we have:

Definition 5.1.6. The function 7 : D(H) — D(H) computed by the quantum
loop (5.9) is defined by

o o
Fo) =Y dP0ost = [E0 (€D (p)
n=1 n=0

for each p € D(H), where

m (=n—1) (M
4 =Pyt Pr

is the probability that the program does not terminate within n — 1 steps but it
terminates at the nth step.

Obviously, the previous three definitions degenerate to the corresponding defini-
tions in the last subsection whence the loop body is a unitary operator.

The following proposition gives a recursive characterization of the function 7
computed by quantum loop (5.9). It is essentially a restatement of Corollary 3.3.1,
and can be easily proved by definition.

Proposition 5.1.1. The quantumoperation F computed by loop (5.9) satisfiesthe
following recursive equation:

F(p) = &o(p) + FI(E o E1)(p)]

for all density operators p.
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Matrix Representation of Quantum Oper ations:

The remaindering part of this subsection is devoted to termination and running
time analysis of quantum loop (5.9). Since iterations of quantum operations &, &, £1
are involved in the definitions of termination and the computed function F of
loop (5.9), dealing with these iterations in its analysis is unavoidable. However,
it is usually very difficult to compute the iterations of quantum operations. To
overcome this difficulty, we introduce a useful mathematical tool, namely the matrix
representation of a quantum operation, which is usually easier to manipulate than the
quantum operation itself.

Definition 5.1.7. Suppose quantumoperation £ in a d-dimensional Hilbert space
‘H has the Kraus operator-sum representation:

E(p) =Y EipE|
i

for all density operators p. Then the matrix representation of £ isthe d? x d? matrix:

M=>E®E,
i

where A* stands for the conjugate of matrix A, i.e., A* = (a;ﬁ) with a;ﬁ being the
conjugate of complex number ajj, whenever A = (a;j).

The effect of matrix representation of quantum operations in analysis of quantum
programs is mainly based on the next lemma, which establishes a connection between
the image of a matrix A under a quantum operation £ and the multiplication of the
matrix representation of £ and the cylindrical extension of A. Actually, this lemma
will play a key role in the proofs of all the main results in this subsection.

Lemma 5.1.9. Supposethat dim H = d. We write

@) = > 1i)
i

for the (unnormalized) maximally entangled state in H ® #H, where {|j)} is an
orthonormal basisof . Let M be the matrix representation of quantumoperation £.
Then for any d x d matrix A, we have:

EBA)RDNP) =MARI])|P) (5.13)

where | stands for thed x d-unit matrix.
Proof. We first observe the matrix equality: for any matrices A, B and C,

(A®B)(C®1)|®) = (ACB' ® 1)|d),



164

CHAPTER 5 Analysis of quantum programs

where BT stands for the transpose of matrix B. This equality can be easily proved by
a routine matrix calculation. Now it follows that

MA@ DHIP) =Y (ERE) AR |D)
i

-y <EiAEiT ® |) |®)
i
=(EABA) RD|D).

O
It is interesting to observe that the maximally entangled state |®) enables us to
representa d x d-matrix A = (aij) to a d2-dimensional vector in the following way:

AR D) = (all,...,ald,agl,...,agd,...,adl,...,add)T.

Furthermore, it helps to translate a quantum operation £ in a d-dimensional Hilbert
space to a d? x d?-matrix M through equation (35).

The preceding lemma has an immediate application showing that the matrix
representation of a quantum operation is well-defined: if

E(p) = Y EipE = ) FjpF]
i i

for all density operators p, then
Y E®E =) FoF.
i i

This conclusion can be easily seen from the arbitrariness of matrix A in
equation (5.13).

After preparing the mathematical tool of the matrix representation of a quantum
operation, we now come back to consider the quantum loop (5.9). Assume that the
quantum operation £ in the loop body has the operator-sum representation:

E(p) =Y EipE|
i

for all density operators p. Let & (i = 0,1) be the quantum operations defined by
the measurement operations Mg, My in the loop guard according to equation (5.10).
We write G for the composition of £ and £1:

Gg=Eo0&.
Then G has the operator-sum representation:

G(p) = Y EMDM]ED
i
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for all density operators p. Furthermore, the matrix representations of £y and G are

No = Mo ® Mg,
R=Y (EMy) ® (EMy)*, (5.14)

respectively. Suppose that the Jordan decomposition of Riis

R=SIRS!

where Sis a nonsingular matrix, and J(R) is the Jordan normal form of R:

IR = P I i) = diagJ, (A1), I, (A2), - - -, I (A1)
i=1

with Jk (As) being a ks x Ks-Jordan block of eigenvalue As (1 < s < |) (see
Lemma5.1.5).

The following is a key technical lemma that describes the structure of the matrix
representation R of quantum operation G.

Lemma5.1.10

(i) |rgl <1lforalll <s<l.
(ii) If || = 1 then the sth Jordan block is 1-dimensional; that is, ks = 1.

For readability, we postpone the lengthy proof of this lemma to Section 5.4.

Termination and Almost Sure Termination:

Now we are ready to study termination of the quantum loop (5.9). First of all,
the following lemma gives a simple termination condition in terms of the matrix
representation of quantum operations.

Lemma5.1.11. Let R be defined by equation (5.14), and let

|©) =Y i)
j
be the (unnormalized) maximally entangled statein H ® . Then we have:
(i) Quantumloop (5.9) terminatesfrominput p if and only if
R'(p®D|®) =0

for some integer n > 0;
(ii) Quantumloop (5.9) almost surely terminates frominput o if and only if

lim R"(p ® 1)|®) =0,
n—o0
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Proof. We only prove part (i), as the proof of part (ii) is similar. First, it follows
from Lemma 5.1.9 that

[G(p) ®1|P) = R(p @ D|P).
Repeated applications of this equality yield:
[G"(0) ® 11®) = R(p ® D[ ®).
On the other hand, it holds that
tr(A) = (P|IAR® 1 |D)

for any matrix A. Therefore, since £ is trace-preserving, we obtain:

tr ([€10 €00 (0)) =tr (€ 0 £0"(0)

=1r(G"(0)
= (PIR(p ® )| ®).

Moreover, it is clear that (®|R"(p ® 1)|®) = 0ifandonly if R"(p @ I)|®) =0. O
As a direct application of the preceding lemma, we have:
Lemmab5.1.12. Let Rand |®) beasin Lemma 5.1.11.

(i) Quantumloop (5.9) isterminating if and only if R"|®) = 0 for some integer
n>0;

(ii) Quantumloop (5.9) isalmost surely terminating if and only if
limp_ oo R"|®) = 0.

Proof. Notice that a quantum loop is terminating if and only if it terminates from
a special input (mixed) state:

ol

po =

where d = dim# and | is the identity operator in . Then this lemma follows
immediately from Lemma 5.1.11. O
We can now present one of the main results of this subsection, which gives a
necessary and sufficient terminating condition for a quantum loop in terms of the
eigenvalues of the matrix representations of the quantum operations involved in the
loop.
Theorem 5.1.3. Let Rand |®) beasin Lemma 5.1.11. Then we have:

(i) If RK|®) = 0 for someinteger k > 0, then quantumloop (5.9) is terminating.
Conversely, if loop (5.9) is terminating, then R¥|®) = 0 for all integer k > ko,
where kg is the maximal size of Jordan blocks of R corresponding to
eigenvalue0.
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(ii) Quantumloop (5.9) isalmost surely terminating if and only if |®) is orthogonal
to all eigenvectors of RT corresponding to eigenvalues A with |A| = 1, where RT
is the transpose conjugate of R.

Proof. We first prove part (i). If R€|®) = 0 for some k > 0, then by Lemma5.1.12
we conclude that loop (5.9) is terminating. Conversely, suppose that loop (5.9) is
terminating. Again by Lemma 5.1.12, there exists some integer n > 0 such that
R"|®) = 0. For any integer k > the maximal size of Jordan blocks of Rcorresponding
to eigenvalue 0, we want to show that RK|®) = 0. Without any loss of generality, we
assume the Jordan decomposition of R:

R=SIRS!
where
[
IR) = P I (i) = diagQky (1), I (A2), - - -, Iy (W)
i=1
with |[A1] > -+ > |Ag] > 0and Asy1 = - - - = A} = 0. Observe that

R'=s3R"sL.
Since Sis nonsingular, it follows immediately from R"|®) = 0 that
JR"s 1) =0

We can divide both matrix J(R) and vector S~1|®) into two parts:

(A O Ly [ X
J(R)—(O B)’ S_ICD)—<|y)>,

where

S
A= P I i) = diagTy (A1), - .., s (As)),
i=1

B= P ¥ (i) = diagk,, ), ..., 3 (0)),
i=s+1

IX) is a t-dimensional vector, |y) is a (d? — t)-dimensional vector, and t = Zle K.
Then it holds that

n
IR"S ) =< ki )

.
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Note that A1,...,As # 0. So, J¢, (A1),...,J(Xs) are nonsingular, and A is
nonsingular too. Thus, J(R)"S~1|®) = 0 implies A"|x) = 0and furthermore |x) = O.
On the other hand, for each j with s+1 < j <, since k > kj, it holds that Jy; 0k =0.
Consequently, BX = 0. This together with |x) = 0 implies

JRXs @) =0
and
R®) = SIRKS10) = 0.

Now we prove part (ii). First, we know by Lemma 5.1.12 that program (5.9) is
almost terminating if and only if

lim JR"S 1|®) = 0.
n—o00
We assume that
l=1JAl=---= 1Al > Mgl = = M

in the Jordan decomposition of R, and we write:

_(C © gy _ [ 1W)
J(R)—(0 D),S_ICD)—(M)

where
C =diag(ry, ..., Ar),
D = diag(Jk g 1)y - -5 g 1)),

lu) is an r-dimensional vector, and |v) is a (d? — r)-dimensional vector. (Note that
Ik (A1), ..., I (Ar) are all 1 x 1 matrices because [A1] = ... = |A¢| = 1; see
Lemma5.1.10.)

If |®) is orthogonal to all the eigenvectors of R corresponding to the eigenvalue
with module 1, then by definition we have |u) = 0. On the other hand, for each j with
r+1<j<lI,since|}j| <1, we have

: AN _
lim_ 3 6" =0.

Thus, lim D™ = 0. So, it follows that
n—oo

_ el Chu) '\ _
Jim JR"STH @) —nl_l)ngo< D"|v) >_0'
Conversely, if

lim JR"S @) =0,
n—o00
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then limn_. C"|u) = 0. This implies |u) = O because C is a diagonal unitary.
Consequently, |®) is orthogonal to all the eigenvectors of R' corresponding to the
eigenvalue with module 1. O

Expectation of Observablesat the Outputs:

In addition to program termination, which we’ve already discussed, computing
the expected value of a program variable is another important problem in classical
program analysis. We now consider its quantum counterpart — computing the
expectation of an observable at the output of a quantum program.

Recall from Exercise 2.1.8 that an observable is modelled by a Hermitian operator
P, and the expectation (average value) of P in a state o is tr(Po). In particular,
whenever P is a quantum predicate, i.e., 03y C P C |4, then the expectation tr (Po)
can be understood as the probability that predicate P is satisfied in state o. Actually,
for a given input state p, many interesting properties of the quantum loop (5.9) can be
expressed in terms of the expectation tr (PF(p)) of observable P in the output state
F(p). Thus, analysis of quantum programs can often be reduced to the problem of
computing expectation tr (PF (p)).

Now we develop a method for computing the expectation tr (PF(p)). As will
be seen in the proof of Theorem 5.1.4 following, our method depends on the
convergence of power series

LR
n

where R is the matrix representation of G = £ o &1 given by equation (5.14). But
this series may not converge when some eigenvalues of R have module 1. A natural
idea for overcoming this objection is to modify the Jordan normal form J(R) of R
by vanishing the Jordan blocks corresponding to those eigenvalues with module 1,
which are all 1-dimensional according to Lemma 5.1.10. This yields the matrix:

N =sIN)s ™t (5.15)
where J(N) is obtained by modifying J(R) as follows:

J(N) = diag(d}, 35, - -, J), (5.16)

;)0 if [As| = 1,
® | (rs) otherwise,

foreachl <s<lI.

Fortunately, as shown in the following lemma, such a modification of the matrix
representation R of G does not change the behavior of its powers when combined
with the measurement operator Mg in the loop guard.

Lemma 5.1.13. For any integer n > 0, we have:

NoR" = NgN",
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where Ng = Mo ® M isthe matrix representation of £o.

The proof of this lemma is quite involved and thus also postponed to Section 5.4.

Now we are ready to present another main result of this subsection, which gives
an explicit formula for computing the expected value of an observable at the output
of a quantum loop.

Theorem 5.1.4. The expectation of observable P in the output state F(p) of
guantumloop (5.9) with input state p is

tr(PF(p)) = (®|(P@HNo(I & 1 —N)"L(p @ )| ®),

where symbol | stands for the identity operator in #, and
|©) = > lij)
j

is the (unnormalized) maximally entangled state in % ® #, with {|j)} being an
orthonormal basis of 7.

Proof. With the previous preparations, this proof is more or less a straightforward
calculation based on Definition 5.1.6. First, it follows from Lemma 5.1.9 together
with the defining equations of quantum operations & and G that

[Co(p) @ 1I®) = No(p ®DI|P), (5.17)
[G(p) @ 1]P) R(p @ D[®). (5.18)

By first applying equation (5.17) and then repeatedly applying equation (5.18), we
obtain:

n=0

[F(p) ® 1|®) = {Z £ (5" (0) ® |} @)

= i[so (G" () ®1]|®)

>
o

> N (G"(p) ®1) @)
n=0

NoR" (p ® 1) |®)

PH18 I

S
I
o
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o
@3 NN (@ 1) [9)
n=0

=No (Z N”) (p®1)|®)

n=0

=No(l @1 = N) " L(p®1)|®).

The equality labeled by (a) follows from Lemma 5.1.13. Finally, a routine calculation
yields tr(p) = (®|p ® ||®), and thus we have:

tr(PF(p)) = (®IPF(p) @ I|P)
= (PP D(F(p) @1)|P)
= (PR DNg(I @1 —N)"L(p ® )| ®).

O

Average Running Time:

We already studied two program analysis problems, namely termination and
expected value, for quantum loop (5.9) using matrix representation of quantum
operations. To further illustrate the power of the method just introduced, we compute
the average running time of loop (5.9) with input state p:

oo
> i
n=1

where for each n > 1,

P =tr[(€00 o™ ) (0] =tr[ (006" ) 0]

is the probability that the loop (5.9) terminates at the nth step. It is clear that this
cannot be done by a direct application of Theorem 5.1.4. But a procedure similar to
the proof of Theorem 5.1.4 leads to:

Proposition 5.1.2. The average running time of quantum loop (5.9) with input
satep is

(@INg(1 ® | —N)2(p ® )| ®).

Proof. This proof is also a straightforward calculation based on Definition 5.1.6.
Using equations (5.17) and (5.18) and Lemma 5.1.13, we have:
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M

n-tr [(50 o g”*l) (p)]

o0
Z NPn
n=1

=}
I
iN

o

(@l (£ 06" (0) @119)

]
[
iN

n(@INgR™ 1 (p ® 1) |®)

M

=]
[
iN

n(@NoN""L (p @ 1) |®)

M

>
I
-

= (®INo (Z nN“—l) (P®H|P)
n=1

= (®INg(I ® 1 —N)2(p @ 1)|®D).

AN EXAMPLE

We now give an example to show how Proposition 5.1.2 can be applied to quantum
walks in order to compute their average running time. We consider a quantum walk
on an n-circle. It can be seen as a variant of a one-dimensional quantum walk, and it
is also a special case of quantum walk on a graph defined in Subsection 2.3.4.

Let Hq be the direction space, which is a 2-dimensional Hilbert space with
orthonormal basis state |L) and |R), indicating directions Left and Right, respectively.
Assume that the n different positions on the n-circle are labelled by numbers
0,1,...,n—1. Let Hp be an n-dimensional Hilbert space with orthonormal basis
states |0),|1),...,|n — 1), where for each 0 < i < n — 1, the basis vector |[i)
corresponds to position i on the n-circle. Thus, the state space of the quantum walk is
H = Hqg ® Hp. The initial state is assumed to be |L)|0). Different from the quantum
walks considered in Subsection 2.3.4, this walk has an absorbing boundary at position
1. So, each step of the walk consists of:

(i) Measure the position of the system to see whether the current position is 1. If
the outcome is “yes”, then the walk terminates; otherwise, it continues. This
measurement is used to model the absorbing boundary. It can be described by

where |4 and | are the identity operators in Hq and #, respectively;
(ii) A “coin-tossing” operator
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is applied in the direction space Hq. Here, the Hadamard gate is chosen to
model the “coin-tossing”;
(i) A shift operator

n—1 n—1
S= ) ILLI®lie i+ ) IRR® i@ 1)l
i=0 i=0

is performed in the space #. The intuitive meaning of the operator Sis that the
system walks one step left or right according to the direction state. Here, & and
© stand for addition and subtraction modulo n, respectively.

Using the quantum while-language defined in Section 3.1, this quantum walk can
be written as quantum loop:

while M[d, p] = yesdo d, p := W[d, p] od

where the quantum variables d, p are used to denote direction and position, respec-
tively,

W=8H®Ilp)

is the single-step walk operator, and I is the identity operator in Hp.
We now compute the average running time of the quantum walk. A direct
application of Proposition 5.1.2 tells us that the average running time of this walk is

(@INo(I ® 1 —N)"2(p ® )| @), (5.19)
where
No = Mno ® Mno, N = (WMyes) ® (WMyes)™,

I is the identity matrix in H = Hq ® Hp, and p = [L){L| ® |0){0|. Note that here we
do not need to use the modification procedure given by equations (5.15) and (5.16). A
MATLAB program is developed to compute (5.19); see Algorithm 1. This algorithm
was run on a laptop for n < 30, and the computational result showed that the average
running time of the quantum walk on an n-circle is n.

Problem 5.1.1. Prove or disprove that the average running time of the quantum
walk on an n-circleisnfor all n > 30.
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Algorithm 1 COMPUTE AVERAGE RUNNING TIME OF QUANTUM
WALK ON n-CIRCLE

input :integer n
output: b (the average running time of quantum walk on a n-circle)
n x nmatrix | < E(n); (*n-dimensional identity*)
integer m < 2n;
m x mmatrix lo < E(m); (*m-dimensional identity*)
mP?-dimensional vector |®) « I}; (*maximally entangled state*)
mx mmatrix p <« |1)(1|; (*initial state*)
2 x 2matrix H < [11;1 — 1]/+/2; (*Hadamard matrix*)
m x mmatrix Mg < [0)(0| ® E(2); (*termination test measurement*)
m x mmatrix My < l, — Mg;
n x nmatrix X <« | % 0; (*shift unitary*)
forj=1:n—1do
| XGi+D <1
end
X(n,1) « 1;
C « Xt
mx mmatrix S < X ® |0)(0| + C ® |1)(1]; (*shift operator*)
mx mmatrix W < S(I ® H)Mg¢;
m? x mé matrix Mt < Mg ® Mg;
m? x me matrix Ny < W @ Wy;
m? x m? matrix I3 < E(m?); (*m?-dimensional identity*)
real number b < (®|M7 (I3 — NT)~2(p ® I2)|®); (*calculate the average running time*)
return b

QUANTUM GRAPH THEORY

We carefully studied termination and almost termination for quantum while-loops in
the last section. As we will see later in the next section, the termination problem for
quantum loops is a special case of reachability problem for quantum Markov chains.
Indeed, classical Markov chains have been widely used in verification and analysis of
randomized algorithms and probabilistic programs. So, this and the next sections are
devoted to developing a theoretical framework and several algorithms for reachability
analysis of quantum Markov chains. Hopefully, this will pave the way toward further
research on algorithmic analysis of quantum programs.

Reachability analysis techniques for classical Markov chains heavily rely on
algorithms for graph-reachability problems. Similarly, a kind of graph structures in
Hilbert spaces, called quantum graphs, play a crucial role in the reachability analysis
of quantum Markov chains. Therefore, in this section, we present a brief introduction
to the theory of quantum graphs.

This section and the next one can be seen as the quantum generalization of
reachability analysis of classical Markov chains; the reader should consult Chapter
10 of book [29] for their classical counterparts in case she/he finds some parts of
these two sections hard to understand.



5.2 Quantum graph theory 175

BASIC DEFINITIONS

A quantum graph structure naturally resides in a quantum Markov chain. So, let us
start from the definition of quantum Markov chain. Recall that a classical Markov
chain is a pair (S P), where Sis a finite set of states, and P is a matrix of transition
probabilities, i.e., a mapping P : Sx S— [0, 1] such that

ZP(S,t) =1

teS

for every s € S where P(s,t) is the probability of the system going from s to t.
There is a directed graph underlying a Markov chain (S P). The elements of Sare
vertices of the graph. The adjacency relation of this graph is defined as follows: for
any s,t € S if P(s,t) > 0, then the graph has an edge from sto t. Understanding the
structure of this graph is often very helpful for analysis of Markov chain (S, P) itself.
A quantum Markov chain is a quantum generalization of a Markov chain where
the state space of a Markov chain is replaced by a Hilbert space and its transition
matrix is replaced by a quantum operation which, as we saw in Subsection 2.1.7, is a
mathematical formalism of the discrete-time evolution of (open) quantum systems.
Definition 5.2.1. A quantumMarkov chainisa pair C = (H, &), where:

(i) H isafinite-dimensional Hilbert space;
(ii) & isaquantum operation (or super-operator) in H.

The behavior of a quantum Markov chain can be roughly described as follows: if
currently the process is in a mixed state p, then it will be in state £(p) in the next
step. So, a quantum Markov chain (H, &) is a discrete-time quantum system of which
the state space is H and the dynamics is described by quantum operation £. From the
viewpoint of quantum programming, it can be used to model the body of quantum
loop (5.9).

Now we examine the graph structure underlying a quantum Markov chain C =
(H, &). First of all, we introduce the adjacency relation between quantum states in
induced by the quantum operation £. To this end, we need several auxiliary notions.
Recall that D(#) denotes the set of partial density operators in #, that is, positive
operators p with trace tr(p) < 1. For any subset X of H, we write spanX for the
subspace of H spanned by X, that is, it consists of all finite linear combinations of
vectors in X.

Definition 5.2.2. The support supp(p) of a partial density operator p € D(H) is
the subspace of # spanned by the eigenvectors of p with nonzero eigenvalues.

Definition 5.2.3. Let {Xx} be a family of subspaces of . Then the join of {Xy} is
defined by

yroenlig)

In particular, we write X v Y for the join of two subspaces X and Y. It is easy to
see that \/, X is the smallest subspace of 7{ that contains all X.
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Definition 5.2.4. The image of a subspace X of # under a quantum operation
Eis

EX) = \/ suppE(¥)¥D).
[¥)eX

Intuitively, £(X) is the subspace of H spanned by the images under £ of all states
in X. Note that in the defining equation of £(X), |¥)(y| is the density operator of
pure state |v).

We collect several simple properties of the supports of density operators and
images of quantum operations for later use.

Proposition 5.2.1

(i) 1f p =D ) Aklvw) (vk| whereall A > 0 (but |)’sare not required to be
pairwise orthogonal), then supp(p) = span{|v«)};
(ii) supp(p + o) = supp(p) V supp(o);
(iii) If £ hasthe Kraus operator-sumrepresentation £ = ) ;. Ei o EiT, then

E(X) =span{Ej|y) ti el and|y) € X};

(iv) X1V X2) =EX) VEMX). Thus, X € Y = E£(X) € E(Y);
(v) E(supp(p)) = sUpp(E(p)).

Exercise5.2.1. Prove Proposition 5.2.1.

Based on Definitions 5.2.2 and 5.2.4, we can define the adjacency relation
between (pure and mixed) states in a quantum Markov chain.

Definition 5.2.5. Let C = (H, £) be a quantum Markov chain, and let |p), |v) €
‘H be pure statesand p, o € D(H) bemixed statesin #. Then

(i) |o) isadjacentto |) inC, written [yr) — |g), if [@) € supp(E([Y) (¥ ).
(ii) |¢) isadjacentto p, written p — @), if |p) € E(supp(p)).
(iii) o isadjacentto p, written p — o, if supp(o) C £(supp(p)).

Intuitively, (H, —) can be imagined as a “directed graph.” However, there are two
major differences between this graph and a classical graph:

< The set of vertices of a classical graph is usually finite, whereas the state Hilbert
space H is a continuum;

» Aclassical graph has no mathematical structure other than the adjacency
relation, but the space #H possesses a linear algebraic structure that must be
preserved by an algorithm searching through the graph (#, —).

As we will see in the following, these differences between a quantum graph and a
classical graph make analysis of the former much harder than that of the latter.

We now can define the core notion of this section, namely reachability in a
quantum graph, based on the adjacency relation in the same way as in the classical
graph theory.
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Definition 5.2.6

(i) Apathfrom p to o inaquantumMarkov chain C is a sequence

m=p0—>pL—> > pn(N=0)

of adjacent density operatorsin C such that supp(pp) < supp(p) and pn = o'.
(ii) For any density operators p and o, if thereisa path from p to o then we say
that o isreachablefrom p inC.

Definition 5.2.7. Let C = (H, &) be a quantum Markov chain. For any p €
D(H), itsreachable spacein C isthe subspace of H spanned by the states reachable
from p:

Re(p) = span{|y) € H : |¥) isreachablefromp inC}. (5.20)

Note that in equation (5.20), |v) is identified with its density operator [v){(y].

Reachability in classical graph theory is transitive: that is, if a vertex vis reachable
from u, and w is reachable from v, then w is also reachable from u. As expected, the
following lemma shows that reachability in a quantum Markov chain is transitive too.

Lemma 5.2.1. (Transitivity of reachability) For any p,o € D(H), if supp(p) <
Re(o), thenRe(p) € Re (o).

Exercise5.2.2. Prove Lemma 5.2.1.

We now consider how to compute the reachable space of a state in a quantum
Markov chain. To motivate our method, let us consider a classical directed graph
(V, E), where V is the set of verticesand E C V x V is the adjacency relation. The
transitive closure of E is defined as follows:

t(E) = U E" = {(v,V) :V isreachable fromv in (V,E)}.
n=0

It is well-known that the transitive closure can be computed as follows:

V|—1
t(E) = U E"
n=0

where |V| is the number of vertices. As a quantum generalization of this fact, we
have:

Theorem 5.2.1. Let C = (H, £) be a quantum Markov chain. If d = dim H, then
for any p € D(H), we have

d-1

Re(p) = \/ supp (Si(p)) (5.21)
i—0



178 CHAPTER 5 Analysis of quantum programs

where &' istheith power of &; that is, £2 = Z (the identity operation in ) and
gHl_gogl

fori > 0.

Proof. We first show that [¢) is reachable from o if and only if |y) e
supp (5'(,0)) for some i > 0. In fact, if |) is reachable from p, then there exist
01, ..., pi—1 such that

p—>p1L—> ... pi—1 —> |¥).
Using Proposition 5.2.1 (v), we obtain:

[¥) € supp(E(pi—1)) = E(SUpp(pi—1))
C &(supp(&(pi—2))

= supp (£2(pi-2)) < ... < supp (€10 .
Conversely, if [) € supp(E'(p)), then
p—>Ep) > ... E7Hp) > y)
and |y) is reachable from p. Therefore, it holds that

Re(p) = span{|y) : |¢) is reachable from p}

span [@ supp (&' (p))}

=

=\/ spp (£0).
0

Now for each n > 0, we put
n .
Xn=\/ supp (£1(0)).
i=0
Then we obtain an increasing sequence
XpCEX1C...CXn S Xpp1 C ...

of subspaces of H. Let d, = dim X, for every n > 0. Then

Note that d,, < d for all n. Thus, there must be some n such that dy = dn11. Assume
that N is the smallest integer n such that dy = dn1. Then we have

0 <dimsupp(p) =dg <d; <...<dy_1 <dn <d
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and N < d—1. On the other hand, both Xy and Xy--1 are subspaces of H, Xn € Xn+1
and dim Xy = dim Xn41. Thus, Xy = Xn+1. We can prove that

supp (£NH(p) ) < X

for all k > 1 by induction on k. So, R¢ (p) = XN. O

BOTTOM STRONGLY CONNECTED COMPONENTS

We carefully defined the graph underlying a quantum Markov chain in the previous
subsection. Now we move forward to examine its mathematical structure. In classical
graph theory, the notion of bottom strongly connected component (BSCC) is an
important tool in the studies of reachability problems. It has also been extensively
applied in analysis of probabilistic programs modelled by Markov chains. In this
subsection, we extend this notion to the quantum case. The quantum version of BSCC
will be a basis of the reachability analysis algorithms for quantum Markov chains
given in the next section.

We first introduce an auxiliary notation. Let X be a subspace of # and £ a
guantum operation in 7. Then the restriction of £ on X is the quantum operation
Ex in X defined by

Ex(p) = Px&(p)Px

for all p € D(X), where Px is the projection onto X. With this notation, we are able
to define strong connectivity in a quantum Markov chain.

Definition 5.2.8. Let C = (#, £) be a quantum Markov chain. A subspace X of
‘H is called strongly connected in C if for any |¢), |¥) € X, we have:

lp) € Rey (W) and ) € Rey (¢) (5.22)

where ¢ = |@){p| and v = |) (| are the density operators corresponding to pure
states |@) and v), respectively, quantumMarkov chainCx = (X, £x) istherestriction
of C on X, and R¢, (-) denotes a reachable subspacein Cx.

Intuitively, condition (5.22) means that for any two states |¢), |¥) in X, |@) is
reachable from |v) and |v/) is reachable from |p).

We write SC(C) for the set of all strongly connected subspaces of H in C. It
is clear that SC(C) with set inclusion C, i.e., (SC(C), <) is a partial order (see
Definition 3.3.2). To further examine this partial order, we recall several concepts
from lattice theory. Let (L, C) be a partial order. If any two elements x,y € L are
comparable, that is, either X C y or y C X, then we say that L is linearly ordered by
C. A partial order (L, C) is said to be inductive if for any subset K of L that is linearly
ordered by C, the least upper bound |_| K exists in L.

Lemma 5.2.2. The partial order (SC(C), ©) isinductive.

Exercise5.2.3. Prove Lemma 5.2.2.
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Now we further consider some special elements in the partial order (SC(C), ©).
Recall that an element x of a partial order (L, C) is called a maximal element of L if
foranyy € L, x C yimplies x = y. The Zorn lemma in set theory asserts that every
inductive partial order has (at least one) maximal elements.

Definition 5.2.9. A maximal element of (SC(C), <) iscalled a strongly connected
component (SCC) of C.

To define the concept of BSCC (bottom strongly connected component) in
a gquantum Markov chain, we need one more auxiliary notion, namely invariant
subspace.

Definition 5.2.10. We say that a subspace X of H isinvariant under a quantum
operation & if £(X) C X.

The intuition behind the inclusion £(X) € X is that quantum operation £ cannot
transfer a state in X into a state outside X. Suppose that quantum operation £ has the
Kraus representation€ = ) ; Ejo EiT. Then it follows from Proposition 5.2.1 that X is
invariant under £ if and only if it is invariant under the Kraus operators E;: ;X € X
forall i.

The following theorem presents a useful property of invariant subspaces showing
that a quantum operation does not decrease the probability of falling into an invariant
subspace.

Theorem 5.2.2. Let C = (#H, £) be a quantum Markov chain. If subspace X of
isinvariant under £, then we have:

tr(Px&(p)) = tr(Pxp)

forall p € D(H).
Proof. It suffices to show that

tr(PxE(Y) (WD) = tr(PxI¥) (¥ ])

for each |y) € H. Assumethat £ = ) ;Ejo EiT, and |v¥) = |¥1) + [¥2) where
|¥1) € X and |y2) € Xt. Since X is invariant under £, we have Ej|y1) € X and
PxEil¥1) = Ei|y1). Then

azy (PXEi|‘/’2)<‘/’1|EiT> =yt (Ei|w2)<¢1|EiTpX)
i i

=Yt (B2 (vilE ) = Y (WalE Eilva) = walva) = 0.
i

Similarly, it holds that

b= 3 tr (PxEilv1)walE] ) =0.
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Moreover, we have:
c= Y tr (PxEilva) (walE) = 0.
i

Therefore,

tr (PxE(I) (W) = Y tr (PxEilyn) (1 Ef ) +a+b+c
i

=Yt (PxEilv (vilE) = Y E[Elvy)
|

= (Y11¥1) = tr(PxI¥ ) (¥ ).

O

Now we are ready to introduce the key notion of this subsection, namely bottom
strongly connected component.

Definition 5.2.11. Let C = (H, £) be a quantum Markov chain. Then a subspace
X of H is called a bottom strongly connected component (BSCC) of C if itisan SCC
of C anditisinvariant under £.

Example 5.2.1. Consider quantum Markov chain C = (H, £) with state Hilbert
space H = span{|0), - - - , |4)} and quantum operation & = Zi‘r’zl Eio E;f, where the
Kraus operators are given by
E; = %(mwom +13)(653), E2= %ulxeaﬂ + 13){63)),

1 1
E3 = ﬁ(|0><90+1| +12)(055), Es= 7

1
Es = == (10)(4] + 1)(4] + [2) (4] + 413) (4] + 914) 4

(10)(Fg1 | + 12) (B3],

and
1057) = (i) £ [i)/V2. (5.23)

It is easy to verify that B = span{|0), |1)} is a BSCC of quantum Markov chain C.
Indeed, for any |y) = «|0) + B8]1) € B, we have

EY) (WD = (10)(0] + [1){1])/2.

Characterizationsof BSCCs:

To help the reader have a better understanding of them, we give two characteri-
zations of BSCCs. The first characterization is simple and it is presented in terms of
reachable subspaces.

Lemma 5.2.3. A subspace X is a BSCC of quantum Markov chain C if and only
if Re(lg) (¢l) = Xfor any |p) € X.

Proof. We only prove the “only if” part because the “if” part is obvious. Suppose
X is a BSCC. By the strong connectivity of X, we have R¢(|o){p]) 2 X for all
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lp) € X. On the other hand, for any vector |¢) in X, using the invariance of X,
i.e.,, E(X) C X, itis easy to show that if |y) is reachable from |¢) then |y) € X. So,
Re(le) el < X O
The second characterization of BSCCs is a little bit more complicated. To present
it, we need the notion of fixed point of a quantum operation.
Definition 5.2.12

(i) Adensity operator p inH is called a fixed point state of quantum operation
EifE(p) = p.

(ii) Afixed point state o of quantum operation £ is called minimal if for any fixed
point state o of £, it holdsthat supp(c) < supp(p) implieso = p.

The following lemma shows a close connection between the invariant subspaces
under a quantum operation £ and the fixed point states of £. It provides a key step in
the proof of Theorem 5.2.3 to follow.

Lemma 5.2.4. If p isafixed point state of £, then supp(p) isinvariant under £.
Conversely, if X isinvariant under £, then there exists a fixed point state px of £ such
that supp(px) < X.

Exercise5.2.4. Prove Lemma 5.2.4.

Now we are able to give the second characterization, which establishes a
connection between BSCCs and minimal fixed point states.

Theorem 5.2.3. A subspace X is a BSCC of quantum Markov chain C = (#, &)
if and only if there exists a minimal fixed point state p of £ such that supp(p) = X.

Proof. We first prove the “if” part. Let p be a minimal fixed point state such that
supp(p) = X. Then by Lemma 5.2.4, X is invariant under £. To show that X is a
BSCC, by Lemma 5.2.3 it suffices to prove that for any |¢) € X, Re(Jo){p]) = X.
Suppose conversely that there exists |y) € X such that R¢(|v)(y|) € X. Then by
Lemma 5.2.1 we can show that R¢ () (¥ |) is invariant under £. By Lemma 5.2.4,
we can find a fixed point state py with

supp(py) < Re (v (vl & X.

This contradicts the assumption that o is minimal.

For the “only if” part, suppose that X is a BSCC. Then X is invariant under &,
and by Lemma 5.2.4, we can find a minimal fixed point state px of £ with supp
(px) € X. Take |p) € supp(px). By Lemma 5.2.5 we have Re(Jo) (@) = X
But using Lemma 5.2.4 again, we know that supp(px) is invariant under &£, so
Re(lp){wl) S supp(px). Therefore, supp(px) = X. O

As mentioned previously, BSCCs will play a key role in analysis of quantum
Markov chains. This application of BSCCs is based on not only our understanding
of their structure described in Lemma 5.2.3 and Theorem 5.2.3 but also their
relationship to each other. The following lemma clarifies the relationship between
two different BSCCs.
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Lemmab.2.5

(i) For any two different BSCCs X and Y of quantum Markov chain C, we have
XNY = {0} (0-dimensional Hilbert space).

(ii) If X andY aretwo BSCCs of C with dim X # dim Y, then they are orthogonal,
i.e, XLY.

Proof.

(i) Suppose conversely that there exists a nonzero vector |¢) € XN'Y. Then by
Lemma5.2.3, we have X = R¢ (o) {¢]|) =Y, contradicting the assumption that
X #£ Y. Therefore XN'Y = {0}.

(ii) We postpone this part to Section 5.4 because it needs to use Theorem 5.2.5 in
the following section. O

DECOMPOSITION OF THE STATE HILBERT SPACE

In the previous two subsections, a graph structure in a quantum Markov chain was
defined, and the notion of BSCC was generalized to the quantum case. In this
subsection, we further study such a graph structure in a quantum Markov chain
through a decomposition of the state Hilbert space.

Recall that a state in a classical Markov chain is transient if there is a nonzero
probability that the process will never return to it, and a state is recurrent if from it
the returning probability is 1. It is well-known that in a finite-state Markov chain a
state is recurrent if and only if it belongs to some BSCC, and thus the state space
of the Markov chain can be decomposed into the union of some BSCCs and a
transient subspace. The aim of this subsection is to prove a quantum generalization
of this result. Such a decomposition of the state Hilbert space forms a basis of our
algorithms for reachability analysis of quantum Markov chains, to be presented in
the next section.

Transient Subspaces.

Let us first define the notion of a transient subspace of a quantum Markov
chain. Transient states in a finite-state classical Markov chain can be equivalently
characterized as follows: a state is transient if and only if the probability that the
system stays at it will eventually become 0. This observation mativates the following:

Definition 5.2.13. A subspace X C H istransient in a quantum Markov chain
C=(H¢E)if

. K _
Jim 1 (ng (p)) =0 (5.24)

for any p € D(H), where Py isthe projection onto X.

Intuitively, trx (PXEk(p)) is the probability that the system’s state falls into the
subspace X after executing quantum operation £ for k times. So, equation (5.24)
means that the probability that the system stays in subspace X is eventually 0.
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It is obvious from this definition that if subspaces X C Y and Y is transient then X
is transient too. So, it is sufficient to understand the structure of the largest transient
subspace. Fortunately, we have an elegant characterization of the largest transient
subspace. To give such a characterization, we need the following:

Definition 5.2.14. Let £ be a quantum operation in . Then its asymptotic
averageis

1Y
Eoo = lim = >oen (5.25)
n=1

It follows from Lemma 3.3.4 that £ is a quantum operation as well.

The following lemma points out a link between fixed point states of a quantum
operation and its asymptotic average. This link will be used in the proof of
Theorem 5.2.4 following.

Lemma5.2.6

(i) For any density operator p, Ex(p) is a fixed point state of &;
(ii) For any fixed point state o, it holds that supp(c) C Exo(H).

Exercise5.2.5. Prove Lemma 5.2.6.

Now we can give a characterization of the largest transient subspace in terms of
asymptotic average.

Theorem 5.2.4. Let C=(#, £) be a quantum Markov chain. Then the orthocom-
plement of the image of # under the asymptotic average of &:

Te = Eo(H)t

is the largest transient subspace in C, where + stands for orthocomplement (see
Definition 2.1.7(ii)).

Proof. Let P be the projection onto the subspace Tg. For any p € D(H), we
put px = tr (PEk(p)) for every k > 0. Since Ex(H) is invariant under &£, by
Theorem 5.2.2 we know that the sequence {px} is non-increasing. Thus the limit
Poo = limy_, o Pk does exist. Furthermore, noting that

SUpP(Eoo(p)) € Eco(H)

we have
1 N
0 = tr(PEso(p)) = tr (P Nli)moo N n;g”(p))
1 N
= lim =) tr (PE"(p))
=1

N—oco N
n:

1 N
Nme N nZ;pn
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1

N
> i — = .
- Nl>moo N r;lpoo Peo

Thus ps = 0, and Tg¢ is transient by the arbitrariness of p.
To show that Tg is the largest transient subspace of C, we first note that

SUpp (Eco (1) = Eco(H).

Leto = Ex(l/d). Thenby Lemma5.2.6, o is a fixed point state with supp(o) = TgL.
Suppose Y is a transient subspace. We have

tr(Pyo) = lim tr (PYgi(a)) -0

This implies Y L supp(o) = TgL. So,we have Y C Tg. O
BSCC Decomposition:
After introducing the notion of transient subspace, we now consider how to
decompose the state Hilbert space of a quantum Markov chain C = (H, £). First,
it can be simply divided into two parts:

H = Eco(H) ® Ecc(H) T

where @ stands for (orthogonal) sum (see Definition 2.1.8), and £ (H) is the image
of the whole state Hilbert space under the asymptotic average. We already know from
Theorem 5.2.4 that £, (H)* is the largest transient subspace. So, what we need to
do next is to examine the structure of £ (H).

Our procedure for decomposition of £, (#) is based on the following key lemma
that shows how a fixed point state can be subtracted by another.

Lemma 5.2.7. Let p and o be two fixed point states of £, and supp(o)

C supp(p). Then there exists another fixed point state  such that

(i) supp(n)Lsupp(o); and
(i) supp(p) = supp(n) & supp(o).

Intuitively, state » in the preceding lemma can be understood as the subtraction
of p by o. For readability, the proof of this lemma is postponed to Section 5.4.

Now the BSCC decomposition of £ (#) can be derived simply by repeated
applications of the preceding lemma.

Theorem 5.2.5. Let C = (H, £) be a quantum Markov chain. Then £, (#) can
be decomposed into the direct sum of orthogonal BSCCs of C.

Proof. We notice that Ex ('a) is a fixed point state of £ and

an(e (1)) -

where d = dim #. Then it suffices to prove the following:
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» Claim: Let p be a fixed point state of £. Then supp(p) can be decomposed into
the direct sum of some orthogonal BSCCs.

In fact, if p is minimal, then by Theorem 5.2.3, supp(p) is itself a BSCC and we
are done. Otherwise, we apply Lemma 5.2.7 to obtain two fixed point states of £ with
smaller orthogonal supports. Repeating this procedure, we can get a set of minimal
fixed point states p1, - - - , pk With mutually orthogonal supports such that

k
supp(p) = EP supp(pi).
i=1

Finally, from Lemma 5.2.4 and Theorem 5.2.3, we know that each supp(p;j) is a
BSCC. O

Now we eventually achieve the decomposition promised at the beginning of this
subsection. Combining Theorems 5.2.4 and 5.2.5, we see that the state Hilbert space
of a quantum Markov chain C = (#, £) can be decomposed into the direct sum of a
transient subspace and a family of BSCC:s:

H=B; @ - ®B dTe (5.26)

where B;’s are orthogonal BSCCs of C, and T¢ is the largest transient subspace.

The preceding theorem shows the existence of BSCC decomposition for quantum
Markov chains. Then a question immediately arises: is such a decomposition unique?
It is well known that the BSCC decomposition of a classical Markov chain is unique.
However, it is not the case for quantum Markov chains, as shown in the following:

Example 5.2.2. Let quantum Markov chain C = (H,£) be given as in
Example5.2.1. Then

B1 = span{|0), |1)}, B, = span{|2), [3)},
D1 = span{|fgy). 1615)), D2 = span{(6,), 1613)}

are all BSCCs, where the states |9iJ?—L) are defined by equation (5.23). It is easy to
seethat T¢ = span{|4)} isthe largest transient subspace. Furthermore, we have two
different decompositions:

H:Bl@BzéBT(g:Dl@DQEBTg.

Although the BSCC decomposition of a quantum Markov chain is not unique,
fortunately we have the following weak uniqueness in the sense that any two
decompositions have the same number of BSCCs, and the corresponding BSCCs
in them must have the same dimension.

Theorem 5.2.6. Let C = (H, £) be a quantum Markov chain, and let
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be two decompositionsin the form of equation (5.26), and Bjs and Djs are arranged,
respectively, according to the increasing order of the dimensions. Then

(i) u=v; and
(ii) dimBj =dimD; foreachl <i <u.

Proof. For simplicity, we write bj = dimB;j and di = dimD;. We prove by
induction on i that b; = d; forany 1 <i < min{u, v}, and thus u = v as well.

First, we claim by = d;. Otherwise let, say, by < d;. Then by < d; forall j. Thus
by Lemma 5.2.5 (ii), we have:

\"
B1LEPD;.
j=1

But we also have B; L T¢. This is a contradiction, as it holds that

\
Poj|eTs=H.
=1

Now suppose we already have bj = d; forall i < n. We claim b, = d,,. Otherwise
let, say, by < dn. Then from Lemma 5.2.5 (ii), we have

n \
@PseiLPoi
i=1 i=n

and consequently

On the other hand, we have

dim (_EnBBi) = i:bi > %di = dim (@Di) ,

i=1

a contradiction. O

Decomposition Algorithm:

We have proved the existence and weak uniqueness of BSCC decomposition for
quantum Markov chains. With these theoretical preparations, we can now present an
algorithm for finding a BSCC and transient subspace decomposition of a quantum
Markov chain; see Algorithm 2 together with the procedure Decompose(X).

To conclude this section, we consider correctness and complexity of the BSCC
decomposition algorithms. The following lemma is the key in settling the complexity
of Algorithm 2.
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Algorithm 2 DECOMPOSE(C)

input : A quantum Markov chain C = (H, &)
output: A set of orthogonal BSCCs {B;} and a transient subspace T¢ such that H = (EBi Bi) e Te
begin
B <« Decompose(Exo (H));
return B, £o (M)
end

Procedure Decompose(X)

input : A subspace X which is the support of a fixed point state of £
output: A set of orthogonal BSCCs {B;} such that X = P B;

begin

E < Pxo&;

B <« adensity operator basis of the set {operators Ain H : £'(A) = A};
if |B| = 1then

p < the unique element of B;

return {supp(p)};

else

p1, p2 < two arbitrary elements of 5;

p < positive part of p1 — p2;

Y <« supp(p)L;  (* the orthocomplement of supp(p) in X*)
return Decompose(supp(p)) U Decompose(Y);

end

end

Lemma 5.2.8. Let (H,E) be a quantum Markov chain with d = dim#, and
p € D(H). Then

(i) Theasymptotic average state £, (p) can be computed in time O(d®).
(ii) A density operator basis of the set of fixed points of &:

{operatorsAinH : E(A) = A}

can be computed in time O(d®).

For readability, we postpone the proof of this lemma into Section 5.4.

Now the correctness and complexity of Algorithm 2 are shown in the following:

Theorem 5.2.7. Given a quantumMarkov chain (#, £), Algorithm 2 decomposes
the Hilbert space # into the direct sum of a family of orthogonal BSCCs and a
transient subspace of C in time O(d®), where d = dim .

Proof. The correctness of Algorithm 2 is easy to prove. Actually, it follows
immediately from Theorem 5.2.4.
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For the time complexity, we first notice that the nonrecursive part of the procedure
Decompose(X) runs in time O(d®). Thus, total complexity of Decompose(X) is
O(d"), as the procedure calls itself at most O(d) times. Algorithm 2 first computes
Eso(H), Which, as indicated by Lemma 5.2.8 (i), costs time O(d®), and then feeds
it inéo the procedure Decompose(X). Thus the total complexity of Algorithm 2 is
Oo(d®). O

Problem 5.2.1. Quantum graph theory has been developed in this section merely
to provide necessary mathematical toolsfor reachability analysis of quantumMarkov
chainsin the next section. It is desirable to build a richer theory of quantum graphs
by generalizing more resultsin (di-)graphstheory [ 33] into the quantum setting and
by understanding the essential differences between classical and quantum graphs.

Problem 5.2.2. The notion of a noncommutative graph was introduced in [ 76] in
order to give a characterization of channel capacity in quantum Shannoninformation
theory. It is interesting to find some connections between non-commutative graphs
and quantum graphs defined in this section.

REACHABILITY ANALYSIS OF QUANTUM
MARKOV CHAINS

The graph structures of quantum Markov chains were carefully examined in the
last section. This prepares necessary mathematical tools for reachability analysis of
guantum Markov chains. In this section, we study reachability and its two variants —
repeated reachability and persistence — of quantum Markov chains using the quantum
graph theory developed in the last section.

As will be shown in Exercise 5.3.1 following, termination of a quantum while-
loop can be reduced to a reachability problem of a quantum Markov chain. Indeed,
as in classical and probabilistic programming theory, many other behaviors of
quantum programs can be described in terms of the reachability and persistence
discussed in this section when their semantics are modelled as quantum Markov
chains. Furthermore, this section provides a basis for further research on analysis of
more complicated quantum programs such as recursive quantum programs defined in
Section 3.4, as well as nondeterministic and concurrent quantum programs, because
various extensions of quantum Markov chains, e.g., recursive quantum Markov
chains and quantum Markov decision processes, can serve as their semantic models.

REACHABILITY PROBABILITY

We first consider reachability probability in a quantum Markov chain, which is
formally defined in the following:

Definition 5.3.1. Let (#, £) be a quantum Markov chain, p € D(#) an initial
state, and X € H a subspace. Then the probability of reaching X, starting from p, is
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Pr(p E OX) = lim tr (PXE"(p)) (5.27)
1—00

where &' is the composition of i copies of &, and & is the quantum operation
defined by

g(a) =PxoPx + & (PXLUPxL)

for all density operatorso.

Obviously, the limit in the preceding definition exists, as the probabilities
tr (ng' (,o)) are nondecreasing in number i. Intuitively, & canbe seen as a procedure
that first performs the projective measurement {Px, Py } and then applies the identity
operator Z or £ depending on the measurement outcome.

Exercise5.3.1

(i) Consider the special form of quantumwhile-loop (5.9) where the measurement
in the loop guard is projective:

M = {Mg = Px,M1 = Py.}.

Find a connection between the reachability probability Pr(p £ <X) in quantum
Markov chain (#, £) and the termination probability

prip) =1— lim pi (o)

where p istheinitial state, £ isthe quantum operation in the loop body,
and p{).(p) is defined by equations (5.11) and (5.12).

(ii) Notethat a general measurement can be implemented by a projective
measurement together with a unitary transformation (see Subsection 2.1.5).
Show how the termination problem of loop (5.9) in its full generality can be
reduced to the reachability problem of a quantum Markov chain.

Computation of Reachability Probability:

Now we see how the reachability probability (5.27) can be computed using
the quantum BSCC decomposition given in the last section. We first note that the
subspace X in equation (5.27) is invariant under £. Thus (X, £) is a quantum Markov
chain. It is easy to verify that £, (X) = X. Thus, we can decompose X into a set of
orthogonal BSCCs according to £ by Theorem 5.2.5.

The following lemma shows a connection between the limit probability of hitting
a BSCC and the probability that the asymptotic average of the initial state lies in the
same BSCC.
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Lemma 5.3.1. Let {Bj} be a BSCC decomposition of £, (#), and Pg, the
projection onto B;. Then for each i, we have

lim tr (PBigk(,o)> =tr (P, Exo(p)) (5.28)
k— o0

forall p € D(H).
Proof. We write P for the projection onto Te = E.(H)*. Then similar to the
proof of Theorem 5.2.4, we see that the limit

A k
gi = kl—l>nolo tr (PBiE (p))
does exist, and tr (PBiSOO(p)) < gi. Moreover, we have:

L=tr (1 = P)Eoc(p)) = Y _tr (P Eco(p)
i
<> q
i
— i _ k -
= Jim 1 ((I P)E (p)) -1

This implies g = tr (Pg;Exo(p)). O
The preceding lemma together with Theorem 5.2.4 gives us an elegant way to
compute the reachability probability of a subspace in a quantum Markov chain.
Theorem 5.3.1. Let (#, £) be a quantum Markov chain, p € D(H),and X € H
a subspace. Then

Pr(p E OX) =tr (Px&x(p)) ,

and this probability can be computed in time O(d®) where d = dim(%).
Proof. The claim that

Pr(p  OX) = tr (PxEos ()

follows directly from Lemma 5.3.1 and Theorem 5.2.4. The time complexity of
computing reachability probability follows from Lemma 5.2.8 (i). O

It should be pointed out that the reachability probability Pr(o = <©X) can also
be computed directly by the techniques used in the proofs of Theorem 5.1.4 and
Proposition 5.1.2.

REPEATED REACHABILITY PROBABILITY

Reachability of quantum Markov chains was discussed in the last subsection. In
this subsection, we further study repeated reachability of quantum Markov chains
using the quantum BSCC decomposition. Intuitively, repeated reachability means
that a system satisfies a desired condition infinitely often. Repeated reachability
is particularly useful in specifying a fairness condition for a concurrent program
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consisting of a group of processes, which requires that each process participates in
the computation infinitely often, provided it is enabled.

A Special Case:

To warm up, let us first consider a special case of this problem: if a quantum
Markov chain (H, £) starts from a pure state |¢), how can its evolution sequence

WYL EQUNED, E2(W) WD, ..

reach a subspace X of H?

Since a quantum measurement can change the state of the measured system, we
have two different scenarios. The first scenario is as follows: for each i > 0, in the i
steps of evolution from ) (| to £ (|y) (¥ |), the projective measurement {Px, Py}
is performed only at the end.

Lemma 5.3.2 (Measure-once). Let B be a BSCC of quantum Markov chain C =
(H, ), and X a subspace which is not orthogonal to B. Then for any |) € B, it
holdsthat

tr (Px€'(w)(wD) > 0
for infinitely many i.

Proof. As X is not orthogonal to B, we can always find a pure state |¢) € B such
that Px|¢p) # 0. Now for any |v) € B, if there exists N such that

tr (Pxe (y)wD) =0
forany k > N, then
l9) ¢ Re (M)

which means that the reachable space R¢ (8N+1(|1/f)(1/f|)) is a proper invariant
subspace of B. This contradicts the assumption that B is a BSCC. Thus we have

tr (Pxe' () (WD) > 0

for infinitely many i. O
In the second scenario, the measurement {Px, Py} is performed at each of the i
steps of evolution from |y) (v | to £ (|y) (¥ |): if the outcome corresponding to Py is
observed, the process terminates immediately; otherwise, it continues with another
round of applying £.
Lemma 5.3.3 (Measure-many). Let B be a BSCC of a quantum Markov chain
C = (H,&),and X C B a subspace of B. Then for any |¢) € B, we have

lim tr (G vy wh) =0,
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where the quantum operation G isthe restriction of £ in X+; that is,
G(p) = Png(P)PxL

for all density operators p, and X is the orthocomplement of X in 7.
Proof. By Lemma 3.3.4 we know that the limit

A 1 N
= : n
Goo = th N E g
T ha
exists. For any |v¢) € B, we claim that

Py 2 Goo(I¥) (WD)

is a zero operator. Otherwise, it is easy to check that py is a fixed point of G.
Furthermore, from the fact that

E(py) = G(py) + PxE(oy)Px = py + PxE(py)Px,

we have tr(Px&(py)) = 0 as £ is trace-preserving. Thus PxE(py) = 0, and py is
also a fixed point of £. Note that

supp(py) € X+ NB.

By Theorem 5.2.3, we see that this contradicts the assumption that B is a BSCC.
Now with the preceding claim and the fact that tr (G' (|4 )(y/])) is nonincreasing
in i, we immediately obtain:

lim tr (dawiwn) =o.

O

The preceding lemma actually shows that if we set X as an absorbing bound-
ary, which is included in BSCC B, the reachability probability will be absorbed
eventually.

Now we turn to consider the general case where the initial state is a mixed
state expressed as a density operator p. First of all, the preceding lemma can be
strengthened as the following:

Theorem 5.3.2. Let C = (H, &) be a quantum Markov chain, and let X be a
subspace of H and

G(p) = Py E(p)Pye

for all density operators p. Then the following two statements are equivalent:

(i) The subspace X contains no BSCC;
(ii) For any p € D(H), we have
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lim tr(G'(p)) = 0.
=00

Proof. Similar to the proof of Lemma 5.3.3. O

The following example gives a simple application of Theorem 5.3.2.

Example 5.3.1. Consider the quantum walk on an n-cycle described in Subsec-
tion 5.1.3. Let us set an absorbing boundary at position 0 (rather than at position 1
asin Subsection 5.1.3). Then from any initial state |), we know from Theorem 5.3.2
that the probability of nontermination is asymptotically 0 because there is no BSCC
which is orthogonal to the absorbing boundaries.

The above discussions, in particular Lemma 5.3.3 and Theorem 5.3.2, provide
us with a basis for defining a general form of repeated reachability in a quantum
Markov chain (H, £). Note that £, (#)* is a transient subspace. So, we can focus
our attention on o (H).

Let C = (H, &) be a quantum Markov chain and X a subspace of £, (#). Then
we define:

X(X) = {|w> € Exo(F) 1 Jim tr (GK) (WD) = 0}
where

G(p) = Py E(p)PxL

for all p € D(H). Intuitively, starting from a state |y) in X'(X), we repeatedly
run quantum operation £, and at the end of each step we perform the measurement
{X, X1}. The defining equation of X'(X) means that the probability that the system
always eventually falls into X+ is 0; in other words, the system infinitely often
reaches X. It is easy to see that X'(X) is a subspace of #. Then the repeated
reachability probability can be defined based on X' (X).

Definition 5.3.2. Let C = (#H, £) be a quantum Markov chain, X a subspace of H
and p a density operator in H. Then the probability that state p satisfies the repeated
reachability rep(X) is

Pr(p  rep0) = lim tr (P (e (5.29)

The well-definedness of Pr(p E rep(X)) comes from the fact that X'(X) is
invariant under £. By Theorem 5.2.2 we know that the sequences

[tr (PX(X)Sk(p)>]

is nondecreasing, and thus its limit exists. The preceding definition is not easy to
understand. To give the reader a better understanding of this definition, let us look
at the defining equation (5.29) of repeated reachability probability in the following
way: First, for any 0 < 1 < 1, it follows from (5.29) that Pr(p E rep(X)) > A if
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and only if for any € > 0, there exists N such that for all k > N, £X(p) falls into
subspace X'(X) with probability > A — €. On the other hand, we already noticed
previously that starting from any state in X'(X), the system can infinitely often reach
X. Combining these two observations gives us the intuition that starting from p, the
system infinitely often reaches X.

The problem of computing repeated reachability probability will be discussed in
the next subsection, together with the computation of persistence probability.

PERSISTENCE PROBABILITY

The aim of this subsection is to study another kind of reachability of quantum
Markov chains, namely persistence. Intuitively, persistence means that a desired
condition is always satisfied from a certain point of time. As pointed out in the last
subsection, we can focus our attention on £ () because E(H)1 is a transient
subspace.

Definition 5.3.3. Let C = (H, &) be a quantum Markov chain and X a subspace
of Ex(H). Then the set of statesin £, (H) that are eventually alwaysin X is

YOO = {1#) € Ex(H) : BN = 0)(¥k = N) supp (£w) (D)) < X}

It is clear from its defining equation that )(X) consists of the pure states from
which the states reachable after some time point N are all in X. Here, we give a simple
example to illustrate the notion Y (X) as well as X' (X) defined in the last subsection.

Example5.3.2. Let usrevisit Example 5.2.1 where

Eoo(H) = span{|0), |1), 12), [3)}.

(i) If X = span{|0),|1), |2)}, then
Eoo(Xh) = SUPP(E0o(13)(3D) = supp((12)(2] + 13)(3])/2)
and Ex0 (X) = Exo(H). Thus Y(X) = By and X'(X) = Exo (H).
(ii) If X = span{|3)}, then
Eoo(Xt) =B ® By

and £, (X) = By. Thus Y(X) = {0} and X (X) = B.

The following lemma gives a characterization of X' (X) and )’(X) and also clarifies
the relationship between them.

Lemma 5.3.4. For any subspace X of £, (H), both X' (X) and Y (X) areinvariant
subspaces of H under £. Furthermore, we have:

(D) X(X) = Exo(X);

(i) Y(X) = \/gex B= X (X1H)*, where B ranges over all BSCCs, and the
orthogonal complements are taken in £ (H).
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The proof of this lemma is postponed into Section 5.4.

Now we can define persistence probability of a quantum Markov chain.

Definition 5.3.4. Let C = (H,&) be a quantum Markov chain, X € H a
subspace and p a density operator in H. Then the probability that state o satisfies
the persistence property pers(X) is

Pr(p E pers(X)) = lim tr (Py(x)gk(p)) .
k— o0
Since Y(X) is invariant under &, it follows from Theorem 5.2.2 that the sequence

[tr (Pyooe )]

is nondecreasing, and thus Pr(p F pers(X)) is well-defined. The preceding definition
can be understood in a way similar to that given for Definition 5.3.2. Forany 0 < A <
1, Pr(p = pers(X)) > A if and only if for any € > 0, there exists integer N such that
forall k > N, EX(p) falls into subspace Y (X) with probability > A — €. Furthermore,
starting from any state in )(X), all the reachable states after some time point must
be in X. Therefore, Definition 5.3.4 coincides with our intuition for persistence that
a desired condition always holds after a certain point of time.

Combining Theorem 5.3.1 and Lemma 5.3.4, we obtain the main result of this
subsection:

Theorem 5.3.3

(i) Therepeated reachability probability is

Pr(p = rep(X)) = 1 = tr (Pay )1 E0(0))

=1-Pr (p F pers(XL>) .
(ii) The persistence praobability is
Pr(p £ pers(X)) = tr (Py(x) oo (0))-

Computation of Repeated Reachability and Per sistence Praobabilities:

Now we consider how to compute the repeated reachability and persistence
probabilities in a quantum Markov chain. Based on Theorem 5.3.3 (ii), we are able
to give an algorithm for computing persistence probability; see Algorithm 3.

Theorem 5.3.4. Givea quantumMarkov chain (H, £), aninitial state p € D(H),
and a subspace X C #H, Algorithm 3 computes persistence probability Pr(p F
pers(X)) in time O(d®), whered = dim .

Proof. The correctness of Algorithm 3 follows immediately from Theorem 5.3.3
(ii). The time complexity is again dominated by the Jordan decomposition used in
computing £x.(p) and Ex (X1), thus it is O(d®). O
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Algorithm 3 PERSISTENCE(X, p)

input : A quantum Markov chain (H, £), a subspace X € H, and an initial state p € D(H)
output: The probability Pr(p = pers(X))
begin
Poo < Eco(p);
Y < Eo(XL);
P « the projection onto Y1;  (* Y1 is the orthocomplement of Y in o (H) *)
return tr(Ppoo);
end

With Theorem 5.3.3 (i), Algorithm 3 can also be used to compute repeated
reachability probability Pr(p F rep(X)).

We conclude this section by raising a research problem:

Problem 5.3.1. All algorithmsfor analysisof quantum programs presented in this
chapter are classical; that is, they were developed for analysis of quantum programs
using classical computers. It is desirableto develop quantumalgorithmsfor the same
purpose that can improve the complexities of the corresponding algorithms given in
this chapter.

PROOFS OF TECHNICAL LEMMAS

Several technical lemmas were used in the previous sections without proofs. For
convenience of the reader, here we collect their proofs.

Proof of Lemma 5.1.10. We first give a series of lemmas that will serve as key
steps in the proof of Lemma 5.1.10. Recall from Subsection 5.1.2 that £ is a quantum
operation and M = {Mp, M1} a quantum measurement. The quantum operations
&o, &1 are defined by the measurement operators Mg, M1, respectively; that is,

Ei(p) = MipM]

for all density operators p and i = 0,1. We write G = £ o &1.
Lemma 5.4.1. The quantum operation G + & istrace-preserving:

tri(G + ) (] =tr(p) (5.30)

for all partial density operators p.
Proof. It suffices to see that

> EMDTEM1 + MoTMo = My f (Z Ei”fEi) M1 + Mo"Mo

1 1
=M1 "M +MgT™My =1.
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The next lemma shows that every complex matrix can be represented by four

positive matrices.
Lemma 5.4.2. For any matrix A, there are positive matrices By, By, B3, B4 such

that

(i) A= (B1—Bp)+i(B3—By); and
(ii) trB? <tr(ATA) (i=1,2,3,4).

Proof. We can take Hermitian operators
(A+ A2 =By — By, —i(A—A")/2 =B — By,

where By, B, are positive operators with orthogonal supports, and Bg, B4 are also
positive operators with orthogonal supports. Then it holds that

\/trBlz = \/tr(BlTBl)

<4/tr(B1"B1 + B>By)
= [(A+ADH 20 1)|D)]|
< (IA® D]®)| + (AT @ D|®)[)/2

= /tr(ATA).

It is similar to prove that trB;2 < tr(AfA) fori = 2,3, 4. O
Let R be the matrix representation of quantum operation G; see its defining
equation (5.14). Then a bound of the powers of R is given in the following:
Lemma 5.4.3. For any integer n > 0, and for any state |«) in H ® H, we have:

IR} || < 4v/d]l [0}

whered = dim H isthe dimension of Hilbert space H.
Proof. Suppose that |o) = Z”— ajjlij). Then we can write:

l) = (A® )| D)
where A = (ajj) is a d x d matrix. A routine calculation yields:

o)l = VrATA.
We write:
A= (B1 —By)+i(B3 —By)

according to Lemma 5.4.2. The idea behind this decomposition is that the trace-
preserving property of equation (5.30) only applies to positive operators. Put

1Bi) = (Bi ® D|P)
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fori =1, 2,3, 4. Using the triangle inequality, we obtain:
4 4
IRYe) || < Z IRYBi) Il = Z 1G"(B) @ D).
i=1 i=1

Note that

1G"(B) ® DP) | = /tr(G"(B)))?, (5.31)

trB? < (trBy)2. (5.32)
Moreover, we know from Lemma 5.4.1 that
tr[G"(B))] < tr[(G + £)"(B))] = trB;. (5.33)

Combining equations (5.31), (5.32) and (5.33) yields

Jiran@n? < Jawgn@n)? < | wep2.
Furthermore, by the Cauchy inequality we have
(trBj)? < d- (trB?).

Therefore, it follows from Lemma 5.4.2 that

4
IRe)l < 3 \/d- B2 < 4/d - t(ATA) = 4@l )]
i=1
O
Now we are ready to prove Lemma 5.1.10. We prove part (i) by refutation. If

there is some eigenvalue A of Rwith [A| > 1, suppose the corresponding normalized
eigenvector is |[x): R|X) = A|x). Choose integer n such that ||" > 4+/d. Then

IR = 1270 = 21" > 4v/dlI[x)]]-

This contradicts Lemma 5.4.3.

Part (ii) can also be proved by refutation. Without any loss of generality, we
assume that |A1| = 1 with k; > 1 in the Jordan decomposition of R: R = SI(R)S L.
Suppose that {|i)}idi1 is the orthonormal basis of H ® #H compatible with the
numbering of the columns and rows of R. Take an unnormalized vector |y) = Sky),
where |kz) is the kith state in the basis {|i)}idil. Since Sis nonsingular, there are real
numbers L, r > 0 such that

r-N < 1ISXI < L- 11Xl
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for any vector |x) in H ® H. By definition, it holds that |||y)|| < L. We can choose
integer nsuch that nr > L - 44/d because r > 0. Then a routine calculation yields:

ki —1
Rly)=L-)_ ( ? )Mn_tlkl -1,
t=0

Consequently, we have:

ki
n —
IRy zr-2< ¢ )IMI” ‘
t=1
>nr > L-4v/d > 4/d||y)]l.

This contradicts Lemma 5.4.3 again, and we complete the proof.

Proof of Lemma 5.1.13. Recall from Subsection 5.1.2 that J(N) is the matrix
obtained from the Jordan normal form J(R) of R through replacing the 1-dimensional
Jordan blocks corresponding to the eigenvalues with module 1 by number 0. Without
any loss of generality, we assume that the eigenvalues of R satisfy:

I=1l==1ksl > A1l = - - = [M].
Then
u o
J(R)=< 0 ) >
where U = diag(i1, - - -, As) is an s x sdiagonal unitary, and

3y = diag (I, Ast1), - -+ I () -

wo= (28

e¢]

Y (E00G")

n=0

Moreover, we have:

The convergence of

follows immediately from Lemma 3.3.4, and it in turn implies the convergence of
Y e o NoR™ It is clear that

o0 o
D NoR =) " NoSIR"S L.
n=0 n=0
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Since Sis nonsingular, we see that

o

> NoSIR)"

n=0
converges. This implies that

. n_
lim NoSIR)" = 0.

Now we write:
_( QP
NoS= ( vV T )

where Q is an s x smatrix, Tisa (d? — s) x (d? — s) matrix, and d = dim  is the
dimension of the state space #. Then

n_ ( QU™ Pjy"
NOS](R) - ( VUn TJln );

and it follows that limp_, oo QU™ = 0 and limp_, .c VU" = 0. So, we have:

rQ'Q = lim rQUH'QU" =0,
revivy = lim_ trevu™tvun = o.

This yields Q = 0 and V = 0, and it follows immediately that NgR" = NgN".

Proof of Lemma 5.2.5 (ii). We are going to show that any two BSCCs X, Y of a
quantum Markov chain are orthogonal provided dim X # dim Y. This proof requires
a technical preparation. An operator A (not necessarily a partial density operator as in
Definition 5.2.12 (i)) in H is called a fixed point of quantum operation £ if £(A) = A.
The following lemma shows that fixed points can be preserved by the positive matrix
decomposition given in Lemma 5.4.2.

Lemma 5.4.4. Let £ be a quantum operation in H and A a fixed point of £. If
we have:

(|) A= (X+ — X,) + |(Y+ — Y—)a
(ii) X4, X, Y4, Y_ areall positive matrices; and
(iii) supp(Xy)-Lsupp(X-) and supp(Y.) Lsupp(Y-),

then X, X_, Y4, Y_ areall fixed points of £.

Exercise5.4.1. Prove Lemma 5.4.4.

Now we are ready to prove Lemma 5.2.5 (ii). Suppose without any loss of
generality that dimX < dimY. By Theorem 5.2.3, we know that there are two
minimal fixed point states o and o with supp(p) = X and supp(c) = Y. Note that
forany . > 0, p — Ao is also a fixed point of £. We can take A sufficiently large
such that
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p—ro =Ap —A_

with A being positive, supp(A_-) = supp(o), and supp(A4)_Lsupp(A_). Let P be
the projection onto Y. It follows from Lemma 5.4.4 that both A and A_ are fixed
points of £. Then

PoP =APoP+PALP-PA_P=X0c — A_

is a fixed point state of £ too. Note that supp(PpP) C Y, o is the minimal fixed point
state and supp(o) = Y. Therefore, we have PoP = po for some p > 0. Now if
p > 0, then by Proposition 5.2.1 (iii) we obtain:

Y = supp(o) = supp(PpP) = span{P|y) : |¥) € X}.

This implies dim Y < dim X, contradicting our assumption. Thus we have PpP = 0,
which implies X_LY.

Proof of Lemma 5.2.7. Roughly speaking, this lemma asserts that a fixed point
state of £ can be decomposed into two orthogonal fixed point states. The proof
technique for Lemma 5.2.5 (ii) showing that two BSCCs are orthogonal can be used
in the proof of this lemma. First, we note that for any » > 0, p — Ao is also a fixed
point of £, and thus we can take A sufficiently large such that

p—ro =Ap —A_

with A4 being positive, supp(A_) = supp(o), and supp(A) is the orthogonal
complement of supp(A_) in supp(p). By Lemma 5.4.4, both A and A_ are fixed
points of £. Let n = AL. We have:

supp(p) = supp(p — Ao’) = SUPP(A+) @ SUpP(A—) = supp(n7) & supp(o).

Proof of Lemma 5.2.8. For part (i), we are required to figure out the complexity
for computing the asymptotic average £~ (o) of a density operator p. To this end, we
first present a lemma about the matrix representation of the asymptotic average of a
quantum operation.

Lemma5.4.5. Let M = SJIS! be the Jordan decomposition of M where

K

I =P k0w =diag Q1(21), - .., I (k)
k=1

and Jy (k) isthe Jordan block corresponding to the eigenvalue Ak. Define

o= @B Ik

k st ax=1

and My, = SJoS1. Then M, isthe matrix representation of £.
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Exercise5.4.2. Prove Lemma 5.4.5.

Now we can prove part (i) of Lemma 5.2.8. We know from [61] that the time
complexity of Jordan decomposition for a d x d matrix is O(d*). So, we can compute
the matrix representation My, of Ex in time O(d®). Furthermore, £ (p) can be
computed using the correspondence (Lemma 5.1.9):

(Exc(p) @ 174) 1W) = Moo (p ® I3)|W)

where |W¥) = Z?:l [iYi) is the (unnormalized) maximally entangled state in H ® H.
For part (ii), we need to settle the complexity for finding the density operator basis
of the set of fixed points of £; i.e., { matrices A : £(A) = A}. We first notice that this
density operator basis can be computed in the following three steps:

(a) Compute the matrix representation M of £. The time complexity is O(md*),
where m < d? is the number of operators E; in the Kraus representation
E=Y,Eo EiT.

(b) Find a basis B for the null space of the matrix M — 4%, and transform them
into matrix forms. This can be done by Gaussian elimination with complexity
being O((d?)3) = O(db).

(c) For each basis matrix A in B, compute positive matrices X4, X_, Y4, Y_ such
that supp(X+) L supp(X-), supp(Y+) L supp(Y-), and

A=Xp — X +i(Yy —Yo).

Let Q be the set of nonzero elements in {X;, X_, Y4, Y_}. Then by

Lemma 5.4.4, every element of Q is a fixed point state of £. Replace A by
elements of Q after normalization. Then the resultant 5 is the required density
operator basis. At last, we make the elements in 5 linearly independent. This
can be done by removing the redundant elements in B using Gaussian
elimination. The computational complexity of this step is O(d®).

So, we see that the total complexity for computing the density operator basis of
{ matrices A : E(A) = A} is O(d®).

Proof of Lemma 5.3.4. We first prove the following technical lemma.

Lemma 5.4.6. Let Sbe an invariant subspace of £.,(#) under £. Then for any
density operator p with supp(p) € £ (#H) and any integer k, we have

tr(PsEX(p)) = tr (Psp)
where Ps is the projection onto S.
Proof. By Lemma 5.2.7, there exists an invariant subspace T such that £ (H) =

S@ T where Sand T are orthogonal. Then by Theorem 5.2.2, we have

tr(PsEX(0)) > tr(Psp) and tr(PTEX(p)) > tr(PTp).
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Furthermore, it follows that

1> tr(PsEX(p)) + tr(PTEX(p))
> tr(Psp) +tr(Ptp) =tr(p) = 1.

Thus we have:
tr(PsEX(p)) = tr(Pgp).

O

Now we can prove Lemma 5.3.4. For any pure state |¢), we write the correspond-

ing density operator ¢ = |¢){(¢p|. First of all, we show that Y(X) is a subspace. Let

|¥i) € Y(X) and o be complex numbers, i = 1,2. Then by the definition of Y (X)
there exists Nj such that for any j > Ni, supp (£ (1)) € X. Let

[V) = a1lv1) + azl2) and p = [Y1) (V1] + [¥2) (Y2l

Then |) € supp(p), and from Propositions 5.2.1 (i), (ii) and (iv) we have
supp (1)) < supp (£1(0)) = supp (€l (wn)) v supp (£l w2))

for any j > 0. So, we have supp (Ej (1/;)) C Xforallj > N 2 max{Nz, N2}, and thus
) € YV(X).
We divide the rest of the proof into the following six claims:
* Claim1: Y(X) 2 \/{B < X: B isaBSCC]}.
For any BSCC B C X, from Lemmas 5.2.6 (ii) and 5.2.4 we have B C £ (H).
Furthermore, as B is a BSCC, it holds that

supp (£'(¥)) < B S X

forany |v) € Band any i. Thus B € Y(X), and the claim follows from the fact
that (X) is a subspace.
* Claim2: Y(X) € \/{B < X:B isaBSCC]}.

For any |¢) € V(X), note that py, 2 Exo(Y) is a fixed point state. Let
Z = supp(py ). We claim that [v) € Z. This is obvious if Z = Ex (H).

Otherwise, as £ (%) is a fixed point state and

Eco(H) = supp (500 (%L)) ,

by Lemma 5.2.7 we have Ex(H) = Z @ Z+, where Z*+, the orthocomplement of
Zin Ex(H), is also invariant. As Z is again a direct sum of some orthogonal
BSCCs, by Lemma 5.3.1 we have
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lim tr (PzSi(w)> = tr(PzEno(¥)) = 1;
1—00
that is,
. i _
Together with Theorem 5.2.2, this implies tr(Pz.v¥) = 0, and so |y) € Z.

By the definition of )(X), there exists M > 0, such that supp (£'(y)) < X for all
i > M. Thus

N
.1 i
Z = supp (Nlimoo N l; 5'<¢>)
1 &
=supp | Jim < _Z Ewy | cx
i=M
Furthermore, since Z can be decomposed into the direct sum of some BSCCs,
we have
ly) ez < \/{BS X:B isaBSCC).
Thus, Claim 2 is proved.

Claim 3: Y(XH)1+ < x(X).
First, from Claims 1 and 2 previously we have Y(X1) € X+, and

x 2 VXt

is invariant. Thus X € Y(X1)+, and £ is also a quantum operation in the
subspace X'. We now consider the quantum Markov chain (X', £). Claim 1
implies that any BSCC in X is also contained in (X1). Therefore, there is no
BSCC in X’ N X+, By Theorem 5.3.2, for any |v) € X', we obtain:

lim tr [(PXL o g)i(¢)] —0.
I—00

Thus |v) € X (X) by definition, and the claim is proved.

Claim 4: X(X) € Y(XH)L.

Similar to Claim 3, we have Y(X1) € X+ and Y (X%) is invariant. Let P be the
projection onto ))(X1). Then Py PPy = P. For any |/) € X'(X), we have:

tr (P (Py1 0 &) (¥)) =tr (P PPy EW))
=tw(PEW)) = tr(Py),
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where the last inequality is derived by Theorem 5.2.2. Therefore

0= lim tr ((PXL o€) (w))

1—00

> tim tr (P (Pyz 0 €)' (1)) = r(Py),

1—00

and so |) € (X)L,

+ Claim5:\/{BC X :B isaBSCC} C £y (X)L,
Suppose that B € X is a BSCC. Then we have tr(Pgly.) = 0. It follows from
Lemma 5.4.6 that

tr (PBgiUXL)) —0
forany i > 0. Thus
tr (Pe&oo(ly1)) = 0.
This implies B L £, (X1). Therefore, B € 4 (X)L, Then the claim follows
from the fact that £, (X)L is a subspace.
+ Claim 6: £, (XH)L € \/{B S X: B isaBSCC).
We first note that £, (X+)+ can be decomposed into the direct sum of BSCCs
B;. For any B;, we have

tr(Pg, Eoc(Ix1)) = 0.

Thus, tr(Pg 1x.) =0and B; L X+, Therefore, B; C X, and the claim is proved.

Finally, we observe that the invariance of X' (X) and ) (X) is already included in
Claims 1 and 2. This completes the proof.

BIBLIOGRAPHIC REMARKS

The studies of quantum program analysis presented in this chapter were initiated
in [227], where termination of a quantum while-loop with a unitary transformation
as the loop body was considered. In [234], the verification method for probabilistic
programs developed by Sharir, Pnueli and Hart [202] was generalized to the quantum
case, termination analysis of quantum programs was carried out using a quantum
Markov chain as their semantic model, and thus several major results in [227] was
significantly extended. The materials presented in Subsections 5.1.1 and 5.1.2 of
this chapter are taken from [227] and [234], respectively. Sections 5.2 and 5.3 are
mainly based on S. G. Ying et al. [235], where reachability of quantum Markov
chains was thoroughly studied; in particular, the notion of BSCC of a quantum graph
was introduced. Lemmas 5.4.4 and 5.4.5 are taken from Wolf [216].
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For further reading, | suggest that the reader track the following three lines:

(i) Perturbation of quantum programs. Although not discussed in this chapter,
perturbation analysis is particularly interesting for quantum programs because
of noise in the implementation of quantum logical gates. It was proved in [227]
that a small disturbance either on the unitary transformation in the loop body
or on the measurement in the loop guard can make a quantum loop (almost)
terminate, provided that some obvious dimension restriction is satisfied.

(ii) Analysis of recursive quantum programs: In this chapter, we only considered
analysis of quantum loop programs. In [87], Feng et al. introduced a quantum
generalization of Etessami and Yannakakis’s recursive Markov chains [79],
namely recursive super-operator-valued Markov chains, and developed some
techniques for their reachability analysis. It is obvious that these techniques
can be used for analysis of recursive quantum programs defined in Section 3.4.
Another class of analysis techniques for classical recursive programs is based
on pushdown automata; see for example [78]. The notion of pushdown
quantum automata was introduced in [103], but it still is not clear how to use
pushdown quantum automata in the analysis of recursive quantum programs.

(iii) Analysis of nondeterministic and concurrent quantum programs: An analysis
for termination of nondeterministic quantum programs was carried out by Li et
al. [152], generalizing several results by Hart, Sharir and Pnueli [113] for
probabilistic programs. Termination of concurrent quantum programs with
fairness conditions was studied by Yu et al. [238]. It was further discussed by
S. G.Ying et al. [236] in terms of reachability of quantum Markov decision
processes. On the other hand, only the simplest reachability of quantum
programs was examined in this chapter. Several more complicated reachability
properties of quantum systems were studied by Li et al. [153].

Except the line of research described in this chapter, several other approaches to
quantum program analysis have been proposed in the literature. JavadiAbhari et al.
[126] present a scalable framework ScaffCC for compilation and analysis of quantum
programs written in Scaffold [3]; in particular they considered timing analysis for
path estimation. As already mentioned in Subsection 1.1.3, abstract interpretation
was generalized by Jorrand and Perdrix [129] for analysis of quantum programs.
It was further extended and refined by Honda [118] to reason about separability of
quantum variables in quantum programs.

.
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Quantum case statements

Quantum programs in the superposition-of-data paradigm have been systematically
investigated in Chapters 3 to 5. In particular, in Chapter 3, we studied quantum
while-programs and recursive quantum programs, and showed how some quantum
algorithmscan be conveniently written asthiskind of quantum programs. The control
flow of a quantum while-program is generated by the case statements and while-
loops within it, and the control flow of a recursive quantum program is further
produced by procedure calls. Since the information that determines the control flow
of a quantum while-program or a recursive quantum program is classical rather
than quantum, such a control flow was properly named a classical control flow (in
aquantum program).

The am of this chapter and the next is to introduce quantum programs in the
superposition-of-programs paradigm: in other words, quantum programs with quan-
tum control flows. Aswe know, the control flow of aprogram is determined by those
program constructswithin it such as case statement, |oop and recursion. Interestingly,
the notions of case statement, loop and recursion in classical programming split into
two different versionsin the quantum setting:

(i) case statement, loop and recursion with classical control, which have been
discussed in detail in Chapters3to 5;

(ii) quantum case statement, loop and recursion — case statement, loop and
recursion with quantum control.

As we will see later, a large class of quantum algorithms can be much more
conveniently programmed in a programming language with quantum control. This
chapter focuses on quantum case statements. Loop and recursion with quantum
control flow will be discussed in the next chapter.

This chapter is organized as follows:

* In Section 6.1, the notion of quantum case statement is carefully motivated
through the example of quantum walk on a graph. The control flow of a quantum
case statement is then analyzed, and the technical difficulty in defining the
semantics of quantum case statement is unveiled.

Foundations of Quantum Programming.http://dx.doi.or g/10.1016/B978- 0- 12-802306- 8.00006-9 2 1 1
Copyright © 2016 Elsevier Inc. All rights reserved.
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A new quantum programming language QUGCL is defined in Section 6.2 to
support programming with quantum case statements.

Section 6.3 prepares several key ingredients needed in defining the denotational
semantics of QUGCL, including guarded composition of various quantum
operations. The denotational semantics of QUGCL is presented in Section 6.4.
In Section 6.5, the notion of quantum choice is defined based on quantum case
Statement.

A family of algebraic laws for QUGCL programs are presented in Section 6.6.
They can be used in verification, transformation and compilation of programs
with quantum case statements.

A series of examples are presented in Section 6.7 to illustrate the expressive
power of the language QUGCL .

The possible variants and generalizations of quantum case statements are
discussed in Section 6.8.

The proofs of some lemmas, propositions and theoremsin Sections 6.3 to 6.6 are
tedious. For readability, they are deferred to the last section, Section 6.9.

CASE STATEMENTS: FROM CLASSICAL TO QUANTUM

Let us start with an intuitive discussion about the following questions: Why should

we introduce the new notion of quantum case statement? How doesit differ from the

case statement in the quantum programs considered in Chapter 3? We answer these
guestions and thus motivate the notion of quantum case statement in three steps:

(i) Casestatementin classical programming: Recall that a conditional statement
in classical programming iswritten as

if bthen S else p fi (6.1)

where b is a Boolean expression. When b is true, subprogram $; will be
executed; otherwise, S will be executed. More generally, a case statement in
classical programmingis acollection of guarded commandswritten as

if @i-G — ) fi (6.2)

wherefor each 1 < i < n, the subprogram S is guarded by the Boolean
expression Gj, and § will be executed only when G;j istrue.

(ii) Classical case statement in quantum programming: A notion of aclassical

case statement in quantum programming was defined in Chapter 3 based on a
guantum measurement. Let g be afamily of quantum variablesand M = {My}
ameasurement on g. For each possible measurement outcomem, let Sy, be a
guantum program. Then a case statement can be written as follows:

if @m-M[g]=m— S fi (6.3)
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The statement (6.3) selects acommand according to the outcome of
measurement M: if the outcomeis m, then the corresponding command Sy, will
be executed. In particular, whenever M is a yes-no measurement, that is, it has
only two possible outcomes 1 (yes) and 0 (no), then case statement (6.3) isa
generalization of conditional statement (6.1), and it can be appropriately
termed as a classical conditional statement in quantum programming. As
indicated by Exercise 3.4.1, quantum while-loop (3.4) can be seen asa
recursive program declared by such a conditional statement.

(iii) Quantum case statement: In addition to (6.3), there is actually another kind of
case statement, which is very useful in quantum programming. This new notion
of case statement can be defined by extending a key idea from the definition of
the shift operator of a quantum walk on a graph. Recall from Example 2.3.2
that the shift operator is an operator in g4 ® H, defined as follows:

Sli,v) = li,v)

for each direction 1 < i < nand each vertex v € V, wherev; is the ith neighbor
of v, and Hq, Hp are the direction “ coin” space and the position space,
respectively.

This shift operator can be viewed in adightly different way: for each
1 <i < n,wedefinethe shift § inthedirection i as an operator in Hp:

Sv) = |vi)

for any v € V. Then we are able to combine these operators § (1 <i < n)
along the “coin” to form the whole shift operator S:

Si,v) = )S|v) (6.4)

forany1 <i <nandv e V. Itisworth noticing that operators Sand S
(1 <i < n) aredefined in different Hilbert spaces: Sisin Hg ® Hp, whereas
al s areinHp.

Let us carefully observe the behavior of shift operator S. The operators
S, ..., S can be seen as acollection of programsindependent of each other.
Then Scan be seen as akind of case statement of Sy, . . ., S, because S selects
one of them for execution. But equation (6.4) clearly indicates that this case
statement is different from (6.3): the selection in equation (6.4) is made
according to the basis state |i) of the “coin space,” which is quantum
information rather than classical information. Thus, we can appropriately call
Saquantum case statement. At this stage, the reader might still not be
convinced that the behaviors of case statement (6.3) and a quantum case
statement are really different, despite the fact that measurement outcomes m
are classical information, and basis states |i) are quantum information. The
essential difference between them will become clearer later, when we consider
the control flow of a quantum case statement.
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The preceding idea can be significantly extended. Let §, S, ..., S, bea
collection of general quantum programs whose state spaces are the same
Hilbert space H. We introduce an external quantum system, called the “coin”
system. It is allowed to be a single system or a composite system, so denoted
by a quantum register g consisting of afamily of new quantum variables that
donotappearin §1, S, . . ., Sh. Assume that the state space of systemgisan
n-dimensional Hilbert space Hg and {|i)}{._, isan orthonormal basis of it. Then
a quantum case statement S can be defined by combining programs
S,S,...,Syaongthe basis {[i)}:

S=qif(q]: 1) > §

O 12) > S

...... (6.5
(] Ny — S,
fig

or more compactly
S= qif [qQITi - i) = §) fiq

Quantum Control Flows:

Now let us look at the control flow of quantum case statement (6.5) — the order
of its execution. The control flow of S can be clearly seen through its semantics.
Following equation (6.4), it is reasonable to conceive that the semantics [S] of S
should be defined in the tensor product Hg ® H by

[SIble) = 1) ([STle) (6.6)

forevery 1 < i < nand |¢) € H, where [S] is the semantics of S. Then the
control flow of program Sis determined by “coin” variablesq. Foreach1 < i < n,
S is guarded by the basis state |i). In other words, the execution of program (6.5) is
controlled by “coin” g: when g isin state |i), subprogram S will be executed. The
really interesting thing hereisthat g isaquantum“coin” rather than aclassical “ coin,”
and thus it can be not only in the basis states |i) but also in a superposition of them.
A superposition of these basis states yields a quantum control flow — superposition
of control flows:

Bl (Z“imlfpi)) =3 il (Sliei) ©6.7)

i=1 i=1

for al |¢;) € H and complex numberse; (1 < i < n). Intuitively, in equation (6.7),
forevery 1 < i < n, subprogram S is executed with probability amplitude ;. This
is very different from the classical case statement (6.3) of quantum programs where
different guards“ M[Q] =m", ..., “M[§] = m,” cannot be superposed.
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Technical Difficulty in Defining Semantics of Quantum Case Statements:

At first glance, it seems that the defining equation of shift operator in a quantum
walk can be smoothly generalized to equation (6.6) to define the denotational
semantics of a general quantum case statement. But there is actually a major (and
subtle) difficulty in equation (6.6). For the case where no quantum measurements
occur inany § (1 < i < n), the operational semantics of each S is simply
given as a sequence of unitary operators, and equation (6.6) is not problematic
at al. Whenever some § contains quantum measurements, however, its semantic
structure becomes a tree of linear operators with branching happening at the points
where the measurements are performed. Then equation (6.6) becomes meaningless
within the framework of quantum mechanics, and defining the semantics of quantum
case statement S requires properly combining a collection of trees of quantum
operationssuch that the relevant quantum mechanical principlesarestill obeyed. This
problem will be circumvented in Sections 6.3 and 6.4 by introducing a semi-classical
semantics in terms of operator-valued functions.

Exercise 6.1.1. Why can equation (6.6) not properly define the semantics of
guantum case statement (6.5) when a quantum measurement appears in some of
S (1 <i < n)? Give some example(s) to illustrate your argument.

QuGCL: A LANGUAGE WITH QUANTUM CASE STATEMENT

The notion of a quantum case statement was carefully motivated in the previous
section. Now we start to study programming with the quantum case statement.
First of all, we formally define a programming language QUGCL with the program
construct of quantum case statement. It can be seen as a quantum counterpart of
Dijkstra’'s GCL (Guarded Command Language). The alphabet of QUGCL is given as
follows:

» Asin Chapter 3, we assume a countable set gVar of quantum variables ranged
over by g, q1, g, . . .. For each quantum variable q € gVar, itstype isaHilbert
space Hq, which is the state space of the quantum system denoted by . For a

guantum register g = qi, g, . . ., gn Of distinct quantum variables, we write:
n
Hy = ) Hg-
i=1

» For simplicity of the presentation, QUGCL is designed as a purely quantum
programming language, but we include a countably infinite set Var of classical
variablesranged over by X, Y, . . . so that we can use them to record the outcomes
of quantum measurements. However, classical computation described by, for
exampl e, the assignment statement x := ein aclassical programming language,
is excluded. For each classical variable x € Var, itstypeis assumed to be a
non-empty set Dy; that is, x takes values from Dy. In applications, if x isused to
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store the outcome of a quantum measurement M, then all possible outcomes of
M should bein Dy.

» Thesetsof classical and quantum variables are required to digoint:
gvar N Var = ¢.

Using the alphabet presented here, we can define programsin QUGCL. For each
QUuUGCL program S, we write var (S) for the set of its classical variables, gvar (P) for
its quantum variables and cvar (P) for its“coin” variables.

Definition 6.2.1. QUGCL programs are inductively defined as follows:

(i) abort and skip are programs, and

var (abort) = var (skip) = ¢,
gvar (abort) = qvar (skip) = 9,
cvar (abort) = cvar(skip) = @.

(i) 1fgisaquantumregister, and U isa unitary operator in Hg, then
q:=U[q]
isaprogram, and
var@:=U[qD) =9, quar@:=U[q]) =7, cvar(@:=U[Tg]) =4.

(iii) If S and S, are programs such that var (S;) Nvar () = @, then §;; S isa
program, and

var (81, ) = var(§p) U var (S),
qvar (S1; ) = guar (§) U gvar (),
cvar (S1; &) = cvar(S) U cvar ().

(iv) Ifgisaquantumregister, xisaclassical variable, M = {Mp} isa quantum
measurement in Hq such that all possible outcomes of M arein Dy, and {Sy} is
a family of programs indexed by the outcomes m of measurement M such that
X ¢ Uy var(Sm), then the classical case statement of Sn's guarded by
measurement outcomes m's:

S=if({dm-M[Q:X]=m— Sy)fi (6.8)
isa program, and

var(9) = {xj U (U Var(Sn)) :
m

quar(§) =qu (U qvar(Sm>> :
m

cvar () = | cvar (Sm).
m
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(v) Ifgisaquantumregister, {|i)} isan orthonormal basis of #g, and {S} isa
family of programsindexed by the basis states |i)'s such that

an (U qvar(S)) =0,
i

then the quantum case statement of §'s guarded by basis tates |i)'s:
S=qif [q]1 (@i - |i) = S) fig (6.9)

isa program, and

var(§) = _Jvar(s),
i

qvar () =qu (U qvar(S)) ,

ovar (S =qu (U cvar(S)) .
i

This definition looks quite complicated with quantum programs and their classi-
cal, quantum and “coin” variables being defined simultaneously. But the syntax of
QUuUGCL can be simply summarized as follows:

S:= abort | kip |:=U[T] | S1; S
[if Om-M[@:X]=m— Sy)fi (classical case statement)
| qif [q1@i - i) — §) fiq (quantum case statement)

For simplicity, we often write U[q] for the unitary statement g := U[q]. The
meanings of skip, unitary transformation and sequential composition in QUGCL are
the same as in the quantum while-language defined in Chapter 3. Asin Dijkstra's
GCL, abort isthe undefined instruction that can do anything and even does not need
to terminate. The intuitive meaning of quantum case statement (6.9) was already
carefully explained in Section 6.1. But severa delicate points in the design of the
language QUGCL deserve careful explanations:

» Therequirement var(S;) N var(S) = ¥ in the sequential composition §1; S
means that the outcomes of measurements performed at different points are
stored in different classical variables. Such arequirement is mainly for technical
convenience, and it will considerably simplify the presentation.

» The statements (6.8) and (6.3) are essentially the same, and the only difference
between them is that a classical variable x is added in (6.8) to record the
measurement outcome. It is required in statement (6.8) that X & |, var (Sm).
This means that the classical variables already used to record the outcomes of
the measurementsin Sy's are not allowed to store the outcome of a new
measurement. This technical requirement is cumbersome, but it can significantly
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simplify the presentation of the semantics of QUGCL. On the other hand, it is not
required that the measured quantum variablesq do not occur in Sy. So,
measurement M can be performed not only on an external system but also on
some quantum variables within Sy,

It should be emphasized that in the quantum case statement (6.9) the variablesin
q are not allowed to appear in any S's. Thisindicates that the “coin system” G is
external to programs §’s. Thisrequirement is so important that it will be
emphasized again and again in this chapter and the next. The reason for this
requirement will become clear when we consider the semantics of quantum case
statement in the following two sections.

» Obvioudly, dl “coins’ are quantum variables: cvar (S) C qvar (S) for all
programs S. It will be needed in defining akind of equival ence between quantum
programsto distinguish the set cvar (S) of “coin” variables from other quantum
variablesin S.

GUARDED COMPOSITIONS OF QUANTUM OPERATIONS

The syntax of quantum programming language QUGCL was defined in the last
section. Now we consider how to define the semantics of QUGCL. It is clear that the
main issue in defining the semantics of QUGCL is the treatment of the quantum case
statement, because the semantics of the other program constructs either are trivial or
were already well-defined in Chapter 3. As was pointed out in Section 6.1, a major
difficulty in defining the semantics of a quantum case statement emergesin the case
where quantum measurements occur in some of its branch subprograms. So, in this
section, we prepare the key mathematical tool — guarded composition of quantum
operations— for overcoming this difficulty.

GUARDED COMPOSITION OF UNITARY OPERATORS

To ease the understanding of a general definition of guarded composition, we start
with a special case of the guarded composition of unitary operators, which is a
straightforward generalization of the quantum walk shift operator Sin equation (6.4).
In this easy case, no quantum measurements are involved.

Definition 6.3.1. For each 1 < i < n, let U; be a unitary operator in Hilbert
space H. Let Hq be an auxiliary Hilbert space, called the “ coin space;” with {li)} as
an orthonormal basis. Then we define a linear operator U in Hq ® H by

Udly) = 1HVily) (6.10)

for any |y) € H andfor any 1 <i < n. By linearity we have:

u (Zaniwn) =Y «li)Uilyi) (6.11)
i i
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for any |vi) € H and complex numbers «;. The operator U is called the guarded
composition of Uj (1 <i < n) along the basis {|i)} and written as

n n
U=@p (i) — Uy or smplyu = P U;
i=1 i=1

It is easy to check that the guarded composition U is a unitary operator in Hgq ®
‘H. In particular, quantum “ coin” g should be considered as a system externa to
the principal system that has H as its state space; otherwise the state space of the
system composed by the“coin” and the principal systemisnot Hq ® #, and defining
equations (6.10) and (6.11) are inappropriate.

Actually, the guarded composition of unitary operatorsis nothing new; itisjust a
guantum multiplexor (QMUX) introduced in Subsection 2.2.4.

Example 6.3.1. A QMUX U with k select qubits and d-qubit-wide data bus can
be represented by a block-diagonal matrix:

U= dla.g(UO, Uq,..., U2kfl) =
U2k,l

Multiplexing Ug, Uy, ...,Ux_q with k select qubits is exactly the guarded
composition

2k—1
(Iiy = Up
i=0

along the computational basis {|i)} of k qubits.

The guarded composition U of Uj’s in Definition 6.3.1 certainly depends on
the chosen orthogonal basis {[i)} of the “ coin” space #Hq. For any two different
orthonormal bases {|i)} and {|¢j)} of the “coin space” Hq, there exists a unitary
operator Ug such that |¢;j) = Ug|i) for all i. Furthermore, aroutine calculation yields:

Lemma 6.3.1. The two compositions along different bases {]i)} and {|¢;i)} are
related to each other by

B (g — U = Ug® 13 @ () - Up U ® 13
i i

where |4, isthe identity operator in .

The preceding lemma shows that the guarded composition along one orthonormal
basis {|¢i)} can be expressed in terms of the guarded composition along any other
orthonormal basis {|i)}. Therefore, the choice of orthonormal basis of the “coin
space” is not essential for the definition of guarded composition.
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OPERATOR-VALUED FUNCTIONS

A genera form of guarded composition of quantum operations cannot be defined by
a straightforward generalization of Definition 6.3.1. Instead, we need an auxiliary
notion of operator-valued function. For any Hilbert space H, we write £(#) for the
space of (bounded linear) operatorsin .

Definition 6.3.2. Let A be a nonempty set. Then a function F : A — L(H) is
called an operator-valued functionin H over A if

Y F®TFG) C gy, (6.12)
seA

where |4 is the identity operator in #, and C stands for the Léwner order (see
Definition 2.1.13). In particular, F is said to be full when inequality (6.12) becomes
equality.

The simplest examples of operator-valued function are unitary operators and
quantum measurements.

Example 6.3.2

(i) Aunitary operator U in Hilbert space # can be seen as a full operator-valued
function over a singleton A = {¢}. This function maps the only element € of A
toU.

(ii) A guantum measurement M = {My} in Hilbert space # can be seen as a full
operator-valued function over the set A = {m} of its possible outcomes. This
function maps each outcome m to the corresponding measurement
operator M.

Itisinteresting to compare part (ii) of the preceding example with Example 2.1.9
(i) where a quantum operation is induced from a quantum measurement by ignoring
the measurement outcomes. However, in the preceding example the measurement
outcomes are explicitly recorded in theindex set A = {m}.

More generally than the preceding example, aquantum operation definesafamily
of operator-valued functions. Let £ be aquantum operation in Hilbert space 7. Then
£ hasthe Kraus operator-sum representation:

&= ZEi o Ei)r,
i
meaning:

E(p) =) EipE|
i

for al density operators p in ‘H (see Theorem 2.1.1). For such a representation, we
set A = {i} for the set of indexes, and define an operator-valued function over A by

F@) =FE
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for every i. Since operator-sum representation of £ is not unique, by the previous
procedure £ defines possibly more than a single operator-val ued function.

Definition 6.3.3. The set F(£) of operator-valued functions generated by a
guantumoperation £ consists of the operator-valued functions defined by all different
Kraus operator-sum representations of £.

Conversely, an operator-valued function determines uniquely a quantum
operation.

Definition 6.3.4. Let F be an operator-valued function in Hilbert space H over
set A. Then F defines a quantumoperation £(F) in H as follows:

EF) =D F@®) oF®T;
seA

that is,

EF)p) =Y F@)pF©)T
JeA

for every density operator o in H.
Tofurther clarify therel ationship between operator-val ued functions and quantum
operations, for afamily IF of operator-valued functions, we write:

EF) ={EF):FeF}L

Itisobviousthat £(F(E)) = {£} for each quantum operation £. On the other hand, for
any operator-valued function F over A = {81, ..., 8}, it follows from Lemma4.3.1
(i.e., Theorem 8.2 in [174]) that F(E (F)) consists of all operator-valued functions G
over somesetI' = {y1,..., 1} such that

n
G(ri) = > _uj-F(©)
j=1

foreach1 < i < n, wheren = max(k,I), U = (Ujj) is an n x n unitary matrix,
F@i) =G(yj) =0y foralk+1<i<nandl+1<j=<n,and0y isthe zero
operator in H.

GUARDED COMPOSITION OF OPERATOR-VALUED FUNCTIONS

Now we are going to define the guarded composition of operator-valued functions.
Before doing so, we need to introduce a notation. Let A; be anonempty set for every
1 <i < n. Thenwe write:

n
P ai = {16 : 6 € Aj forevery 1 <i <n}. (6.13)
i=1
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Here, @[_,4; is simply a notation indicating a formal, syntactic combination of §;
(1 < i < n). The intuitive meaning behind this notation will be explained when §;
are used to denote the states of classical variablesin the next section.

Definition 6.3.5. For each 1 < i < n, let F; be an operator-valued function
in Hilbert space 7 over set Aj. Let Hq be a “coin” Hilbert space with {]i)} as an
orthonormal basis. Then the guarded composition

>

n n
F=EP (i) — Fi) or smply F 2 PrFi
i=1

i=1
of Fj (1 <i < n)alongthebasis{|i)} isan operator-valued function

n
F:@Pai— LHqeH)
i=1

inHq® H over @/, Aj. Itisdefined in the following three steps:
(i) Foranys € Aj (L <i=<n),
F(EBinzlsi)

isan operator in Hgq ® H.
(ii) For each |W) € Hq ® H, thereisa uniquetuple (|y1), ..., |¥n)) such that
[¥1), ..., |¥n) € H and |W¥) can bewritten as

n
W) = 1)),
i=1

and then we define

n
F@L8)1w) =) (1‘[ )»ksk) i) (Fi (80 197)). (6.14)
i=1 \k#i

(iii) For any 8k € Ak (1 < k < n), the coefficients

trFk (810 T Fi(8k)
> neen k(o Rk

In particular, if Fx isfull andd = dimH < oo, then

N trFk (81 T F(8K)
W=\ d

This definition is very involved. In particular, at first glance it is not easy to
see where the product of Ak in equation (6.14) comes from. A simple answer
to this question is that the product is chosen for normalization of probability

M = (6.15)
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amplitudes. This point can be clearly seen from the proof of Lemma 6.3.3 (presented
in Section 6.9 following). Intuitively, the square Aﬁak of the coefficients defined in
equation (6.15) can be understood asakind of conditional probability. Actually, some
different choices of coefficientsin equations (6.14) and (6.15) are possible; a further
discussion on thisissueis given in Subsection 6.8.1.

One thing worthy of a specia attention is that the state space of guarded
composition F in the preceding definition is #q ® H, and thus quantum “coin” q
must be treated as a system external to the principal system with state space #.

It is easy to see that whenever A is a singleton for al 1 < i < n, then al
Aks, = 1, and equation (6.14) degenerates to (6.11). So, the preceding definition
is a generalization of guarded composition of unitary operators introduced in
Definition 6.3.1.

The following lemma shows that the guarded composition of operator-valued
functionsis well-defined.

Lemma 6.3.2. The guarded composition @in=1 (Jiy — Fj) is an operator-valued
functionin Hq ® H over @[, Ai. In particular, if all Fj (1 < i < n) arefull, then
soisF.

For readability, the proof of thislemmais postponed to Section 6.9. The reader is
encouraged to work out a proof as an exercise.

Similar to Lemma 6.3.1, the choice of orthonormal basis of the “coin space” in
the guarded composition of operator-valued function is not essential. For any two
orthonormal bases {|i)} and {|¢j)} of the “coin space” Hq, let Uq be the unitary
operator such that |¢j) = Ugli) for all i. Then we have:

Lemma 6.3.3. The two compositions along different bases {]i)} and {|¢;i)} are
related to each other by

n n
B o) > Fi) = Ug® I3 - @ (1) — Fi) - U ® 13);
i=1 i=1

that is,

n n
P (g — Fi) @18 = Ug® 13) {EB(H) - Fi) (@P:15i):| Ud®lz)
i=1 i=1

forany sy € A1,...,8n € Ap.
We now give an example to illustrate Definition 6.3.5. This example shows how
to compose two quantum measurementsvia a quantum “ coin,” which is a qubit.
Example 6.3.3. Consider a guarded composition of two simplest quantum mea-
surements:

« MO jsthe measurement on a qubit (the principal qubit) p in the computational
basis|0), 1), i.e M@ = (M®, M}, where

0 0
M =100, MY = 1)(L;
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« M@ jsthe measurement of the same qubit but in a different basis:

1

+
E) 73

(10) £ 11)),

i.e,MD =MD MD}, where
MP =10, MP =)=,

Then the guarded composition of M© and M® along the computational basis of
another qubit (the “ coin qubit”) q is the measurement

M=MO oMb = (Mo, Mo_, M1, M}
on two qubits g and p, where ij is an abbreviation of i @ j, and
1
V2

for any states |yo), |¥1) of the principal qubit p and i € {0,1}, j € {+,—}.
Furthermore, for each state | W) of two qubitsq, pandfor anyi € {0,1}, j € {+,—},a
routine cal culation yields that the probability that the outcomeisij when performing
the guarded composition M of M© and M@ on the two qubit system q, p in state
W) is

Mij (10)qlvo)p + [Lalva)p) = —= (100gM{ [Wo)p + [1)gM ¥ v1)p)

p(i,j1W), M) = % [p (i|q<0|\p>, M(0)> + p(j|q<1I\P>, Mm)] :
where:
(i) if |W) = |0)qlvo)p + [L)ql1)p, then
q(kIW) = [¥)

isthe “ conditional” state of the principal qubit p given that the two qubit
systemq, pisin state |¥) and the* coin” qubit qisin the basis state |k) for
k=01,

(i) p(ilq(01¥), M©@) isthe probability that the outcome is i when performing
measurement M© on qubit p in state o(0|W);

(iii) p(jlg(1/¥), M®D) isthe probability that the outcome s j when performing
measurement MM on qubit pin state o(1|W).

GUARDED COMPOSITION OF QUANTUM OPERATIONS

In the last subsection, we learned how to compose a family of operator-valued
functions employing an external quantum “coin.” Now the guarded composition of a
family of quantum operations can be defined through the guarded composition of the
operator-valued functions generated from them.
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Definition 6.3.6. For each 1 < i < n, let & be a quantum operation (i.e., super-
operator) in Hilbert space #. Let Hq be a “ coin” Hilbert space with {]i)} as an
orthonormal basis. Then the guarded composition of & (1 < i < n) along the basis
{li)} is defined to be the family of quantum operationsin Hq ® H:

n n
P — &) = {g (@(u) - Fi)) ‘FieF(&) foreveryl<i<nt,
i=1 i=1

where:

(i) F(F) standsfor the set of operator-valued functions generated by quantum
operation F (see Definition 6.3.3);

(ii) £(F) isthe quantum operation defined by an operator-valued function F (see
Definition 6.3.4).

Similar to the cases in Definitions 6.3.1 and 6.3.5, the guarded composition
DL, (i) — &) isaquantum operation in space Hq ® H, and thus quantum “coin”
g isexternal to the principal system with state space .

Itiseasy to seethat if n = 1 then the preceding guarded composition of quantum
operations consists of only £1. For n > 1, however, it is usually not a singleton, as
shown by the following example. For any unitary operator U in a Hilbert space H,
wewrite &y = U oUT for aquantum operation defined by U, that is, £y (p) = UpUT
for all density operators p in H (see Example 2.1.8).

Example 6.3.4. Suppose that Ug and U1 are two unitary operators in a Hilbert
spaceH. Let U be the composition of Ug and U, guarded by the computational basis
|0), |1) of a qubit:

U=Uge® U;.

Then &y isan element of the guarded composition

E=Eu,®Euy,
of super-operators £y, and y,. But £ contains more than one element. Indeed, it
holds that

£ =1y, =Upo UJ:0<6 <21},
where

Ug =Ug® eieul.

Note that the non-uniqueness of the members of the guarded composition £ is caused
by the relative phase 6 between Ug and U;.

We now examine the choice of basis of the “coin space” in the guarded composi-
tion of quantum operations. To this end, we need the following two notations:
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» For any two quantum operations £1 and &2 in a Hilbert space H, their sequential
composition £2 o &1 isthe quantum operation in H defined by

(E20&1)(p) = E2(E1(p))

for any density operator p in . This notation was already introduced in
Subsection 5.1.2.

» Moregeneraly, for any quantum operation £ and any set Q of quantum
operationsin Hilbert space H, we define the sequential compositions of
and £ by

EoQ=(EoF:FeQ) ad QoE={Fof:FeQ).

The following lemma can be easily derived from Lemma 6.3.3, and it shows that
the choice of orthonormal basis of the “coin space” is not essential for the guarded
composition of quantum operations. For any two orthonormal bases {|i)} and {|¢i)}
of the “ coin space” Hgq, let Uq be the unitary operator such that |¢j) = Ugli) for all i.
Then we have:

Lemma 6.3.4. The two compositions along different bases {]i)} and {|¢;)} are
related to each other by

n n
P i) > &) = [%;@m o@p (i) - 50} 0 EUg®lyy
i=1 i=1

where Ey,zl,, and & are the quantumoperationsin Hq ® H defined by unitary

Ua®|';-[
operators Ug ® Iy and Ug ® gy, respectively.
Exercise 6.3.1. Prove Lemmas 6.3.1, 6.3.3 and 6.3.4.

SEMANTICS OF QuGCL PROGRAMS

With the preparation in Section 6.3, we are ready to define the semantics of the
guantum programming language QUGCL presented in Section 6.2. Before doing it,
we introduce several notations needed in this section.

» Let# and H’ betwo Hilbert spaces, and let E be an operator in 7. Then the
cylindrical extension of E in H ® H’ is defined to be the operator E ® |4, where
|4 isthe identity operator in H’'. For simplicity, we will write E for E® 1/
whenever there is no possibility of confusion.

* LetF bean operator-valued functionin #H over A. Then the cylindrical extension
of FinH ® H' isthe operator-valued function F in # ® H’ over A defined by

FO) =F@®) ® ly

for every 8§ € A. For simplicity, we often write F for F whenever the context
prevents any confusion.
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e Let&E=)Eio EiT be a quantum operation in . Then the cylindrical extension
of £inH ® H' isdefined to be the quantum operation:

E=YEi®ly)oE .
i

For simplicity, £ will be used to denote its extension £ when no confusion is
possible. In particular, if E is an operator in 7, and p isadensity operator in
H ® H', then EpE' should be understood as (E ® 13y)p(ET @ l4).

CLASSICAL STATES

Thefirst step in defining the semantics of QUGCL is to define the states of classical
variablesin QUGCL. As already stated in Section 6.2, classical variablesin QUGCL
will only be used to record the outcomes of quantum measurements.

Definition 6.4.1. Classical states and their domains are inductively defined as
follows:

(i) eisaclassical state, called the empty state, and dom(e) = ;
(ii) If x e Var isaclassical variable, and a € Dy is an element of the domain of x,
then [x < a] isa classical state, and dom([x < a]) = {x};
(iii) If both 81 and 8- are classical states, and dom(§1) N dom(82) = @, then §182 is
aclassical state, and dom(8182) = dom(s1) U dom(s2);
(iv) If i isaclassical statefor every 1 < i < n,then®[._, i isa classical state, and

n
dom (&f_,8;) = |_J dom(sy).
i=1

Intuitively, aclassical state § defined by clauses (i) to (iii) in this definition can be
seen as a (partial) assignment to classical variables; more precisely, § is an element
of Cartesian product [ [y goms) Dx; that is, a choice function:

§ : dom(s) — U Dy
xedom(s)

such that §(x) € Dx for every x € dom(8). The state ®;_,5; defined by clause (iv)
is a formal combination of states §j (1 < i < n). It will be used in defining the
semantics of quantum case statement, which is a guarded composition of operator-
valued functions. From equation (6.13) and Definition 6.3.5 we can see why such a
combination is required. More concretely, we have:

+ Theempty state € is the empty function. Since [ [, Dx = {€}, € isthe only
possible state with an empty domain.

» Thedtate [x < a] assigns value a to variable x but the values of the other
variables are undefined.
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» The composed state 5152 can be seen as the assignment to variablesin
dom(81) U dom(s2) given by

§1(x) if x e dom(81),

. (6.16)
S2(x) if x € dom(82).

(8182)(¥) = {

Equation (6.16) is well-defined since it is required that dom(s1) N dom(§2) = @.
In particular, e§ = e = § for any state §, and if x ¢ dom(§) then §[x < a] isthe
assignment to variablesin dom(s) U {x} given by

X < al(y) — {aw) ify € dom(@),

a ify=x
Hence, [X1 < a1] - - - [% < ak] isaclassical state that assigns value g; to
variablex; for al 1 < j < k. It will be abbreviated to

[X1 < ag, -, Xk < al

in the sequel.

* Thestate eai”:lai can be thought of as a kind of nondeterministic choice of §;
(1 <i < n). Aswill be seen in the next subsection (in particular, clause (v) of
Definition 6.4.2), aclassical state § = [X1 < a1,--- , Xk < a] isactualy

generated by a sequence of measurements My, . . ., Mg with their outcomes
ai,...,ak storedin variablesx, . . . , Xk, respectively. However, for quantum
measurements My, . . ., M, other outcomes &, . . ., &, are possible, and then we

may have many other classical states 8’ = [x < a;,--- , Xk < & ]. So, astate
of theform eai”:lai is needed to record a collection of all different outcomes of
measurement sequence My, . . ., M.

SEMI-CLASSICAL SEMANTICS

Now we can define the semi-classical semantics of QUGCL, which will serve as a
stepping stone for defining its purely quantum semantics. For each QUGCL program
S, wewrite A(S) for the set of all possible states of its classical variables.

» Thesemi-classical denotational semantics || S| of Swill be defined asan
operator-valued function in Hqyar(s) over A(S), where Hquar (s) is the state
Hilbert space of quantum variables occurringin S.

In particular, if qvar(S) = ¢, for example S = abort or skip, then Hqvar(s) is a
one-dimensional space Hjy, and an operator in Hy can be identified with a complex
number; for instance, the zero operator is number O and the identity operator is
number 1. For any set V C qVar of quantum variables, we write |y for the identity
operator in Hilbert space Hy = ®qev Ha-
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Definition 6.4.2. The classical states A(S) and semi-classical semantic function
|IS|] of a QUGCL program Sare inductively defined as follows:

(i) A(abort) = {e€}, and ||abort||(¢) = O;
(ii) A(skip) = {e}, and ||skip]|(e) = 1;
(iii) 1f S=7q:=U[q], then A(S) = {€}, and | S||(€) = Ug, where Uy is the unitary
operator U acting in Hg;
(iv) IfS=S;; S, then

AS) = A(S); A(SR)

(6.17)
= {3182 1 81 € A(S), 82 € AR},
USH (0162) = (USZH (%2 ® |V\qvar(S2)) : (US.LH (01 ® |V\qvar(S1))
whereV = gvar(S) U qvar (S);
(v) If Sisaclassical case statement:
S= if @Om-M[Q:X]=m— Sy fi,
where quantum measurement M = {My}, then
A = JBlx < ml: 5 € ASm),
m
ISl X < mD) = ([Sm[/(8) ® \quar(sn) - (Mm ® ng)
for every § € A(Sy) and for every outcome m, where
=qu (U qvar(:%)) :
m
(vi) If Sisaquantum case statement:
S= qif [ql1 i - i) — §) fiq,
then
A =P AS), (6.18)
i
Isll = &P (1) > IS1). (6.19)
i

where operation @ in equation (6.18) is defined by equation (6.13), and € in
equation (6.19) stands for the guarded composition of operator-valued
functions (see Definition 6.3.5).
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Sinceitisrequiredin Definition 6.2.1 that var (S1) Nvar () = @ in the sequential
composition $; S, we have dom(§1) N dom(sz) = @ for any 61 € A(S) and
82 € A(S). Thus, equation (6.17) is well-defined.

Intuitively, the semi-classical semantics of quantum programs can beimagined as
follows:

» If aquantum program S does not contain any quantum case statement, then its
semantic structure is atree with its nodes labelled by basic commands and its
edges by linear operators. This tree grows up from the root in the following way:
« if the current nodeis labelled by a unitary transformation U, then asingle

edge stems from the node and it is labelled by U; and
 if the current nodeis labelled by a measurement M = {Mp,}, then for each
possible outcome m, an edge stems from the node and it is labelled by the
corresponding measurement operator M.
Obvioudly, branching in the semantic tree comes from the different possible
outcomes of ameasurement in S, Each classical state § € A(S) is corresponding
to abranch in the semantic tree of S, and it denotes a possible path of execution.
Furthermore, the value of semantic function || S|| in state § is the (sequential)
composition of the operators |abelling the edges of §. This can be clearly seen
from clauses (i) - (v) of the preceding definition.

» The semantic structure of a quantum program Swith quantum case statementsis
much more complicated. It can be seen as a tree with superpositions of nodes
that generate superpositions of branches. The value of semantic function ||S|| in
asuperposition of branchesis then defined as the guarded composition of the
valuesin these branches.

PURELY QUANTUM SEMANTICS

The purely quantum semantics of a quantum program written in QUGCL can be
naturally defined as the quantum operation induced by its semi-classical semantic
function (see Definition 6.3.4).

Definition 6.4.3. For each QUGCL program S, its purely quantum denotational
semanticsis the quantum operation [S] in Hqvar(s) defined as follows:

[SI=&dsh= ) Isl®ols|®, (6.20)

seA(S)

where || S|| is the semi-classical semantic function of S.

The following proposition presents an explicit representation of the purely
guantum semantics of a program in terms of its subprograms. This representation
iseasier to usein applications than the preceding abstract definition.

Proposition 6.4.1

(i) [abort] =0;
(ii) [skip] =1,
(i) [S1;S] =[S] o [Su];
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(iv) [0:=U[q]] = Ugo U;
(v)

it @M-M[@:xI=m— Sy fij=3" [[[sn}] o (Mm o M(Q])] :

m

Here, [Sn] should be seen as a cylindrical extension in Hy from Hquar(sy)
Mm o M,J% isseen asa cylindrical extension in Hy from #g, and

qu (Lr# qvar(sm) ;

(vi)
[aif [q1 (@i - i) — S) fia] € @D (1) — [S]) - (6:21)

Here [S] should be understood as a cylindrical extension in Hy from Hqvar(s)
foreveryl <i <n,and

V=qu (Liquarﬁ)).

It should be mentioned that symbol o in clause (iii) and its first occurrence in
clause (v) of the preceding proposition stands for composition of quantum operations;
that is, (€2 o £1)(p) = &2(E1(p)) for all density operators p. But the symbol o
in clause (iv) and its second occurrence in clause (V) is used to define a quantum
operation from an operator; that is, for an operator A, Ao AT isthe quantum operation
En defined by Ea(p) = ApAT for every density operator p. Essentially, clauses (ii) -
(v) in this proposition are the same as the corresponding clausesin Proposition 3.3.1.
The proof of this proposition is deferred to Section 6.9. Actualy, the proof is
not difficult, although it is tedious. The reader is encouraged to try to prove this
proposition in order to gain a better understanding of Definitions 6.4.2 and 6.4.3.

The preceding proposition shows that the purely quantum denotational semantics
is almost compositional, but it is not completely compositional because the symbol
“€” appearsin equation (6.21). The symbol “€” can be understood as a refinement
relation. It isworth noting that in general the symbol “<€” in (6.21) cannot be replaced
by equality. Thisisexactly the reason that the purely quantum semantics of aprogram
has to be derived through its semi-classical semantics but cannot be defined directly
by a structural induction.

It should be stressed that the symbol “€” in equation (6.21) does not mean that
the purely quantum semantics of the quantum case statement is not well-defined. In
fact, it is uniquely defined by equations (6.19) and (6.20) as a quantum operation.
The right-hand side of equation (6.21) is not the semantics of any program. It is
the guarded composition of the semantics of programs S. Since it is the guarded
composition of afamily of quantum operations, it can be a set consisting of morethan
one quantum operation, as shown in Example 6.3.4. The semantics of the quantum
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case statement is one member of the set of quantum operationsin the right-hand side
of equation (6.21).

Exercise 6.4.1. Find an example to show that equation (6.21) is not true when
the symbol “ €” isreplaced by equality.

Equivalence between quantum programs can be introduced based on their purely
guantum denotational semantics. Roughly speaking, two programs are equivalent if
the outputs computed by them are the same for the same input. Formally, we have:

Definition 6.4.4. Let P and Q be two QUGCL programs. Then:

(i) Wesaythat P and Q are equivalent and write P = Q if
[Pl®Zq\p = [Q] ® Zp\Q.

where Zq\p isthe identity quantum operation in Hqvar (Q)\qvar(P) and Zp\q the
identity quantum operation in Hqvar P\ qvar(Q)-
(ii) The“coin-free” equivalence P =cg Q holdsif

tr’7"'5c:var(P)Ucva.r(Q) ([[P]] ® IQ\P) = tr7'tcvar(P)Ucva.r(Q) ([[Q]] ® IP\Q)

Thesymbol “tr” in this equation denotes partial trace. The partial trace on density
operatorswasintroducedin Definition 2.1.22. Furthermore, the notion of partial trace
can be generalized to quantum operations:. for any quantum operation £ in H1 ® Ho,
try4, (£) isaquantum operation from 1 ® H» to H defined by

tra, (E)(p) = tray, (E(p))

for all density operatorsp in H1 ® Ho.

Obvioudy, P = Q implies P =cg Q. The “coin-freg” equivalence means
that “coin” variables are only used to produce quantum control flows of programs
(or to realize superposition of programs, as discussed in the next section). The
computational outcome of a program P is stored in the “principal” state space
Havar (P)\cvar (P)- FOr the special case of gvar (P) = gvar (Q), we have:

« P=Qifandonlyif [P] = [Q]; and
* P=cr Qifandonlyif try; . o [P] = tr31q e, [Ql-

The naotions of equivalence given in the previous definition provide a basis for
guantum program transformation and optimization where the transformed programiis
required to be equivalent to the source program. A set of algebraic lawsthat can help
to establish equival ence between QUGCL programswill be presented in Section 6.6.

WEAKEST PRECONDITION SEMANTICS

Thenotion of quantum weakest precondition wasintroduced in Subsection 4.1.1, and
the weakest precondition semantics of quantum while-programs was presented in
Subsection 4.2.2. Here, we give the weakest precondition semantics of QUGCL pro-
grams, which can be derived from Proposition 6.4.1 together with Proposition 4.1.1.
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As in classical programming and in the case of quantum while-programs, weakest
precondition semantics provides us with a way for analyzing QUGCL programs
backwards.

Proposition 6.4.2

(i) wp.abort = 0;

(ii) wp.skip = 1;
(iii) wp.(P1; P2) = wp.P2 o wp.Py;
(iv) wp.g:=U[gl = Ufo Uy

(v)

wp.if (Om-M[Q:X] =m— Pp) fi
= > [0 Mm) o wp.Pr];
m

(vi) wp.gif [q](Qi - |i) — Py) fig e I (i) — wp.Py).

Some cylindrical extensions of quantum operations are used but unspecified
in the preceding proposition because they can be recognized from the context. It
should be noticed that the symbol o is used in two different ways, as remarked
after Proposition 6.4.1. Again, the symbol “€” in the preceding clause (vi) cannot
be replaced by equality because the right-hand side of clause (vi) is a set that may
contain more than one quantum operation.

We can define the refinement relation between quantum QuUGCL programs in
terms of their weakest precondition semantics. To this end, we first generalize the
Lowner order to the case of quantum operations: for any two quantum operations £
and F in Hilbert space H,

e £C Fifandonlyif £(p) C F(p) for all density operators p in H.

Definition 6.4.5. Let P and Q be two QUGCL programs. Then we say that P is
refined by Q and write P C Q if

Wp.P ® Zonp C WP.Q ® Ip\Qs

where Zg\p and Zp\q are the same as in Definition 6.4.4.

Intuitively, P = Q means that P is improved by Q because the precondition of
P is weakened to the precondition of Q. Itiseasyto seethat PC QandQ C P
implies P = Q. The notion of “coin-free” refinement can be defined in away similar
to Definition 6.4.4 (ii).

The refinement techniques have been successfully developed in classical pro-
gramming so that specifications (of users' regquirements) can be refined step by step
using various refinement laws and finally transferred to codesthat can be executed on
machines; see [27] and [172] for a systematic exposition of refinement techniques.
Thesetechniqueswere also extended to probabilistic programmingin[220]. Here, we
are not going to further consider how refinement techniques can be used in quantum
programming, but leave it as atopic for future research.
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AN EXAMPLE

To close out this section, we present a simple examplethat helps usto understand the
semantic notions introduced here.

Example 6.4.1. Let g be a qubit variable and x,y two classical variables.
Consider the QUGCL program

P = qif |0) — H[q];
if M@[q:x] =0 — X[ql;

O 1 - Y[q]
fi

U 1) — Jdql;
it MD[g:x1 =0 Y[q]
O 1— Z[q]
fi;
X[ql;
itMQ[q:yl=0- Z[q]
u 1 - X[q]

fi
fiq

whereM© M@ are the measurements on a qubit in computational basis |0), |1) and
basis |t), respectively (see Example 6.3.3), H isthe Hadamard gate, X, Y, Z are the
Pauli matrices, and Sis the phase gate (see Examples 2.2.1 and 2.2.2). The program
P is a quantum case statement between two subprograms Pg and P; with the “ coin”
omitted. The first subprogram Py isthe Hadamard gate followed by the measurement
inthe computational basis, where whenever the outcomeis 0, then the gate X follows;
whenever the outcomeis 1, then the gate Y follows. The second subprogram P isthe
gate S followed by the measurement in basis |+), the gate X, and the measurement
in the computational basis.

For simplicity, we write a for classical state [x < a] of program Py and bc for
classical state [x < b,y <« c] of program P; for any a,c € {0,1} and b € {+, —}.
Then the semi-classical semantic functions of Pg and P; are given as follows:

_X. H1(00
lPoll(0) = X - 0)(O| H—ﬁ( 1 1>,

_v. o (11
[Poll() = Y- 12)(1 H—ﬁ( o O),

0

i -1
MP1H(+0)=Z~|0)(0|.x.Y.|+><+|.S=%( (') )’
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—i 1
uP1ﬂ(+1)=x'|1)<1l~><-Y~|+)(+|~S=%( 0' o)

1
[P1lI(=0) = Z- [0)0] - X - Z - |=){~| s=%< 0 oI )

1 i
[P1]](—=1) =X |1)(1| - X-Z - |=){—| S:%( 0 o )

The semi-classical semantic function of P is an operator-valued function in the state
space of two qubits over classical states

A(P)={a®bc:ace{0,1l}andbe {+,—}}.
It follows from equation (6.14) that

[Pl(@a® bo)(10)l¢)) = A1(be) [0} ([[Poll(@)I¢)),
[LPl@® bc)(11)]¢)) = Aoal1)([[P1]/(bO)[@)),

where gq = %2 and Ay = 5 fora,c € {0,1) and b € {+, —}. Using

[Pl@@bo = Y ([Pl@a bolij)iijl,

i,je0,1
we can Compute:
01 0 O
1 01 0 O
0 0 -1 0
01 0 O
1 01 0 O
0 0 1 O
01 0 O
1 01 0 O
0 0 —-i O
-1 0 0 O
1 1 0 0 O
0O 0 -1 0
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-1 0 0 O
1 1 0 0 O
U_Pﬂ(l@-i—l):ﬁ o o —-i ol
0O 0 1 O
1 0 0 O
1 1 0 0 O
IPlde-0=Plde-b=_"21 § § 1 4
0 —i 0

Then the purely quantum semantics of program P is the quantum operation:

[P] = Z Eapc o E;bcv
a,ce{0,1} and be{+,—}

where Egpe = ||PJJ(a @ bc). Moreover, it follows from Proposition 4.1.1 that the
weakest precondition semantics of P is the quantum operation:

wp.P = Z E;bc o Eanc.
a,ce{0,1} and be{+,—}

Exercise6.4.2. Usethe preceding exampleto convinceyourself that equation (6.6)
isnot suitable for defining the semantics of a quantum case statement of which some
branch contains measurements.

QUANTUM CHOICE

Inthe previousthree sections, weintroduced the syntax and semantics of the quantum
programming language QUGCL with the new program construct of quantum case
statement. A notion of quantum choice can be defined in terms of the quantum case
statement. This notion is very useful for simplification of the presentation. But more
importantly, it is of independent significance conceptually.

CHOICES: FROM CLASSICAL TO QUANTUM via PROBABILISTIC

Theinitial ideaof quantum choice also comes from the definition of quantum walks.
To motivate the notion of quantum choice, let us go through a conceptual transition
from nondeterministic choice to probabilistic choice and then to quantum choice.

(i) Classical Choice: We first observe that nondeterminism arises from case
statement (6.2) as a consequence of the“ overlapping” of the guards
G1,Gy,...,Gy; that is, if more than one guards G; are true at the same time,
the case statement needs to select one from the corresponding commands S for
execution. In particular, if G = G, = - - - = G, = true, then the case
statement becomes a demonic choice:

O S (6.22)

where the alternatives § are chosen unpredictably.
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(ii) Probabilistic Choice: To formalize randomized algorithms, research on
probabilistic programming started in the 1980s with the introduction of
probabilistic choice:

01 S@pi (623

where {p;} is aprobability distribution; that is, p; > 0 for all i, and

> L, pi = 1. The probabilistic choice (6.23) randomly chooses the command
S with probability p; for every i, and thusit can be seen as a refinement (or
resolution) of the demonic choice (6.22).

(iii) Quantum Choice: Recall from Examples 2.3.1 and 2.3.2 that the single-step
operator of aquantumwalk isa*“ coin tossing operator” followed by a shift
operator, which, asindicated in Section 6.1, can be seen as a quantum case
statement. Simply following this idea, a general form of quantum choice can
be easily defined based on the notion of quantum case statement.

Definition 6.5.1. Let S be a program such that § = qvar(9), and let § be
programs for all i. Assume that quantumvariablesq are external to all S; that is,

an (Liquar(s>) = 0.

If {|i)} is an orthonormal basis of Hg, the state Hilbert space of the “ coin” system
denoted by g, then the quantum choice of §’swith “ coin-tossing” program Salong
the basis {|i)} is defined as

Sl (EBH) —>S> £ sqif (g1 @i - i) — S) fiq. (6:24)
i

In particular, if n = 2, then the quantum choice will be abbreviated to
Ss®Slor P sS.

This definition is not easy to understand in an abstract way. For a better
understanding of it, the reader should revisit Examples 2.3.1 and 2.3.2 with the idea
of this definition in mind. At this point, she/he can also moveto read Example 6.7.1
following.

Since a quantum choice is defined in terms of quantum case statements, the
semantics of the former can be directly derived from that of the latter.

Obvioudly, if the “coin-tossing program” S does nothing, that is, its seman-
tics is the identity operator in Hq, for example S=skip, then quantum choice
“[SI (6D li) — S)” coincides with quantum case statement “qjif [q] (i - |i) —> S)
fig”. In general, however, we should carefully distinguish a quantum choice from a
quantum case statement.

It is interesting to compare quantum choice (6.24) with probabilistic choice
(6.23). As said before, a probabilistic choice is a resolution of nondeterminism. In a
probabilistic choice, we can simply say that the choiceis made according to a certain
probability distribution, and do not have necessarily to specify how this distribution
is generated. However, when defining a quantum choice, a*“device” that can actually
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perform the choice, namely a “quantum coin,” has to be explicitly introduced. So, a
guantum choice can be further seen as a resolution of nondeterminism in the choice
of (quantum) “devices’ that generate the probability distribution of a probabilistic
choice. A mathematical formulation of thisideawill be given in the next subsection.

A Quantum Programming Paradigm — Super position-of-Programs:

A programming paradigm is a way of building the structure and elements
of programs. A programming language with quantum case statement and quan-
tum choice supports a hew gquantum programming paradigm — superposition-of-
programs. The basic idea of superposition-of-programswas already briefly discussed
in Subsection 1.2.2. Now, after introducing the formal definition of quantum choice,
thisidea becomes much clearer. Actually, programmers can think of quantum choice
(6.24) as a superposition-of-programs. More precisely, quantum choice (6.24) first
runs“ coin-tossing” program Sto create a superposition of the respective execution
paths of programs § (1 < i < n), and then enters a quantum case statement of
S, ..., S During the execution of the quantum case statement, each S is running
along its own path within the whole superposition of execution pathsof S, ..., S,.

Superposition-of-programscan be thought of as a higher-level superposition than
superposition-of-data. The idea of superposition-of-data is well-understood by the
guantum computation community, and the studies of quantum programming in the
previous chapters have been carried out around this idea. However, the studies
of superposition-of-programs are still at the very beginning, and this chapter and
the next represent the first step toward this new guantum programming paradigm.
Quantum case statement and quantum choice are two important ingredients in the
realization of the quantum programming paradigm of superposition-of-programs.
But only quantum case statement was introduced as a primitive program construct
in the syntax of QUGCL because quantum choice may be easily defined as a derived
program construct from quantum case statement. In the next chapter, the notion of
guantum recursion with quantum control flow will be introduced in order to further
realize the superposition-of-programs paradigm.

QUANTUM IMPLEMENTATION OF PROBABILISTIC CHOICE

The relationship between probabilistic choice and quantum choice was briefly
discussed after Definition 6.5.1. Now we examine this relationship in a more precise
way. To this end, we first expand the syntax and semantics of QUGCL to include
probabilistic choice.

Definition 6.5.2. Let P; bea QUGCL programfor each1 < i < n,andlet { pi}i”:l
be a sub-probability distribution; that is, p; > Ofor each1 <i < nand Zi”:l p <1l
Then

(i) The probabilistic choice of Py, . . ., P, according to { pi}i”:1 is

n
> Pi@p:.
i=1
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(ii) The quantum variables of the choice are:

n n
quar (Zpi@pi) = quar(Pi)-

i=1 i=1

(iii) The purely quantum denotational semantics of the choiceis:

|lz Pi@pi]] => n- [Pl (6.25)
i=1 i=1

Intuitively, program Y i, Pi@p; chooses P; to execute with probability p; for
every 1 < i < n, and it aborts with probability 1 — Y L, pi. The right-hand
side of equation (6.25) is the probabilistic combination of quantum operations [P;i]
according to distribution {p;}; that is,

(Z Pi - [[Pi]]) () =Y _pi-[Pil(p)

i=1 i=1

for all density operators p. It is obviousthat i, pi - [Pi] is a quantum operation
too.

A clear description about the relationship between probabilistic choice and
guantum choice requires us to further expand the syntax and semantics of QUGCL
by introducing local quantum variables.

Definition 6.5.3. Let S be a QUGCL program, § a quantum register and p a
density operator in Hg. Then

(i) Theblock command defined by Srestrictedto g = p is:
begin local §:= p; Send. (6.26)
(ii) The quantum variables of the block command are:
gvar (begin local 4 := p; Send) = qvar (S \ G

(iii) The purely quantum denotational semantics of the block command is given as
follows:

[begin local § := p; Send] (o) = try([S)(o ® p))

for any density operator o in Hqvar(s)\g- Here, the symbol “ tr” stands for
partial trace (see Definition 2.1.22).

Thisdefinitionisessentialy arestatement of Definition 3.3.7. Theonly difference
between them is that in block (6.26), g has to be initialized before program Susing
the statement G := p, sinceinitiaization is not included in the syntax of QUGCL.
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Let us consider a simple example that can help us to understand the preceding
two definitions.

Example 6.5.1. (Continuation of Example 6.3.3; Probabilistic mixture of
measurements). Let M@ and M@ be the measurements on a qubit in the
computational basisand in the basis |+), respectively. We consider a random choice
between M© and M.

« If we perform measurement M@ on qubit p in state |y) and discard the
outcomes of measurement, then we get

po =M [¥) (W IM + My M
« |f we perform measurement M on |v) and discard the outcomes, then we get
p1=MP )W IMY + MP ) D,

Here, measurement operators M(()O) , M§°> , Mfrl) MY areasin Example 6.3.3. We now
take the unitary matrix

(% )

wheres,r > 0ands+r = 1, and introducea “ coin” qubit q. Let

P =ifMP[p:x] = 0— sip
O 1— skip
fi

for i = 0,1, and put the quantum choice of Pg and P; according to the “ coin tossing
operator” U into a block with the “ coin” qubit q asalocal variable:

P = beginlocal q := |0); P yjq © P1 end
Thenfor any |/) € Hp, i € {0,1} andj € {4+, —}, we have:

[PIAY) () = trog, ( > |wi,-><wij|)
{+—}

i€e{0,1} andje

=2( > MM+ 3 %Mj(”lwwiw(l))
€01 jetto)

= Spo +I'p1,

where:

IWij) = Mij(UIO) ) = \/§|0)Mi(0)|¢> n \/;DMJ_(DW)'
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and measurement operators Mj; are as in Example 6.3.3. So, program P can be
seen as a probabilistic mixture of measurements M© and M@, with respective
probabilitiess, r.

Now we are ready to precisely characterize the relationship between probabilistic
choice and quantum choice. Roughly speaking, if the “coin” variables are immedi-
ately treated as local variables, then a quantum choice degenerates to a probabilistic
choice.

Theorem 6.5.1. Let qvar (S) = G. Then we have:

n n
bQMmm¢=mm(eywes)md=2p@m (6.27)

i=1 i=1

where probability pi = (i|[F](p)li) for every1 <i < n.

For readability, the tedious proof of this theorem is deferred to Section 6.9. The
inverse of this theorem is also true. For any probability distribution { pj}._;, we can
find an n x n unitary operator U such that

p=Uipl2(l<i<nm.

So, it follows immediately from the preceding theorem that a probabilistic choice
Zin=1 S@p;i can aways be implemented by a quantum choice:

n
begin local § := |0); [U[T]] (@ iy — S) end
i=1

where q is a family of new quantum variables with an n-dimensional state space.
As said in Subsection 6.5.1, probabilistic choice (6.23) can be thought of as a re-
finement of nondeterministic choice (6.22). Since for a given probability distribution
{pi}, thereis more than one “coin program” Sto implement the probabilistic choice
>, S@pi in equation (6.27), aquantum choice can be further seen as arefinement
of a probabilistic choice where a specific “device” (quantum “coin”) is explicitly
given for generating the probability distribution {p;}.

ALGEBRAIC LAWS

The algebraic approach has been employed in classical programming, which estab-
lishes various algebraic laws for programs so that calculation of programs becomes
possible by using these laws. In particular, algebraic laws are useful for verification,
transformation and compilation of programs. In this section, we present a family of
basic algebraic lawsfor quantum case statement and quantum choice. For readability,
all of the proofsof these laws are postponed to Section 6.9.
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Thelaws given in the following theorem show that the quantum case statement is
idempotent, commutative and associative, and sequential composition is distributive
over the quantum case statement from the right.

Theorem 6.6.1 (Laws for Quantum Case Statement).

(i) Idempotent Law: If § = Sfor all i, then
qif i iy — S) fig=S
(ii) Commutative Law: For any permutation 7 of {1, ..., n}, we have:

gif [q1(T4i - i) > Syy) fig
= U [aqif [q] (OLyi - ) — §) fig;UcLal,

where:

(a) ttistheinverseof r,i.e, t~1(i) =jifandonlyif r(j) =i for
i,je{l,...,n}; and

(b) U (respectively U,-1) isthe unitary operator permutating the basis {|i)}
of Hg With T (respectively r ~1); that is,

Uz (i) = [z(i) (respectively U,—1(1i)) = [z ~L()))

foreveryl <i <n.
(iii) Associative Law:

qif (Ci- iy — aif (Dji - lii) — S;;) fig) fiq
= qif @ (Ci.ji - 1.Ji) — Sj;) fig

for some family o of parameters, where the right-hand side is a parameterized
guantum case statement that will be defined in Subsection 6.8.1.
(iv) Distributive Law: If g gvar (Q) = ¢, then

aif [q] @i - i) - §) fig; Q =cr qif @[] i - [i) — (§;Q) fiq

for some family o of parameters, where the right-hand side is a parameterized
guantum case statement. In particular, if we further assume that Q contains no
measurements, then

qif [q] @i - li) — §) fig;Q = qif [q] i - li) — (S: Q) fig.

A quantum choice is defined as a “coin” program followed by a quantum case
statement. A natural question would be: is it possible to move the “ coin” program
to the end of a quantum case statement? The following theorem positively answers
this question under the condition that encapsulation in a block with local variablesis
allowed.
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Theorem 6.6.2. For any programs § and unitary operator U, we have:

n
[Ural) (@n) E s) = qif (i - UJJi) — §) fi; U[q). (628)
i=1

More generally, for any programs § and Swith § = qvar (S), there are new quantum
variables T, a pure state |¢o) € Hr, an orthonormal basis {|ij)} of Hg ® Hr,
programs Qjj, and a unitary operator U in Hg ® Hr such that

i=1

n
[S] (EBIi) - s) = begin local T := |¢o);

u[g,t]
end.

The next theorem is the counterpart of Theorem 6.6.1 for quantum choice,
showing that quantum choice is also idempotent, commutative and associative, and
sequential composition is distributive over quantum choice from the right.

Theorem 6.6.3 (Laws for Quantum Choice).

(i) Idempotent Law: If gvar(Q) =, tr[Q(p) = 1land S = Sforall 1 <i < n,
then

i=1

n
begin local § := p; [Q] (@ iy > S) end=S

(ii) Commutative Law: For any permutation 7 of {1,.. ., n}, we have:
n n
(S|P = Sy | =ISULan | Py > S | ;U -alal,
i=1 i=1

where gvar (S) = G, and U, U,—1 arethesame asin Theorem 6.6.1 (2).
(iii) Associative Law: Let

m
F={Gjp:1<i<mandl<j <m}=Jdi} x{1....,nm)
i=1

and

R=[S] (éli)%Qi)-
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Then

(qmali) — [Qi] (EnIB lji) — Riji)) = [R@)] ( EB li,ji) = Riji) ,

ji=1 (ijier

for some family @ of parameters, where the right-hand side is a parameterized
guantum choice defined in Subsection 6.8.1.
(i) Distributive Law: If gvar(S) N qvar(Q) = @, then

n n
Sl (@ li) > s) ;Q =cr [S@)] (@ li) > (S;Q))
i=1 i=1
for some family @ of parameters, where the right-hand side is a parameterized
guantumchoice. Here, symbol “ =cg” standsfor “ coin-free” equivalence (see
Definition 6.4.4). In particular, if we further assume that Q contains no
measurements, then

i=1 i=1

E (éuma) Q=1 (éli)—> (S;Q))-

ILLUSTRATIVE EXAMPLES

A theory of programming with quantum case statements and quantum choice has
been developed in the previous sections, using the quantum programming language
QUGCL. In this section, we give some examples to show how some quantum
algorithms can be conveniently written as programsin the language QUGCL.

QUANTUM WALKS

The design of the language QUGCL, in particular the definition of quantum case
statement and quantum choice, was inspired by the construction of some simplest
guantum walks. A large number of variants and generalizations of quantum walks
have been introduced in the last decade. Quantum walks have been widely used in the
development of quantum algorithmsincluding quantum simulation. Various extended
guantum walks in the literature can be easily written as QUGCL programs. Here, we
only present several simple examples.

Example6.7.1. Recall from Example 2.3.1 that the Hadamard walk is a quantum
generalization of a one-dimensional randomwalk. Let p, ¢ be the quantum variables
for position and coin, respectively. The type of variable p is the infinite-dimensional
Hilbert space
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e¢]

o
Hp =span{in) :ne Z (integers)} = 1 > anlm = Y en? < oof,
N=—00

N=—00

and the type of c is the 2-dimensional Hilbert space H; = span{|L), |R)}, where
L, R stand for Left and Right, respectively. The state space of the Hadamard walk is
H = Hc® Hp. Let 13, betheidentity operator in Hp, H the 2 x 2 Hadamard matrix
and T, Tr the left- and right-trandations, respectively; that is,

Tn) =[n—1), TrIN) =In+1)

for every n € Z. Then a single step of the Hadamard walk can be described by the
unitary operator

W= (LLI®TL+ |IR(R®TRH®® |7_[p). (6.30)
It can also be written as the QUGCL program:

TLIPIH[ @ TrIPI = HIcl; qif [c] [L) — TL[p]
O R — TrIp]

fig.

This program is the quantum choice of the left-trandation T and the right-
trandation Tr according to the “ coin” program H[c]. The Hadamard walk repeat-
edly runsthis program.

The following are several variants of this walk considered in the recent physics
literature.

(i) Asimplevariant of the Hadamard walk is the unidirectional quantumwalk,
where the walker either moves to the right or stays in the previous position. So,
the left-translation T should be replaced by the program skip whose
semantics is the identity operator 1, and a single step of the new quantum
walk can be written as the QUGCL program:

skipy e @ TRIPI-

It is a quantum choice of skip and the right-translation Tg.

(ii) A feature of the Hadamard walk and its unidirectional variant is that the “ coin
tossing operator” H isindependent of the position and time. A new kind of
guantumwalk was proposed, where the “ coin tossing” operator depends on
both position n and time t:

1 c(n,t) s(n,t)
cht =% ( st —dfcnt) ) '
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(iii)

Then for a giventimet, step t of the walk can be written as the QUGCL
program:

Wt = qif [p](On - In) — C(n,t)[c]) fig;
qif [c] |L) — TL[p]
g IR — TrIpl
fig.

The program W is a sequential composition of two quantum case statements.
In the first quantum case statement, “ coin-tossing” program C(n, t) is selected
to execute on quantum coin variable ¢ according to position |n), and a superpo-
sition of different positionsis allowed. Furthermore, since W; may be different
for different time pointst, the first T steps can be written as the program:

Another simple generalization of the Hadamard walk is the quantumwalk

with three“ coin” states. The“ coin” space of thiswalk is a 3-dimensional
Hilbert space H¢ = span{|L}, |0}, |R)}, where L and R are used to

indicate moving to the left and to the right, respectively, as before, but 0 means
staying at the previous position. The“ cointossing” operator isthe unitary

Then a single step of the walk can be written as the QUGCL program:
[Ulcll (IL) — Ti[pl @ |0) — skip & |[R) — TRIpD) -

Thisis the quantum choice of skip, the left- and right-translations according
tothe“ coin” programUj[c].

The quantum walks in this example have only a single walker as well asasingle
“coin.” In the following two examples, we consider some more complicated quantum
walks in which multiple walkers participate and multiple “coins’ are equipped to
control the walkers.

Example6.7.2. We consider a one-dimensional quantumwalk driven by multiple

“coins’ Inthiswalk, thereis still a single walker, but it is controlled by M different
“coins’. Each of these “coins’ has its own state space, but the “ coin tossing”
operator for all of them is the same, namely the 2 x 2 Hadamard matrix. Now
let variable p, Hilbert spaces Hp, Hc and operators T., Tr,H be the same as in
Example6.7.1, and let cy, . . ., cv bethe quantumvariablesfor the M “ coins” Then
the state space of thewalk is
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M
H = ®Hcm®7'lp.

m=1

where He,, = Hc for all 1 < m < M. Wewrite

for 1 < m < M. If we cycle among the M “ coins,” starting fromthe“ coin” ¢z, then
thefirst T steps of the walk can be written in the language QUGCL as follows:

Wi - .. s Wi We

where Wy isiterated for d = |T/M] times, andr = T — Md isthe remainder of T
divided by M. This programis a sequential composition of T quantum choices of the
left- and right-translations controlled by different “ coins”

Example 6.7.3. We consider a quantumwalk consisting of two walkerson a line
sharing “ coins” The two walkers have different state spaces, and each of them has
itsown “ coin” So, the state Hilbert space of the whole quantumwalk is He ® He ®
Hp ® Hp. If the two walkers are completely independent, then the step operator of
thiswalkisW® W, where W is defined by equation (6.30). But moreinteresting isthe
case where a two-qubit unitary operator U isintroduced to entangle thetwo “ coins”
This case can be thought of as that the two walkers are sharing “ coins”” A step of
this quantumwalk can be written as a QUGCL program as follows:

Ulcy, ¢l (TLlonIHiey @ TrIG1) ; (TLIO2]H e, @ TRIOR])

where qp, g2 are the position variables and c1, ¢; the “ coin” variables of the two
walkers, respectively. Here, the two walkers both use the Hadamard operator H for
“ coin-tossing”

Obvioudly, a generalization to the case with more than two walkers can also be
easily programmed in QUGCL.

QUANTUM PHASE ESTIMATION

Not only quantum walk-based algorithms can be conveniently programmed in the
language QUGCL. In this subsection, we show how to program a quantum phase
estimation algorithm in QUGCL. Recall the algorithm from Subsection 2.3.7, given
aunitary operator U and its eigenvector |u). The goal of thisalgorithm isto estimate
the phase ¢ of the eigenvalue €¥™'¢ corresponding to |u). The algorithm is descri bed
inFigure6.1. Here, foreachj = 0,1, ... ., t—1, an oracle performsthe controlled-U?
operator, and FTT stand for the inverse quantum Fourier transform.
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* Procedure:

) ' 21
H® onthefirstt qubits 1 .
1.10)®Yu) - — > i)
vz

2.

2
acles =
V2

t
oracles 1 Zl |j)Uj|u) = 1 zijleZ”ij(pUHU)
=0 vz j=0

FTt 1 thlez i 1 2 2rijk/2t
3.5 =) e[ =" eV | |u)

measurethefirstt qubits
—

4. (m)[u),
FIGURE 6.1
Quantum phase estimation.
Now we use qubit variables qy, . . ., gt as well as a quantum variable p of which

the type is the Hilbert space of unitary operator U. We also use a classical variable
to record the outcomes of a measurement. Then quantum phase estimation can be
written asthe QUGCL program in Figure 6.2, where:

e Program:

1. Skilecll &S,

. skipH[Ct] DS,
Ot := Hlatl;

Tt;

Gt—1 = HIG-11;
Ti—1;

- Gt—2 ‘= Hlg—21;

8. Tp;

9. g1 = Hla];
10. if (A M[Qq,...,0t : X] = m— sKip) fi

N o oA W N

FIGURE 6.2

Quantum phase estimation program.




6.8 Discussions 249

e forl<k<t,
S =q:=U[ql;...;q:=Ul[q]

(the sequential composition of 2<~1 copies of unitary transformation U);

» for2 < k < t, the subprogram Tk is given in Figure 6.3, and the operator R:i in Tk

isgiven by
i_(1 0O :
Re=\ o e2ri/x |
1. qif [qt] |0) — skip
20 |1 — Rl
3. fiq;
4. qif [gr—1]10) — skip
5.0 1) - R [Ok-1]
6. fiq;
7. qif [Ok4-1] [0) — sKkip
9. O 1) — R}lk_1]
10. fiq
FIGURE 6.3

Subprogram Ty.

*« M= {Mpn:me {0,1}!} isthe measurement on t qubits in the computational
basis; that is, Mm = |m)(m| for every m e {0, 1}.
e SubprogramsTy,... Tk aredisplayed in Figure 6.3.

It can be seen from equation (2.24) that the part made up of lines 3-9 in the phase
estimation program (Figure 6.2) is actualy the inverse quantum Fourier transform.
Since the language QUGCL does not include any initialization statement, |0)!|u) in
Figure 6.1 can only be seen as an input to the program.

DISCUSSIONS

In the previous sections, the two program constructs of quantum case statement
and quantum choice have been thoroughly studied, and they were used to program
guantum walk-based algorithms and quantum phase estimation. It was mentioned in
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Subsection 6.3.3 that a choice of coefficients different from that in Definition 6.3.5
is possible, which implies the possibility of a different semantics of a quantum case
statement. This section is devoted to discussing several variants of quantum case
statement and quantum choice. These variants can only appear in the quantum setting
and have no counterparts in classical programming. They are both conceptually
interesting and useful in applications. Indeed, some of these variants were already
used in the statements of several algebraic lawsin Section 6.6.

COEFFICIENTS IN GUARDED COMPOSITIONS OF QUANTUM
OPERATIONS

The coefficients in the right-hand side of the defining equation (6.14) of guarded
composition of operator-valued functions are chosen in a very special way, with a
physical interpretation in terms of conditional probability. This subsection showsthat
other choices of these coefficients are possible.

Let usfirst consider the smplest case: the guarded composition

n
U2 Pk - U
k=1

of unitary operators Ui (1 < k < n) in aHilbert space  along an orthonormal basis
{|k)} of a“coin” Hilbert space H.. If for each 1 < k < n, we add a relative phase 6k
into the defining equation (6.10) of U:

UK () = €%k Uyly) (6.31)

for al |v) € H, then equation (6.11) is changed to
U (Zak|k>|wk>> =" ) Uk lyr). (6.32)
k k

Note that phases 6k in equation (6.31) can be different for different basis states |k).
It is easy to see that the new operator U defined by equation (6.31) or (6.32) is still
unitary.

The idea of adding relative phases also applies to the guarded composition of
operator-valued functions. Consider

n
FEP (k- Fo
k=1

where {|k)} is an orthonormal basis of #., and Fi is an operator-valued function in
H over Ay for every 1 < k < n. We arbitrarily choose a sequence 61, . . ., 6, of real
numbers and change the defining equation (6.14) of F to
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n
F@p_d0lv) =) % (]‘[ m.) 1K) (Fk (810 1K) (6.33)
k=1 I£k

for any state

n
W) =) Kk € He® H,
k=1

where Aj5’s are the same as in Definition 6.3.5. Then it is clear that F defined
by equation (6.33) is still an operator-valued function. Indeed, this conclusion is
true for a much more general definition of guarded composition of operator-valued
functions. Let Fyx be an operator-valued function in # over Ax foreach1 < k < n,
and let

‘l<k<n§erd=1.. . k-1k+1,..., n)} (6.34)

be afamily of complex numbers satisfying the normalization condition:

)> 2 2
815410k—1,0k+1,---,0n
01€A1,...,0k—1€ Ak—1,0k+1E€ Ak+1,---,0n€An

-1 (6.35)

for every 1 < k < n. Then we can define the @-guarded composition

n
FE@@ i) — Fo
k=1

of Fx (1 < k < n) dong an orthonormal basis {|k)} of Hc by

forany |v1),...,|¥n) € H andfor any §k € Ak (1 < k < n). Note that coefficient

®
81 e Bk 1.8kt L0ees8n
does not contain parameter . This independence together with condition (6.35)
guarantees that the @-guarded composition is an operator-valued function, as can
be seen from the proof of Lemma6.3.2 presented in Section 6.9.
Example6.8.1

(i) Definition 6.3.5isa special case of @-guarded composition becauseif for any
l<i<nandéke Ax(k=1,...,i—1i+1,...,n,weset

ke£i
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where s, s are given by equation (6.15), then equation (6.36) degeneratesto
(6.14).
(ii) Another possible choiceof @ is

1
81181184 sy T =
1,0i+1,-+,0n /—l_[k¢i|Ak|
foralll<i<nandéxe Ax(k=1,...,i—1,i+1,...,n). Obviously, for

this family @ of coefficients, the a-guarded composition cannot be obtained by
modifying Definition 6.3.5 with relative phases.

Now we are able to define parameterized quantum case statement and quantum
choice.
Definition 6.8.1

(i) Letq, {|i)} and {S} beasin Definition 6.2.1 (iv). Furthermore, let the classical
states A(S) = A for every i, and let o be a family of parameters satisfying
condition (6.35), asin equation (6.34). Then the &-quantum case statement of
S, ..., S guarded by basis states |i)'sis

= qif @[q] @i - [i) > ) fiq (6:37)

and its semi-classical semanticsis
n
ISl = @ P (1y — 1S1) -
i=1

(ii) LetS {i)} and S§’sbeasin Definition 6.5.1, and let @ be as above. Then the
o-quantum choice of §’s according to Salong the basis {Ji)} is defined as

[S@)] (EBH) - s) = Saif @[] @i - i) - §) fiq.
i

The symbol [G] in quantum case statement (6.37) can be dropped whenever
guantum variables g can be recognized from the context. At the first glance, it seems
unreasonabl e that the parametersa in the syntax (6.37) of @-quantum case statement
areindexed by the classical states of §. But thisis not problematic at al because the
classical states of § are completely determined by the syntax of S.

The purely quantum denotational semantics of the @-quantum case statement can
be obtained from its semi-classical semantics according to Definition 6.4.3, and the
semanti cs of @-quantum choice can be derived from the semantics of the @-quantum
case statement. The notions of parameterized quantum case statement and quantum
choice were already used in the presentation of several theoremsin Section 6.6.
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Problem 6.8.1. Prove or disprove the following statement: for any @, there exists
a unitary operator U such that

aif @1 @i - fi) - §) fig=[U[T]] (EBIi) - S) :
i

What happens when U[q] is replaced by a general quantum program (of which the
semantics can be a general quantum operation rather than a unitary)?

QUANTUM CASE STATEMENTS GUARDED BY SUBSPACES

A major difference between case statement (6.2) of classical programs and quantum
case statement (6.9) can be revealed by a comparison between their guards. the
guards G; in the former are propositions about the program variables, whereas the
guards|i) inthelatter are basis states of the“ coin” space H¢. However, thisdifference
is not as big as we imagine at first glance. In the Birkhoff-von Neumann quantum
logic [42], a proposition about a quantum system is expressed by a closed subspace
of the state Hilbert space of the system. This observation leads usto away to define
guantum case statement guarded by propositions about the “coin” system instead of
basis states of the“ coin” space.

Definition 6.8.2. Let g be a sequence of quantum variables and {S} be a family
of quantum programs such that

an (L.J qvar(S)) =0

Suppose that {X;} is a family of propositions about the “ coin” systemq, i.e., closed
subspaces of the* coin” space Hgq, satisfying the following two conditions:

(i) Xi'sarepairwise orthogonal, i.e., X, L X, provided iy # iz;
(ii) ;X = span (U; X)) = Hg-
Then

(i) The quantum case statement of §'s guarded by subspaces X;’s:
S= qif [q](@i- X — §) fiq (6.38)

isa program.
(ii) The quantumvariablesof Sare:

qvar(S) =qu (U qvar(S)) .
i
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(iii) The purely quantum denotational semantics of the quantum case statement is:

[S] = {[aif (G (C,ji - lgij;) — Sij;) fia] : {lgij)} isan orthonormal

. . . (6.39)
basisof X; for eachi, and §j; = § for every i, ji}.

Intuitively, {X;} in quantum case statement (6.38) can be thought of as a partition
of thewhole state Hilbert space Hq. For simplicity, the variablesT in equation (6.38)
can bedropped if they can berecognized fromthe context. It isclear that the (digoint)
union |J;{|eij;)} of the bases of subspaces X;’s in equation (6.39) is an orthonormal
basis of the whole “ coin” space Hc. From the right-hand side of eguation (6.39),
we note that the purely quantum semantics of program (6.38) guarded by subspaces
is aset of quantum operations rather than a single quantum operation. So, quantum
case statement (6.38) is a nondeterministic program, and its nondeterminism comes
from different choices of the bases of guard subspaces. Furthermore, a quantum case
statement guarded by basis states of these subspacesis a refinement of quantum case
statement (6.38). On the other hand, if {|i)} is an orthonormal basis of g, and for
each i, X; is the one-dimensional subspace span{|i)}, then the previous definition
degenerates to the quantum case statement (6.9) guarded by basis states |i).

The notion of equivalencefor quantum programsin Definition 6.4.4 can be easily
generalized to the case of nondeterministic quantum programs (i.e., programs with
a set of quantum operations rather than a single quantum operation as its semantics)
provided we make the following conventions:

* If Qisaset of quantum operations and F a quantum operation, then
QRIF ={EQRF &€}

* Weidentify a single quantum operation with the set containing only this
guantum operation.

Some basic properties of quantum case statement guarded by subspaces are given in
the following:
Proposition 6.8.1

(i) If for everyi, S doesnot contain any measurement, then for any orthonormal
basis {|¢jj;)} of Xi (1 <i < n), we have:

qif Qi - X — §) fig = qif (Tiji - lej) — S;;) fig

where Sj, = S for every i, ji. In particular, if for every i, Uj isa unitary
operator in Hg, then

qif [p](di - Xj — Ui[Tg)) fig = U[p,T]
where

U=> (x ®U
i

isan unitary operator in Hpug.
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(ii) Let U beaunitary operator in Hg. If for everyi, X; isan invariant subspace of
U,i.e,

UX = {U[y) @ [¥) € Xi} S Xi,

then

urgl;qif (91 @i - X — S) fig;uT[g] = qif [q] (@i - X — §) fig.

Exercise 6.8.1. Prove Proposition 6.8.1.

We conclude this section by pointing out that a generalized notion of quantum
choice can be defined based on either a parameterized quantum case statement or
guantum case statement guarded by subspaces, and the algebraic |aws established in
Section 6.6 can be easily generalized for a parameterized quantum case statement
and quantum choice as well as those guarded by subspaces. The details are omitted
here, but the reader can try to figure it out as an exercise.

PROOFS OF LEMMAS, PROPOSITIONS AND THEOREMS

The proofs of the main lemmas, propositions and theoremsin this chapter all include
tedious calculations. So, for readability, these results have been stated in the previous
sections without proofs. To complete this chapter, here we present their detailed
proofs.

Proof of Lemma 6.3.2. Let F be the operator-valued function given in Defini-
tion 6.3.5. We write:

>

Y F@Ls)T F@L.
§1€A1,....0n€EAR

Let us start with an auxiliary equality. For any |®), |¥) € Hc ® H, we can write

n n

|©) =) " li)lgi) and [W) = > [i)]v7)

i=1 i=1

where |¢i), |¥i) € H foreach 1 <i < n. Then we have:
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(@F W)= Y (@IF@Lo)" - F@lov)
81,4100
n

= > > T | U TT M | @il R0 TR @intvin)
81,,8n1,i/=1 \Ki kti’
=y Z(HMk&k ) (il Fi &) T Fi8) 1)
810,00 i=1 \K#i
. (6.40)

=y > [T1el? | Y twilFi) TR Iv)
i=1 [ 81,.,0i—1,8i4+1,--,0n \KH#i i
n

=Y (wilFiG) TFinIvi)
i=1 §i
n
=Y (ol Y FiG) TR I
i=1 8

because for each k, we have:
Z|)‘k5k|2=1'
Sk
and thus
> [Tesd® | =TT D ad® | = (6.42)

8140-18i=1,0i4+1,---,0n \K#i k£i Sk

Now we are ready to prove our conclusions by using equation (6.40).

(i) Wefirst provethat F C 1y g, i.e., F isan operator-valued functionin He ® H
over D/, An. It suffices to show that

(O[F|®) < (2|P)

foreach |®) € Hc ® H. Infact, foreachl < i < n, sinceFj isan
operator-valued function, we have:

Y FGnTRIG) E 1y
S

Therefore, it holds that

(@il Y FiGnTFi) i)

3i

< {pilei).
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Then it followsimmediately from equation (6.40) that
n
(®F|®) < Z(wilwi) = (P|P).
i=1

So, F is an operator-valued function.
(ii) Secondly, we prove that FEsfuII for the casewhereal F; (1 <i < n) arefull.
It requires usto show that F = |9, g7¢. Infact, for every 1 < i < n, we have:

Y OFiG)TFRiIG) = Iy
3i

because F; isfull. Thus, it follows from equation (6.40) that

(@IFIW) = ) _{gilyi) = (@|¥)

Y-

1
N

for any | @), |¥) € He ® H. So, it holdsthat F = l4.07¢ Dy arbitrariness of | )
and W), and F isfull.

Proof of Proposition 6.4.1. Clauses (i) to (iv) are obvious, and we only prove (v)
and (vi).

(1) To proveclause (v), let
S= if (Om-M[GQ:X] =m— Sy) fi.

Then by Definitions 6.4.2 and 6.4.3, for any partial density operator p in
Hovar(s), We have:
[Sley =" > ISIGIx < mhp[[S]Gix < mpT

m 5eA(Sn)

=Y Y (ISn®) ® lqarsavar(sm) (Mm @ lqvar(9)\0)
m 5eA(Sm)

p (W; ® 'qvar(&\q) (Usﬂﬂ ®fe Ianf(S)\qvaf(STD>
=2 Y (USl® @ lqer s qarisn) (MmoMm)

m §eA(Sn)
(Us”ﬂﬂ ®f e |qvar(S)\qvar(Sq1))
= > [Sm] (MmoM#b)
= (Z [Mm o M; ﬂSﬂﬂ]) ).
m

(2) Finally, we prove clause (vi). For simplicity of the presentation, we write:

S= qif [q1@i - i) — ) fig.
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By Definitions 6.4.2, we obtain:

LS = €D (i) ~ 1S1)-

Notethat || S| € F([S]) forevery 1 <i < n, whereF(£) stands for the set of
operator-val ued functions generated by quantum operation £ (see
Definition 6.3.3). Therefore, it follows from Definition 6.4.3 that

[S]=¢&dsh e {5 (@(m — Fi)) Fi e F([S]) foreveryi
—GB liy - [S])-

Proof of Theorem 6.5.1. To simplify the presentation, we write;
R= qif [q1@Ti- i) — §) fiq.

To provethe equival ence of two QUGCL programs, we have to show that their purely
guantum semantics are the same. However, purely quantum semantics is defined in
terms of semi-classical semantics (see Definition 6.4.3). So, we need to work at the
level of semi-classical semanticsfirst, and thenlift it to the purely quantum semantics.
Assume that the semi-classical semantics ||S || is the operator-valued function over
Aj such that

IS8 = Eis,

for each §;j € A;. Let states |y) € Hyn, quar(s) and |¢) € Hg. We can write |¢) =
Zinzlomi) for some complex numberse; (1 <i <n). Thenforany i e Aj (1 <i <
n), we have:

[Ws;..50) = LLRJJ@ —150 (@) YD)

=[RI8 (Zaili)lw))

i=1

n
= Zai (Hkkgk) ||)(Ela,|w>)

i—1  \kei

where Ai5;’s are defined as in equation (6.15). We continue to compute:

n
1Wsy.50) (Wsy50] = {a.a (]‘[mk) (]‘[mk) li) Gl ®Eiai|w><w|E,-Ej]

=1 ki K]
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and it follows that

2
tryql%l...an)<\1’51...5n|—ZI%I (]‘[mk) Eis 1) (W E];-

i=1 KA

Using equation (6.41), we obtain:

try [RI(ev) (0¥ ]) =tqu( Z I\Ifal...an)<\1’51...5n|)

81404400
= )t Wy s (Woy. sl

n 2 (6.42)
= laif? { ) (]‘[xksk) ] : {Z Eiaiw)(mEgl

i=1 1yeesSi—1s8i4 1000 \KAI i
n

= > 1aiP[STY) ().

i=1

Now we do spectral decomposition for [F)(p), which is a density operator, and
assume that

[SI(e) =D slen(al.
|

We further write |g) = Y ;aili) for every |. For any density operator o in
HU{‘:_lqvar(S)’ we can write o in the form of o = >, m|¥m) (¥ml. Then using
equation (6.42), we get:

i=1
=t [SR](0 ® p) = try, [R] (0 ® [S(p))

= try;5[R] (Z S [Ymen) (Ve |)
m,|

= Z rmS o [RI(¥mer) (Ymer )
m,|

n
[begin local  := p; [S] (GB iy — s) end] (o)
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n
=3 s Y e IS T(¥m) (W)

m,| i=1

=Y slil?[s] (Zrm|¢m><wm|)
I i=1 m

=" Y sleil’[S]©)
| i=1

i=1

n n
=y (Zslan@) [S](o) = NZS@QN ©),
i=1 \ |
where:

pi =Y slil® =Y s(len (el
| |

= (il (Zawn«m) li) = (IS (o)D)
|

Proof of Theorem 6.6.2. We first prove the easier part, namely equation (6.28).
Let LHS and RHS stand for the left- and right-hand side of equation (6.28),
respectively. What we want to prove is [LHS] = [RHS]. But as explained in the
proof of Theorem 6.5.1, we need to work with the semi-classical semantics, and
show that ||LHS| = ||RHS||. Assumethat ||S || is the operator-valued function over
Aj such that

IS = Fis,
foreach §i € Aj (1 <i < n). Wewrite:
S= qif (i - ug|i> - 5)fig.

Then for any state [y) = Y1, [i)[i), where [yi) € Hy (L <i <n),andV =
UL qvar(S), we have:

ISli@_y8)1¥) = [SI(L18) {Z (Z Uij<u;§|j>>) w}

i=1 \j=1
Uij|1//i)):|
UijWi)) ,
1

M- L=

n
= [ISl(@L,5) {Z(ugm) (

=1 i

=3 (]'[ xksk) UlinF, (

i=1 \kzi
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where Ags, s are defined by equation (6.15). Then it holds that

[RHS[(@L18)1¥) = Ug(SI(@[L1)1¥)

= Z (Hkkak) i) Fis; (Xn: ijl¥i) )

j=1 \k#

= U_Sﬂ(@inzlsi) |:i ) (Z ijl¥i) ):|

=]

= |[Sli®L8) [Xn: (; Uijli) ) vi) }

i=1
= [[LHS| (@[ 18)1¥).

n
= Sl (@®_18) (Z(anmwn)

So, we complete the proof of equation (6.28).

Now we turn to prove the harder part, namely equation (6.29). The basic idea is
to use equation (6.28) that we just proved to prove the more general equation (6.29).
What we need to do is to turn the general “coin” program S in equation (6.29)
into a special “coin” program, which is a unitary transformation. The technique that
we used before to deal with quantum operations is always the Kraus operator-sum
representation. Here, however, we have to employ the system-environment model of
quantum operations (see Theorem 2.1.1). Since [S] is a quantum operation in Hg,
there must be a family of quantum variables T, a pure state |po) € Hr, a unitary
operator U in Hg ® Hr, and aprojection operator K onto some closed subspace K of
Hr such that

[Sl(p) = tray, (KU(p @ o) {paUTK) (6.43)

for all density operators p in Hq. We choose an orthonormal basis of 1C and then
extend it to an orthonormal basis {|j)} of Hr. Define pure states | i) = utlij) for all
i,j and programs

S if|j) ek

Q= Yaport if|j) ¢ K

Then by aroutine calculation we have:

[aif (@i,j - 1ij) — Qip) fiq) (o) = [aif Qi - i) — §) fiq](KoK) (6.44)
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for any o € Hguruv, where

n
V=Javar(s).
i=1

We now write RHSfor the right-hand side of equation (6.29). Then we have:

[RHS](p) = trag, ([aif (@,j - U i) — Q) fig; UG 1o © I¢o) o)

=1try, (N[U[Gﬂ] (EB lij) — Qij)ﬂ (p® |¢o)<<ﬂo|))
i

= tryg, ([aif (@13 - 1i}) — Qi) fig)U(p @ lyo)(wohUT))
= tryy, [aif (i - i) > §) figl(KU(p @ l¢o) (o)) UTK)
= [aif @i - li) — S) fiq] (tra, (KU(p ® g0} (o UTK))
= [aif @i - 1)) > $) fial (o)

el

for all density operators p in Hg. Here, the second equality is obtained by using
equation (6.28), the fourth equality comes from (6.44), the fifth equality holds
because

rngvar(qif (4i- i) —> §)fiq) =4,

and the sixth equality follows from equation (6.43). Therefore, equation (6.29) is
proved.

Proof of Theorem 6.6.1 and Theorem 6.6.3. The proof of Theorem 6.6.1 is
similar to but simpler than the proof of Theorem 6.6.3. So, here we only prove
Theorem 6.6.3.

(1) Clause (i) isimmediate from Theorem 6.5.1.
(2) To proveclause (ii), we write:

Q= qif [qICi- ) > §) fig,
R= qif [q1(i - i) > Sy fia.

By definition, we have LHS = S; Rand
RHS= S U:[q]; QU -1[T].

So, it sufficesto show that R= U, [q]; Q; U,-1[Q]. Again, we first need to deal
with the semi-classical semantics of the two sides of this equality. Assume that
||S || is the operator-valued function over A; with

LS I8 = Eis;
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foreach 8i € Aj (1 <i < n). For each state | W) € Hquuin:lq\,ar(s),wecanwrite

Zn: 1)

for some |v) € Hyn, qars) 1= i < n). Then for any
81 € Arc1y,-..,8n € Arn), it holdsthat

s, 5) 2 [RI@_6) (1W))

n
Z (H “kﬁk) [1)(Ezciysi 1¥i)s

k£i

where;

T

trg E

k)8 —T (K)3k

Iy, = 003 = heos, (6.45)
Z@kezr(k) trEr(k)QkET(k)ek

for every k and 8k, and X, s are defined by equation (6.15). On the other hand,
we first observe:

n
|>(www—2mmm=2|mw
i=1 =1

Thenforany 61 € A1,...,8n € Ay, it holdsthat

n
w50 =21l (EB ai) (1)
i=1

(l_[)\larlﬁ)) |1 Ejs, 1) We-1)))
I#]

M- 1>

le(k)ak [T () (Eqgiys; 1¥i))-
1 \k#i

Furthermore, we have:

n
(U, -0)q(¥5, s D= (Hkr(k)ak) i) (Exgiys; [¥i))-

i=1 \kzi
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(3)

Consequently, we can compute the purely quantum semantics:

[U:[A1,Q U, -2 [TIN(W) (W) = [Q U, -1 [T ) (W' D]

= (U-1)g (512 |\vé;“ﬁn><\vé;m5nl) (Uo)g (6.46)

..... Sn
= D 1Wsps0) Wy = [RICW)(W)).

Here, the third equality comes from equation (6.45) and the fact that 7 is
one-onto-one, and thus = ~1(j) traversesover 1, . . ., n asj does. Therefore, it
follows from equation (6.46) and spectral decomposition that

[RI(p) = [U<[T]; Q; U, -1[T1](p)
for any density operator p in HauUr, quar(s): and we compl ete the proof of
clause (ii).
To prove clause (iii), we write;
Xi = qif ;i - ljj) — Ry fiq,

n
[Qi] (@ i) — Riji)
ji=1

Yi

for every 1 < i < m, and we further put:

X = qif @i- i) = Y fiq,
T = qif @i li) - Q) fig,
Z = qif @@i,ji € A - [i,ji) — Ryj) fiq.

Then by the definition of quantum choicewe have LHS = S; X and

RHS= S, T; Z. So, it sufficesto show that X = T; Z. To do this, we consider the
semi-classical semantics of the involved programs. For each 1 < i < m, and for
each 1 < j; < n;, we assume:

* || Qi]l isthe operator-valued function over A; such that
1Qill(8i) = Fis,

for every i € Aj; and
* ||Rjj || isthe operator-valued function over %jj; such that

[Riji I oijp) = Eijiyo

for every oij; € ij;.
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We also assume that state | V) = Zimzl [iY|Wi) where each | ;) is further
decomposed into

nj
i) = > i) i)
ji=1

with [j;) € ’HUjr:i:l avar (Ry,)
the presentation, we use the abbreviationa; = @J'Ti:l"i ji- Now we compute the

semi-classical semantics of program V;:

foreveryl <i <mand1l <jj <n. Tosimplify

LYill@GiTpI¥) = X[l @) (LQill (G 1%i))

N
= [[Xi @) Z(FiaiUi))W/iji))

ji=1

n; n;
=|Xl@) | Y (Z(lilFiai |ji>||i)) |Wiji>i|

i|l||

(6.47)

=Xl @D Zu (Z ||Fi5i|ji)|1//iji))i|

Lli=1 Ji

_ Z{ i (éjl(mﬁai |ji>E(ni>gni|wui>ﬂ

where the coefficients:

Ajl; = l_[ Aihyairs

141;

T .
trE(I|)U||E(||)<7iI
Moy =
Z trE(Ik)U,kE(lk)Ulk
for each 1 < | < n;. Then using equation (6.47), we can further compute the
semi-classical semantics of program X:

m
IXJ @My iz 1wy =Y (T - LY 677 1¥i))
i=1

AU ni (6.48)
ZZ:X_:{ Al - 1k (Z(I”FiéiUi)E(ih)ani|1/’iji)):|

ji=1
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where;

I = 1_[ Yhon»

heti

tr | Yi | 8ia)T|LYill(8i7))
M [ Yall(3ha ) T Ynl Ghah)

for every 1 < i < m. On the other hand, we can compute the semi-classical
semantics of program T:

Yici = (649)

m
ITI@801W) = [[T](@L8) (Z |i>|wi>)

i=1

i (OI li) |8,|\I’i))
=1

= _i {O, i) (i(FI&“I )|¢|J|)):|
= Zm: {@i i (i (i( ilFis; |J'i)||i>) |Wiji)):|
=§: i |:(“)i i) (.i(li“:iai |ji>|‘ﬁiji>)i|

where;

=

trFiaiE,(;i
O e —
2he1 trFps, Fhay

for every 1 < i < m. Consequently, we obtain the semi-classical semantics of
program T; Z:

LT 2] (@Z48) (@12471)) 19) = 121 (&{2471) (LT (&{Z451) 1¥))

= 1z] (eai";l ey Uiji) (Xm:% {Ou lit;) (Z('i“:iai |ji)|1ﬁiji))i|)
i=1l; i (6.50)

N

m n
" _ _
= ;;1 {a'{gjkj}gvkjw,,i) - - i) (JZ<|i|Fi8i i Eciton, wmi)ﬂ :

iz1
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By comparing equations (6.48) and (6.50), we see that it suffices to take

il _ Fi- Aj

a{ﬁjkj V=il — 0 (6.51)

forall i, li and {oji; } k)= 1) - What remainsto proveis the normalization
condition:

2
=1 (6.52)

il;
Z ‘ {ijj}ukj#mn

ok Fg a1

To do this, we first compute coefficients yiz;. Let {|¢)} be an orthonormal basis

of ’Hanii:l avar(Rj))* Then we have:

Gyjy 2 [Vl Gz o)) = Z Ay - (ilFis 1) Eqtyon 1) 1.

It follows that

<ﬂJ| ‘/’JI - Z Ay - ||’ J||F|5 Il )<| |F|8, |J|)(<P|E(|||)UIIIE(|| )g|,|<ﬂ)( ||I )
lili=

—ZA Gl 10 0 Fi, ) 2y, Eciton 10)-

Furthermore, we obtain:

i @iEnTIYil iz = Zewh vli
@i

—ZA”, (ZJ||F{&i|li><li|Fiai|ji>) (Z(@E’{imgniEamam|¢>) (6.53)
Ji

(2

_ZA”I tr (R 1) .|Fi5i)tr(Ezﬁ|i)aniE(“i)m,i).

Now aroutine but tedious calculation yields equation (6.52) through
substituting equation (6.53) into (6.49) and then substituting equations (6.49)
and (6.51) into (6.52).

(4) Finaly, we prove clause (iv). To provethefirst equality, we write:

X = qif @i - iy — §) fig,
Y = qif @ @i - i) — (S; Q) fig.
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Then by definitionwe have LHS= S, X; Qand RHS = S, Y. So, it sufficesto
show that X; Q =cF Y. Suppose that

USH(JI) = Eiai
for every i € A(S) and || Q|(8) = F; for every § € A(Q), and suppose that

n
W) = li)lyi)
i=1
where |i) € H|J, quar(s) for al i. Thenit holds that

X QU@L 1008 W) = QU)X ] (@fL101)1¥))
n
=F; (Z Aﬂi)(EwJ%)))

i=1

n
= Y A D(FsEi Vi)
i=1

because gvar (S) N gvar (Q) = ¥, where:

Aj = l_[)‘kakv

ke£i

] Eiey
Z k=1t Ekak Ekﬁk

Furthermore, we have:

1 2 guars (X QIAW) (W)

= gas {Z ZAiAj . Ii)<j|(F(sEiaiIt//i><1/rj|Ej't,j Fg)} (655)
{0i},8 i ’

= 3 D" AR Fsig lvi) (vilEL, F.
{oi},6 i

On the other hand, we can compute the semi-classical semantics of Y:
n .
LYI@ILyoi80 %) = Y ar s, - 11 (1S5 QU@is) i)
i=1
n

- a{((lf)k,fsk}k#i 1) (Fs, By [¥).-

i=1
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Furthermore, we obtain:

s ([YIOWH (WD)

_ ! N o
= M gans {Z D st @)™ D1 iy 103 (v ], ng)}
{

o8} i

0 2
= 3 3 |l son| - FoBa v il F
{oi},6 i
(6.56)

Comparing equations (6.55) and (6.56), we see that
T gers (X QUUWNHED) = g o [YIAWHWD)
if wetake

0) A

a{0k|5k}k¢i - AQ)]
for all i, {ox} and {5x}. Since

gvar (S < cvar (X; Q) U cvar(Y),
it follows that
U v oxoyuavarcy) (6 QIAWN YD) = tray ooy, (YTAW (D).
Therefore, we can assert that

tI’HcvarocQ)Ucvar(Y) (X Qlto) = trHcvar(X;Q)Ucvar(Y) ([YIGo)

for all density operators p by spectral decomposition. Thus, we have
X; Q =cr Y, and the proof of the first equality of clause (iv) is completed.

For the special case where Q contains no measurements, A(Q) isasingleton, say

{8}. We write:
Z = qif @i i) - (P;; Q) fiq.
Then
1Z@]_joi8)|w) = > (]_[ 9kak) [ (FsEqil¥i)),
i=1 \k#i
where:

f ETeE
| trE}, FiFsEig, _
elai = n T T = )‘Iair
YR By FiFsEi
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and Ajs; is given by equation (6.54), because FEF,; is the identity operator. Con-
sequently, ||X;QJ = ||Z]|, and we complete the proof of the second equality of
clause (iv).

BIBLIOGRAPHIC REMARKS

This chapter is mainly based on the draft paper [233]; an earlier version of [233]
appeared as [232]. The examples presented in Subsection 6.7.1 were taken from
recent physics literature: the unidirectional quantum walk was examined in [171];
the quantum walk with “coin tossing operator” depending on time and position was
employed in[145] to implement quantum measurement; the quantum walk with three
coin states was considered in [122]; the one-dimensiona quantum walk driven by
multiple coins was defined in [49]; and the quantum walk consisting of two walkers
on aline sharing coins was introduced in [217].

» GCL and its extensions. The programming language QUGCL studied in this
chapter is a quantum counterpart of Dijkstra’'s GCL (Guarded Command
Language). The language GCL was originally defined in [74], but one can find
an elegant and systematic presentation of GCL in [172]. The language pGCL for
probabilistic programming was defined by introducing probabilistic choiceinto
GCL; for a systematic exposition of probabilistic programming with
probabilistic choice, we refer to [166]. A comparison between quantum choice
and probabilistic choice was given in Section 6.5.

Another quantum extension gGCL of GCL was defined in Sanders and
Zuliani’s pioneering paper [191]; see also [241]. qGCL was obtained by adding
three primitives for quantum computation — initialization, unitary
transformation, quantum measurement — into the probabilistic language pGCL .
Note that the control flows of qGCL programs are aways classical. QUGCL can
also be seen as an extension of qGCL obtained by adding a quantum case
statement (with quantum control flow).

» Quantum control flow: Quantum programs with quantum control flow were first
considered by Altenkirch and Grattage [14], but the way of defining quantum
control flow in this chapter is very different from that used in [14]. A careful
discussion about the difference between the approach in [ 14] and ours can be
found in [232,233]. Our approach was mainly inspired by the following line of
research: a superposition of evolutions (rather than that of states) of a quantum
system was considered by physicists Aharonov et al. [11] as early as 1990, and
they proposed to introduce an external system in order to implement the
superposition. Theidea of using such an external “coin” system was
rediscovered by Aharonov et a. and Ambainis et a. in defining quantum
walks[9,19]. The fact that the shift operator S of a quantum walk can be seen as
a quantum case statement and the single-step operator W as a quantum choice
was noticed in [232,233] by introducing the single-direction shift operators §'s.
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It then motivated the design decision of quantum case statement and quantum
choice as well as the quantum programming paradigm of
superposition-of-programs.

Whenever no measurements are involved, then the semantics of a quantum
case statement can be defined in terms of the guarded composition of unitary
operators. However, defining the semantics of a quantum case statement in its
full generality requiresthe notion of guarded composition of quantum
operations, introduced in [232,233].

More related literature: As pointed out in Subsection 6.3.1, guarded composition
of unitary operatorsis essentially a quantum multiplexor introduced by Shende
et al. [201] and discussed in Subsection 2.2.4. It was called a measuring operator
by Kitaev et a. in [135].

The quantum programming language Scaffold [ 3] supports quantum control
primitives with the restriction that the code comprising the body of each module
must be purely quantum (and unitary). Hence, its semantics only requires
guarded composition of unitary operators, defined in Subsection 6.3.1. Recently,
some very interesting discussions about quantum case statements were given by
Badescu and Panangaden [28]; in particular, they observed that quantum case
statements are not monotone with respect to the L éwner order and thus not
compatible with the semantics of recursion defined in [194].

In recent years, there have been quite afew papers concerning superposition
of guantum gates or more general quantum operationsin the physicsliterature.
Zhou et a. [240] proposed an architecture-independent technique for adding
control to arbitrary unknown quantum operations and demonstrated thisin a
photonic system. This problem was further considered by Aradjo et al. [22] and
Friiset a. [9]].

Theinteresting idea of superposition of causal structuresin quantum
computation was first introduced by Chiribella et al. [55]. It was generalized by
Araljo et a. [23] and implemented by Procopio et al. [181].



CHAPTER

Quantum recursion

Recursion is one of the central ideas of computer science. Most programming
languages support recursion or at least a special form of recursion such as the
while-loop. A quantum extension of the while-loop was already introduced in
Section 3.1. A more general notion of recursion in quantum programming was
defined in Section 3.4. It was appropriately called classical recursion of quantum
programs because its control flow is determined by the involved case statements of
the form (3.3) and while-loops of the form (3.4) and thus is doomed to be classical,
as discussed in Section 3.1.

In the last chapter, we studied quantum case statements and quantum choices
of which the control flows are genuinely quantum because they are governed by
guantum “coins.” This chapter further defines the notion of quantum recursion based
on quantum case statement and quantum choice. The control flow of such a quantum
recursive program is then quantum rather than classical. As we will see later, the
treatment of quantum recursion with quantum control is much harder than classical
recursion in guantum programming.

The chapter is organized as follows.

» Thesyntax of quantum recursive programsis defined in Section 7.1. Recursive
guantum walks are introduced in Section 7.2 as examplesfor carefully
motivating the notion of quantum recursion. Section 7.1 providesuswith a
language in which a precise formulation of recursive quantum walks is possible.

* Itrequires mathematical toolsfrom second quantization — a theoretical
framework in which we are able to depict quantum systems with a variable
number of particles—to define the semantics of quantum recursive programs.
Sinceit isused only in this chapter, second quantization was not included in the
preliminaries chapter (Chapter 2). Instead, we introduce the basics of second
guantization, in particular Fock spaces and operatorsin them, in Section 7.3.

* We define the semantics of quantum recursion in two steps. Thefirst step is
carried out in Section 7.4 where quantum recursive equations are solved in the
free Fock space, which is mathematically convenient to manipulate but does not
represent arealistic system in physics. The second step is completed in
Section 7.5 where the solutions of recursive equations are symmetrized so that
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they can apply in the physically meaningful framework, namely the symmetric
and antisymmetric Fock spaces of bosons and fermions. Furthermore, the
principal system semantics of a quantum recursive program is defined in
Section 7.6 by tracing out auxiliary “quantum coins’ from its symmetrized
semantics.

* Recursive quantum walks are reconsidered in Section 7.7 to illustrate various
semantic notions introduced in this chapter. A specia class of quantum
recursions, namely quantum while-loops with quantum control flows are
carefully examined in Section 7.8.

SYNTAX OF QUANTUM RECURSIVE PROGRAMS

In this section, we formally define the syntax of quantum recursive programs. To give
the reader a clearer picture, we choose not to include quantum measurementsin the
declarations of quantum recursions. It is not difficult to add quantum measurements
into the theory of quantum recursive programs by combining the ideas used in this
chapter and the last one, but the presentation will be much more complicated.

Let us start by exhibiting the alphabet of the language of quantum recursive
programs. In the last chapter, any quantum variable can serve asa“coin” in defining
a quantum case statement. For convenience, in this chapter we explicitly separate
guantum “coins’ from other quantum variables; that is, we assume two sets of
guantum variables:

» principal system variables, ranged over by p,q, .. .;
» “coin” variables, ranged over by c, d, ... ..

These two sets are required to be digoint. We also assume a set of procedure iden-
tifiers, ranged over by X, X1, X, . ... A modification of the quantum programming
language QUGCL presented in the last chapter is defined by the next:

Definition 7.1.1. Program schemes are defined by the following syntax:

P::= X]abort | skip | P1; P2 | U[T,ql | qif [c](Ti - |i) — Py) fiq

Obvioudly, this definition is obtained from Definition 6.2.1 by adding procedure
identifiers and excluding measurements (and thus classical variables for recording
the outcomes of measurements). More explicitly,

e Xisaprocedureidentifier;

» abort, skip, and sequential composition P1; P> are asin Definition 6.2.1.

» Unitary transformation U [T, q] is the same as before except that “ coins’ and
principal system variables are separated; that is, T is a sequence of “coin”
variables, g isasequence of principal system variables, and U isaunitary
operator in the state Hilbert space of the system consisting of € and g. We will
always put “coin” variables before principal system variables. BothT and g are
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allowed to be empty. When T is empty, we simply write U[q] for U[T,q] and it
describes the evolution of the principal system G; when g is empty, we simply
write U[T] for U[T, q] and it describes the evolution of the “coins’ T. If both T
and g are not empty, then U[T, q] describes the interaction between “coins’ € and
the principal systemG.

» Quantum case statement qif [c](Ji - |i) — P;) figisasin Definition 6.2.1. Here,
for simplicity we only use asingle “coin” ¢ rather than a sequence of “coins.”
Once again, we emphasize that “coin” ¢ isrequired not to occur in any
subprogram P; because, according to its physical interpretation, it is always
external to the principal system.

Recall from Section 6.5, quantum choice can be defined in terms of quantum case
statement and sequential composition:

POIED (1 — P £ Piqif [c] @i - i) — Py fig

where P contains only quantum variable c. In particular, if the “coin” is a qubit, then
a quantum choice can be abbreviated as

Po ®p P1or Pg p ® Pa.

Quantum program schemes without procedure identifiers are actually a special
class of quantum programs considered in the last chapter. So, their semantics can
be directly derived from Definition 6.4.2. For the convenience of the reader, we
explicitly display their semanticsin the following definition. The principal system of
aquantum program P is the composition of the systems denoted by principal system
variables appearing in P. We write H for the state Hilbert space of the principal
system.

Definition 7.1.2. The semantics [P] of a program P (i.e,, a program scheme
without procedure identifiers) isinductively defined as follows:

(i) If P = abort, then [P] = 0 (the zero operator in 7{), and if P = skip, then
[P] = | (theidentity operator in #);
(ii) If Pisaunitary transformation U[T,d], then [P] isthe unitary operator U
(in the state Hilbert space of the system consisting of T and 1);
(iii) If P = Pq; P2, then [P] = [P2] - [P4];
(iv) If P = qif [c](Ti - |i) — Py) fiq, then

[Pl = O(cli) - [P 2 3 (il © [Pi). (7.2)

i
This definition is a special case of Definition 6.4.2 where the semi-classical
semantics of QUGCL programs were defined. However, the reader may have noticed
that in the preceding definition we use [P] to denote the semantics of a program P,
and in the last chapter || P is employed to denote the semi-classical semantics of
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P and [P] denotes the purely quantum semantics of P. We choose to write [P] for
the semantics of P in Definition 7.1.2 because in this chapter programs contain no
measurements, so their semi-classical semantics and purely quantum semantics are
essentially the same. Obviously, [P] in the preceding definition is an operator in the
state Hilbert space of the system consisting of both the principal system of P and the
“coins’ in P;i.e, Hc ® H, where Hc is the state space of the “coins’ in P. Since
abort may appear in P, [P] is not necessarily a unitary. Using the terminology from
the last chapter, [P] can be seen as an operator-valued function in Hc ® H over a
singleton A = {¢}.

Finally, we can define the syntax of quantum recursive programs. If a program
scheme P contains at most the procedure identifiers X, . . ., Xm, then we write

P=P[Xq,...,Xml
Definition 7.1.3

(i) LetXy,...,Xnbedifferent procedure identifiers. A declaration for X, ..., Xn
isa system of equations:

wherefor every 1 < i <m, Pj = Pi[Xq, ..., Xm] isa program scheme
containing at most procedure identifiers Xy, . . ., Xm.

(ii) Arecursive programconsists of a programscheme P = P[Xy, ..., Xy, called
the main statement, and a declaration D for Xy, ..., Xm such that all “ coin”
variablesin P do not appear in D; that is, they do not appear in the procedure
bodiesP4,...,Pm.

Therequirement in the preceding definition that the“ coins’ in the main statement
P and those in the declaration D are distinct is obviously necessary because a“ coin”
used to define a quantum case statement is always considered to be external to its
principal system.

Perhaps, the reader already noticed that Definition 7.1.3 looks almost the same
as Definitions 3.4.2 and 3.4.3. But there is actually an essential difference between
them: in the preceding definition, program schemes Pj, ..., Py in the declaration
D and the main statement P can contain quantum case statements, whereas only
case statements of the form (3.3) (and while-loops of the form (3.4)) are present in
Definitions 3.4.2 and 3.4.3. Therefore, as said repeatedly, arecursive program defined
here has quantum control flow, but arecursive program considered in Section 3.4 has
only classical control flow. For this reason, the former istermed a quantumrecursive
program and the latter a recursive quantum program. As we saw in Section 3.4, the
techniquesin classical programming theory can be straightforwardly generalized to
define the semantics of recursive quantum programs. On the other hand, if a quantum
program containing quantum case statementsis not recursively defined, its semantics
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can be defined using the techniques developed in the last chapter; in particular,
Definition 7.1.2 isasimplified version of Definition 6.4.2. However, new techniques
arerequired in order to define the semantics of quantum recursive programs, as will
be clearly seen at the end of the next section.

MOTIVATING EXAMPLES: RECURSIVE
QUANTUM WALKS

The syntax of quantum recursive programs was introduced in the last section. The
aim of this section istwo-fold:

(i) present amotivating example of quantum recursive program;
(ii) giveahint to answering the question: how to define the semantics of quantum
recursive programs?

Thisaim will be achieved by considering a class of examples, called recursive quan-
tum walks, which are a variant of the quantum walks introduced in Subsection 2.3.4.
Actually, recursive quantum walks can only be properly presented with the help of
the syntax given in the last section.

SPECIFICATION OF RECURSIVE QUANTUM WALKS

A one-dimensional quantum walk, called a Hadamard walk, was defined in
Example 2.3.1. For simplicity, in this section we focus on the recursive Hadamard
walk, a modification of the Hadamard walk. Recursive quantum walks on a graph
can be defined by modifying Example 2.3.2 in asimilar way.

Recall from Examples2.3.2 and 6.7.1 that the state Hilbert space of the Hadamard
walk isHg ® Hp, where

* Hg = span{|L), |R)} isthe“direction coin” space, and L, R are used to indicate
the directions Left and Right, respectively;

* Hp = span{|n) : n e Z} isthe position space, and n indicates the position
marked by integer n.

The single-step operator W of the Hadamard walk is a quantum choice, which is the
sequential composition of a “coin-tossing” Hadamard operator H on the “direction
coin” d and trandation operator T on the position variable p. The trandation T is a
guantum case statement that selects left or right tranglations according to the basis
states |L), |R) of the“coin” d:

e Ifdisinstate L) then the walker moves one position left;
e Ifdisinstate |R) then it moves one position right.

Of course, d can aso bein asuperposition of |L) and |R), and thus a superposition of
left and right trand ations happens, which produces a quantum control flow. Formally,
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W = T [p] ®H[q) TRIPI = HId]; qif [d] L) — TL[p]
O R — TRrIp]

fig

where T and Tr are the left and right trandation operators, respectively, in the
position space . The Hadamard walk is then defined in asimple way of recursion
with the single-step operator W, namely repeated applications of W.

Now we dightly modify the Hadamard walk using a little bit more complicated
form of recursion.

Example7.2.1

(i)

(i)

(iii)

The unidirectionally recursive Hadamard walk first runs the “ coin-tossing”
Hadamard operator H[d] and then a quantum case statement:
» Ifthe“directioncoin” disin state|L) then the walker moves one position
| eft;
» Ifdisinstate |R) then it moves one position right, followed by a procedure
behaving asthe recursive walk itself.
Using the syntax presented in the last section, the unidirectionally recursive
Hadamard walk can be precisely defined to be a recursive program X declared
by the following equation:

X < TLIp] ®H[q) (TRIPL X) (7.2

where d, p are the direction and position variables, respectively.

The bidirectionally recursive Hadamard walk first runs the “ coin-tossing”

Hadamard operator H[d] and then a quantum case statement:

» Ifthe"“direction coin” disin state |L) then the walker moves one position
left, followed by a procedure behaving asthe recursive walk itself;

» Ifdisin state |R) then it moves one position right, also followed by a
procedure behaving as the recursive walk itself.

More precisaly, the walk can be defined to be the program X declared by the

following recursive equation:

X &= (TLIPL X) @Hid) (TRIPL X)- (7.3

A variant of the bidirectionally recursive Hadamard walk is the program X
(or Y) declared by the following system of recursive equations:

X <= TLIP] ®Hid) (TRIPL; Y), (7.4)

Y <= (TLIPL X) ©Hd) TRIPI- '
The main difference between recursive equations (7.3) and (7.4) isthat in the
former procedure identifier X is calling itself, but in the latter X iscalling Y
and at the sametime Y iscalling X.



7.2 Motivating examples: Recursive quantum walks 279

(iv) Notethat we used the same“ coin” d in the two equations of (7.4). If two
different “ coins’ d and e are used, then we have another variant of the
bidirectionally recursive Hadamard walk specified by

X <= TLIP] ®Hd) (TRIPL; Y), (75
Y <= (TLIPL; X) ©Hiel TRIPI- '
(v) We can define a recursive quantumwalk in another way if a quantum case
statement with three branchesis employed:

X < Uld]; qif [d] [L) — Ti[p]
O R — TrIpl
o hH-X
fiq

where d isnot a qubit but a qutrit, i.e., a quantum system with 3-dimensional
state Hilbert space Hq = span{|L), |R), |1}, L, R stand for the directions Left
and Right, respectively, and | for Iteration, and U isa 3 x 3 unitary matrix,
e.g. the 3-dimensional Fourier transform:

1 1 1
F3=1 1 es™ g3 .
1 e%ni e%ni

Now let us have a glimpse of the behaviors of recursive quantum walks. We
employ an idea similar to that used in Section 3.2. We use E to denote the empty
program or termination. A configuration is defined to be a pair

(S1¥)

with Sbeing a program or the empty program E, and |y) a pure state of the quantum
system. Then the behavior of aprogram can be visualized by asequence of transitions
between superpositions of configurations. Note that in Section 3.2 the computation
of a program is a sequence of transitions between configurations. Here, however,
we have to consider transitions between superpositions of configurations. Naturally,
these superpositions of configurations are generated by quantum control flow of the
program.

We only consider the unidirectionally recursive quantum walk X declared by
equation (7.2) as an example. The reader is encouraged to work out the first
few transitions of other walks in the preceding example in order to better under-
stand how quantum recursive calls happen. Assume that it is initidized in state
IL)d|0)p; that is, the “coin” is in direction L and the walker is at position 0. Then
we have:
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1 1
—(E,|L)gl — 1 — (X, |R)¢I1
ﬁ( IL)al >p)+ﬁ( IR)al1)p)

1 1
(E.IL)al — Dp) + S (B, [R)d[L)ay 00p) + 5 (X, IR)dIR)d; 12)p)

X, IL)gl0)p) 2

(b)

—

> . (76)

n
1 -
— Z - 1(E’|R)d0"'|R)di—1|L)di|| _l)p)

1

+ Jon+1

(X,1R)dp - - - IRV IR)d [N+ 1)p)

Here, dp = d, and new quantum “coins’ di, d, ... that are identical to the original
“coin” d are introduced in order to avoid the conflict of variables for “coins” To
see why these distinct “coins’ dj,dz, ... have to be introduced, we recall from
Sections 6.1 and 6.2 that the “ coins’ g in aquantum case statement qif [q] (Oi- |i) —
S) fiq are required to be external to subprograms S. Therefore, in equation (7.2)

“coin” d is external to procedure X. Now let us see what happensin equation (7.6).
First, the term after the arrow ® is obtained by replacing the symbol X in the

term before (—a>) with TL[p] ®Hid) (TRIPI; X). So, in the term after (—a>) dis externd

) b :
to X. To obtain the term after (—>) we replace the symbol X in the term after ? by

TLIPI @Hdy) (TRIPD; X). Here, di must be different from d; otherwise in the term

after @, d = dj occurs (although implicitly) in X, and thus a contradiction occurs.

Repeating this argument illustrates that dg = d, d1, da, . . . should be different from
each other.

Exercise 7.2.1. Show the first few steps of recursive quantum walks defined by
equations (7.4) and (7.5) initialized in |L)¢|0)p. Observe the difference between the
behaviors of the two walks. Notice that such a difference is impossible for classical
random walks, where it does not matter if two different “ coins’ with the same
probability distribution are used.

The preceding recursive quantum walks are good examples of quantum recursion,
but their behaviors are not very interesting from the viewpoint of quantum physics.
As pointed out in Subsection 2.3.4, the major difference between the behaviors of
classical random walks and quantum walks is caused by quantum interference —
two separate paths leading to the same point may be out of phase and cancel one
another. It is clear from equation (7.6) that quantum interference does not happen
in the unidirectionally recursive quantum walk. Similarly, no quantum interference
occurs in the other recursive quantum walks defined in the preceding example. The
following is a much more interesting recursive quantum walk that shows a new
phenomenon of quantum interference. As can be seen in equation (2.19), the paths
that are cancelled in a (nonrecursive) quantum walk are finite. However, it is possible
that infinite paths are cancelled in a recursive quantum walk.
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Example7.2.2. Let n > 2. Avariant of a bidirectionally recursive quantumwalk
can be defined as the program X declared by the following recursive equation:

X < (TLIP] @H(a) TRIPD"; ((TLIPI; X) SHd) (TRIPL; X)) (7.7

Here, we use S” to denote the sequential composition of n copies of a program S.
Now let uslook at the behavior of thiswalk. We assume that thewalk isinitialized
in state |[L)¢|0)p. Then the first three steps of the walk are given as follows:

1
(X, 1L)al0)p) — ﬁ[(xlv IL)dl — p) + (X1, IR)dI1)p)]

1
= 5[(X2. 1Ll = 2)p) + (X2, IR)alO)p) + (X2, 1L)alO)p) — (X2, [R)dl2)p)]

1
— m[(X& IL)dl = 3)p) + (X3, IRl — Lp) + (X3, IL)dl — 1)p) — (X3, [R)dI1)p)

+ (X3, IL)dl — Dp) + (X3, IR)dl1)p) — (X3, IL)dIL)p) + (X3, [R)dl3)p)]
1
= —=[(X3,IL)dl = 3)p) + (X3, R}l — D)p) + 2(X3, [L)d| — L)p)

22
— (X3, IL)dlDp) + (X3, IR)dI3)p)] (7.8)
where
X = (TLIP] ®Hia) TRIPD™; ((TLIPL; X) ©Hia) (TRIPI; X))
fori = 1,2,3. We observethat in the last step of equation (7.8) two configurations
—(X3,IR)d1)p), (X3, [R)alL)p)

cancel one another. It is clear that both of them can generate infinite paths because
they contain the recursive walk X itself. Comparing equation (7.8) with (7.6), the
reader may wonder why no new “coins’ were introduced in (7.8). Actually, only the
part (TL[p] ®Hia; TRIP)" in the right-hand side of equation (7.7) is executed and
no recursive calls happen in the three steps given in equation (7.8). Of course, fresh
“coins’ will be needed in the later steps where X is recursively called in order to
avoid variable conflicts.
The behavior of the recursive program specified by the following equation:

X < ((TLIPL; X) ®hid; (TRIPL; X)); (TLIP] ®H{d; TRIPD" (7.9

is even more puzzling. Note that equation (7.9) is obtained from equation (7.7) by
changing the order of the two subprogramson the right-hand side.

Exercise 7.2.2. Examine the behavior of the walk X declared by equation (7.9)
starting at |L)¢|0)p.
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HOW TO SOLVE RECURSIVE QUANTUM EQUATIONS

We have already seen from equations (7.6) and (7.8) the first steps of the recursive
guantum walks. But a precise description of their behaviors amounts to solving
recursive equations (7.2), (7.3), (7.4), (7.5) and (7.7). In the theory of classical pro-
gramming languages, syntactic approximation is employed to define the semantics
of recursive programs. It was also successfully used in Section 3.4 to define the
semantics of recursive quantum programs. Naturally, we would like to see whether
syntactic approximation can be applied to quantum recursive programstoo. To begin
with, let us recall this technique by considering a simple recursive program declared
by a single equation

X < F(X).
Let

X© = aport,
XD — Fx™M/x] forn > 0.

where F[X™/X] is the result of substitution of X in F(X) by X, The program
XM is called the nth syntactic approximation of X. Roughly speaking, the syntactic
approximations X™ (n = 0,1,2,...) describe the initial fragments of the behavior
of the recursive program X. Then the semantics [X] of X is defined to be the limit of
the semantics [X(™] of its syntactic approximations X(™:

[X] = Jim [X"].

Now wetry to apply this method to the unidirectionally recursive Hadamard walk
and construct its syntactic approximations as follows:

X© = abort,
XY = T, [p] ®n[q) (TRIP]; @bort),
X® = T_[p] ®H(q) (TRIPI; TLIP] ®H[qy (TRIPI; abort)),

X® = TL[p] ®H{d) (TRIPL; TLIPI @H(ay (TRIPY; TLIPI ®H[ay] (TRIP); @bort))),
............ (7.10)

However, a problem arises in constructing these approximations: we have to con-
tinuously introduce new “coin” variables in order to avoid variable conflict; that
is, for every n = 1,2,..., we have to introduce a new “coin” variable d, in the
(n+1)th syntactic approximation because, as emphasized many times before, “coins’
d,ds,...,dn_1 should be considered external to the innermost system that contains
dn. Therefore, variables d,dq1,do, . ..,dn, ... denote distinct “coins.” On the other
hand, they must be thought of as identical particles in the sense that their physical
properties are the same. Moreover, the number of the “coin” particlesthat are needed
in running the recursive Hadamard walk is usually unknown beforehand because we
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do not know when the walk terminates. Obviously, asolution to this problem requires
a mathematical framework in which we can deal with quantum systems where the
number of particles of the same type — the “coins’ — may vary. It is worth noting
that this problem appears only in the quantum case but not in the theory of classical
programminglanguages, becauseit is caused by employing an external “coin” system
in defining a quantum case statement.

SECOND QUANTIZATION

At the end of the last section, we observed that solving a quantum recursive equation
requires a mathematical model of a quantum system consisting of a variable number
of identical particles. It isclear that such amodel isout of the scope of basic quantum
mechanics described in Section 2.1, where we only considered a composite quantum
system with a fixed number of subsystems that are not necessarily identical (see
the Postulate of quantum mechanics 4 in Subsection 2.1.5). Fortunately, physicists
had developed a formalism for describing quantum systems with variable particle
number, namely second quantization, more than 80 years ago. For the convenience
of the reader, we give a brief introduction to the second quantization method in
this section. This introduction focuses on the mathematical formulation of second
guantization needed in the sequent sections; for physical interpretations, the reader
can consult reference [163].

MULTIPLE-PARTICLE STATES

We first consider a quantum system of a fixed number of particles. It is assumed that
these particles have the same state Hilbert space, but they are not necessarily identical
particles. Let H be the state Hilbert space of asingle particle. For any n > 1, we can
define the tensor product #®" of n copies of H by Definition 2.1.18. For any family
|¥1),. .., [¥n) of single-particle states in 7, the Postulate of quantum mechanics 4
asserts that we have a state

V1) ®--- @ [Yn) = [¥1®--- ® ¥n)

of nindependent particles, in which theith particleisin state |v;) forevery1 <i < n.
Then H®" consists of the linear combinations of vectors |1 ® - - - ® ¥n):

HOM = span(|yY1 @ -+~ ® Yn) : Y1), .., [¥n) € H}

m
=1 @ilYin® - ® Yin) : M= 0,05 € C, Y1), [Yin) € H ¢ .
i=1

Recall from Subsection 2.1.5 that H®" is a Hilbert space too. More explicitly, the
basic operations of vectorsin H®" are defined by the following equations together
with linearity:
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(i) Addition:

W1® - ®Yi® - QYn) +[Y1® - @Y/ ® - ® Yn)
=Y1Q® @ Wi +V¥)® - ®Yn);

(ii) Scalar product:
MP1® - ®Yi® - QYn) =[Y1® - Q@ (AYi) ® -+ ® ¥n);

(iii) Inner product:

V1@ @ Ynlp1® - @ gn) = [ [(Wilgi).

i=1
Exercise 7.3.1. Showthat if B isa bassof H, then

{[Y1®---®@Yn) D [¥1),....1¥n) € B}

isabasisof H®",

Permutation Operators:

Now we turn to consider a quantum system of multiple identical particles that
possess the sameintrinsic properties. Let us start by introducing several operatorsfor
describing the symmetry of identical particles. For each permutation 7 of 1,...,n,
i.e, abijectionfrom {1,...,n} ontoitself that mapsi to = (i) forevery1 <i < n,we
can define the permutation operator P, in the space H®" by

Prly1® - @ Yn) =¥z @ @ ¥rmy)

together with linearity. Several basic properties of permutation operators are givenin
the following:
Proposition 7.3.1

(i) P, isaunitary operator.
(ii) Pr;Pr, = Prir,s Pj, = P_ -1, where 17 is the composition of 71 and 72, PZ,
stands for the conjugate transpose (i.e., inverse) of P, , and 7 ~1 isthe inverse
of .

Furthermore, symmetrization and antisymmetrization operators can be defined in
terms of permutation operators:

Definition 7.3.1. The symmetrization and antisymmetrization operatorsin #®"
are defined by

1
S-l—:EZPn.
T

1 T
S =) (-)7Px,
T
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where 7 traverses over all permutations of 1,...,n, and (—1)” is the signature of
the permutation r; that is,

a1 if w iseven,
b7 = {—1 if 7 isodd.

We list several useful properties of symmetrization and antisymmetrizationin the
following:

Proposition 7.3.2

(i) PrS; =SSP, =S;.
(i) P,S. =S P, = (-1)7S..
(i) £ =s, =9

(v £ =s =5

(V) $S. =SS =0

Exercise 7.3.2. Prove Propositions 7.3.1 and 7.3.2.

Symmetric and Antisymmetric States:

Of course, quantum mechanics described in Section 2.1 can be used to cope
with a quantum system of multiple particles. However, it is not complete when these
particles are identical, and it must be supplemented by the following:

» Theprinciple of symmetrization: The states of nidentical particles are either
completely symmetric or completely antisymmetric with the permutation of the
n particles.
*  The symmetric particles are called bosons;
*  Theantisymmetric particles are called fermions.

At the beginning of this subsection, we saw that H®" is the state Hilbert space
of n particlesif al of them have the same state space H. According to the preceding
principle, it is not the case that every vector in #®" can be used to denote a state
of n identical particles. However, for each state | W) in H®", we can construct the
following two states by symmetrization or antisymmetrization:

» asymmetric (bosonic) state: S, |W);

* anantisymmetric (afermionic) state: S_|W).

In particular, the symmetric and antisymmetric states corresponding to the product
of one-particle states |yr1), . . ., |yn) are written as

(Y1, ¥y = SY1 @ - ® Yn)y
wherevis+ or —. With this notation, the principle of symmetrization can be restated
asfollows:

» For the bosons, the order of states |i) in |41, - - - , ¥n)+ iSinsignificant.
e For thefermions, |1, - -, ¥n)— changessign under permutations of two states:
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|¢1!"' !wiv"' !Wj!"' 11#”)— =—|W11"' !Wj!"' 1¢'i!"' .I/fn)—- (711)

An immediate corollary of equation (7.11) is the following:

» Pauli’sexclusion principle: If two states |vi) and |j) areidentical, then
Y1, - ¥i, -, ¥, -+, Yn)— vanishes—two fermions can never be foundin
the same individual quantum state.

In summary, the principle of symmetrization implies that the state space of a
system of nidentical particlesis not the total of ®", but rather one of the following
two subspaces:

Definition 7.3.2

(i) The n-fold symmetric tensor product of H:
HE =S (M)
= the closed subspace of H®" generated by the symmetric

tensor products |1, - -+ , ¥m)4+ With [¥),. .., |[Yn) € H

(ii) The n-fold antisymmetric tensor product of #:

HE" =S (H®")
= the closed subspace of #®" generated by the antisymmetric
tensor products [y, - - -, ¥n)— With ), ..., [¥n) € H

The addition, scalar product and inner product in H&" (v = +, —) are directly
inherited from #®". In particular, the following proposition provides a convenient
way to compute the inner productsin H$":

Proposition 7.3.3. The inner product of symmetric and antisymmetric tensor
products:

1
+(V1 - Unlen- - gn)s = Sper ((Wiley));;

1
~(YL e Ynlon ) - = et (Wilgy))

where det and per stand for the determinant of matrix and the permutation (i.e., the
determinant without the minus signs), respectively.
Exercise7.3.3

(i) Compute the dimensions of the symmetric and antisymmetric tensor product
spaces HE".
(ii) Prove Proposition 7.3.3.
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FOCK SPACES

Quantum systems of a fixed number of identical particles were studied in the last
subsection. Now let us see how to describe a quantum system with a variable number
of particles. A natural ideaisthat the state Hilbert space of such asystem isthedirect
sum of the state spaces of different numbers of particles. To realize thisidea, let us
first introduce the notion of direct sum of Hilbert spaces.

Definition 7.3.3. Let H1, Ho2, . . . be an infinite sequence of Hilbert spaces. Then
their direct sumis defined to be the vector space:

P Hi= v 1v2) ) i) e Hi (i =1,2,..) with Y [[yi]2 < oo
i=1

i=1
in which we define:
» Addition:
(1), [2), - - ) + (1), l@2), - - ) = (Y1) + 1), [¥2) + lw2),- . .);

» Scalar multiplication:

a(|¥1),[¥2),..) = (alyn), aly2),...);

* Inner product:

(W12, )l (@rg2,..0) = Y _(Vilgi).
i=1

Exercise 7.3.4. Show that @5;°; H; isa Hilbert space.
Let H be the state Hilbert space of one particle. If we introduce the vacuum state
|0), then the O-fold tensor product of  can be defined as the one-dimensional space

1P =1 = span{|0))}.

Now we are ready to describe the state space of a quantum system with avariable
number of identical particles.
Definition 7.3.4

(i) Thefree Fock space over H is defined to be the direct sum of the n-fold tensor
products of H:

FH) = P H"
n=0

(ii) The symmetric (bosonic) Fock space and the antisymmetric (fermionic) Fock
space over ‘H are defined by
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oo
FH) = PH"
n=0

wherev = + for bosons or v = — for fermions.

The principle of symmetrization tells us that only the symmetric or antisymmetric
Fock space is meaningful in physics, but here we also introduce the free Fock space
since it is a useful mathematical tool that is sometimes easier to deal with than the
symmetric and antisymmetric Fock spaces, as we will see in the next section.

To understand the Fock spaces better, et us look more carefully at the states and
operationsin them:

(i) A statein Fy(H) isof theform:
W) = Z [W (M) = (@), WD), -, [¥),---)
n=0
where |¥(n)) € HE" isastate of n particlesforaln=0,1,2,..., and

e¢]

D _(Wmwm) < oo

n=0

(ii) Basic operationsin F,(H):
» Addition:

(Z |w(n>>> + (Z |<1>(n)>) =Y _(wm) + [o(M));
n=0

n=0 n=0

» Scalar product:

« (Z |W(n)>> = alvm)
n=0 n=0

 Inner product:

<Z vy <1>(n>> =) (W) [D(n).
n=0 n=0 n=0

(iii) Basisof Fy(H): The symmetric or antisymmetric product states |y, . . ., ¥n)v
(n>0 and |v1),...,|¥n) € H) formabasis of Fock space F(H); that is,

Fu(H) = spanf{|y1,- -+ ¥nhv in=0,1,2,... and[y1),...,[¥n) € H}

where |1, - - - , Yn)y iSthe vacuum state |0) if n = 0.
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(iv) Weidentify state (0,...,0,|¥(Nn)),0,...,0) in Fy(H) with the state | ¥ (n)) in
HE. Then HP" can be seen as a subspace of F(H). Moreover, for different
particle numbersm = n, H¥™ and HS" are orthogonal because
(M)W (n)) = 0.

Operatorsin Fock Spaces:

We already learned that a state of a quantum system with a variable number
of identical particles can be represented by a vector in the Fock spaces. Now we
move forward to prepare the mathematical tools for the description of observables
and evolution of such a quantum system. We first define operatorsin the direct sum
of Hilbert spaces.

Definition 7.3.5. For eachi > 1, let A; be a bounded operator on #; such that
the sequence ||Ai|| (i = 1,2,...) of norms (see Definition 2.1.11) is bounded; that is,
Al < C (i =1,2,...) for some constant C. Then we define operator

A= (AL Ay..)
in @2, Hi asfollows:
AlY1), 1¥2), .. ) = (Alvn), Aglv), . ) (7.12)
for every (Iyn1), 1¥2), ...) € B2, Hi.
Similarly, we can define operator A = (Aq, . .., An) inthedirect sum @i, #; for

afinite number n.
We often write:

o0 n
DA =(ALA.) ad YA = (AL, A
i=1 i=1

Exercise 7.3.5. Show that A defined by equation (7.12) is a bounded operator in
@ioil %i and

o
IAIl = sup A
I=

Now we can use this idea to define operatorsin Fock spaces. For each n > 1, let
A(n) be an operator in H®". Then operator

A=Y AM (7.13)
n=0

can be defined in the free Fock space 7 (#) by Definition 7.3.5:

Alw) = A (Z |wm>>) =Y AM¥ (M)

n=0 n=0



290

CHAPTER 7 Quantum recursion

for any

(W) =) |w(mn)
n=0

in F(H), where A|0) = O; that is, the vacuum state is considered to be an eigenvector
of operator A with eigenvalue 0. Obviously, for al n > 0, H¥" isinvariant under A;
that is, A(HE") € HE.

A general operator in the form of (7.13) does not necessarily preserve symmetry
(respectively, antisymmetry) of bosons (respectively, fermions). To define an operator
in the bosonic or fermionic Fock space, we need to consider its symmetry.

Definition 7.3.6. If for each n > 0 and for each permutation = of 1,...,n, P,
and A(n) commute; that is,

PnA(n) = A(n)Pny

then operator A = Y 2 ; A(n) is said to be symmetric.
It iseasy to see that both the symmetric Fock space 7. () and the antisymmetric
Fock space F_ (H) are closed under asymmetric operator A = > 22 s A(n):

A(Fv(H)) € Fv(H)

for v=+, —. In other words, a symmetric operator A maps a bosonic (or fermionic)
state | W) to a bosonic (respectively, fermionic) state A|W).

Exercise 7.3.6. Is the following statement correct: if an operator A in F(H)
satisfiesthat A(F1 (H)) € Fr(H) (or A(F_(H)) € F_(H)), then A is symmetric?
Prove your conclusion.

We can further introduce the symmetrization functional S that maps every
operator A = ) 2, A(n) to @ symmetric operator:

o
S(A) =Y S(AM) (7.14)
n=0
wherefor eachn > 0,
1
SAm) = = > PrAMPL! (7.15)

with 7 traversing over al permutations of 1,...,n, where P is the inverse of
P.. Thus, each operator A in the free Fock space can be transformed by the
symmetrization functional S to an operator S(A) that can be properly applied in the
bosonic or fermionic Fock spaces.
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OBSERVABLES IN FOCK SPACES

In the last subsection, Fock spaces were introduced as the state Hilbert spaces of
guantum systems with variable particle number. We also studied various operatorsin
the Fock spaces. Now we see how to describe the observables of these systems.

Many-Body Observables:

To warm up, let us start with the observables of a fixed number n > 1 of
particles. By the basic postulates of quantum mechanics, in general, an observable
of a quantum system with n particles can be expressed by a Hermitian operator in
H®". Here, we like to carefully look at a very special class of observablesin H®".

First, let us consider the ssimplest case where only one of the n particles is
observed. Assume that O is a single-particle observable in 7. Then for each 1 <
i < n, theaction Ol of O on theith factor of #®" can be defined by

OMNy1®- Yi®- @Yn) = Y18 - ® (OY) ® -+ ® ¥n)
together with linearity; that is,
olil = 18(-D g 0 g |8

where | isthe identity operator in . Obviously, for afixed i, the operator Oliljs not
symmetric. Combining these actions O'l on different particlesi, we have:
Definition 7.3.7. The one-body observable corresponding to O is

n
O1(n) = Zo“].
i=1

Secondly, we consider an observable on two of the n particles. Assumethat O is
an observablein the two-particle space H ® H. Thenforany 1 <i < j < n,wecan
define Ol in #(®" as the operator that acts as O on the ith and jth factors of H®"
and trivially on others; that is, the cylindrical extension of O in H®":

olil — ofi,j] ® (| ®i-1) g |®(-i-D g |®<n—1>> _

If observable O is allowed to apply to any two of these n particles, we have:
Definition 7.3.8. The two-body observable for the system of n particles corre-
sponding to O is defined as

Oy = Y Ol
1<i<j<n
_Exercise 7.3.7. Show that if O is invariant under exchange of two particles:
ol = ol for all 1 < i,j < n, then

1 -
Op(n) = 5 > O,
i#]
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Furthermore, we can define k-body observables Ok(n) for 2 < k < nin away
similar to Definitions 7.3.7 and 7.3.8.

Observablesin Fock Spaces:

The previous preparation enables us to study observables with avariable number
of particles. Actualy, equation (7.13) provides us with a natural way to define
observables in Fock spaces, more precisaly, if for each n > 1, the operator A(n)
in equation (7.13) is an observable of n particles, then

A= iA(n)
n=0

is called an extensive observable in the free Fock space F(H). In particular, if A is
symmetric, then it is also an observable in both the symmetric and antisymmetric
Fock spaces.

The following proposition gives a convenient method for computing the mean
value of an extensive observable.

Proposition 7.3.4. The mean value of A = oA(n) in state |V) =

Yoo W () is

Nk

(WIAW) = ) (W(mIAM)|¥M)

I
o

n
(WIAM[W ()

()| (n)) -
(WM [w(m) M)

M2

n=0

where:
(i) (¥ (n)|¥(n)) isthe probability to find n particlesin the state | ¥);
(i)
(U (M]AM[P (M)
(W ()W ()

is the mean value of A(n) for the system of n particles.

To conclude this subsection, let us consider two special classes of observablesin
the Fock spaces. As an application of the previous procedure, for agivenk > 1, the
k-body observablesin the free Fock space can be defined as follows:

Ok =) O(n),

n>k

where for all n > k, Ok(n) is the k-body observable in H®" (see Definitions 7.3.7
and 7.3.8). Furthermore, note that Ok is symmetric; for example, one-body observ-
ables O1(n) commute with the permutations:
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n
O1(MIY1, - Y = D Wi, ¥i-1, OV}, Y, - Yn) -
j=1

A similar equation holds for k > 2. Therefore, Oy can be directly used in the
symmetric and antisymmetric Fock spaces.
Another important observable in Fock spacesis defined in the following:
Definition 7.3.9. The particle number operator N in 74 (H) is defined by

N (Z Mn))) =D _nvm).
n=0 n=0

Assuggested by itsname, for each n > 0, the particle number operator N givesthe
number n explicitly in front of the n-particle component | (n)) of |W). Several basic
properties of the particle number operator are givenin the following two propositions:

Proposition 7.3.5

(i) Foreachn=0,1,2..., H$" isthe eigen-subspace of N with eigenvaluen.
(ii) Themeanvalueof Ninstate|W) = > 02, |W(n))is

e¢]

(WINW) = " n(w (m)| W ().

n=0

Proposition 7.3.6. Extensive observables A and particle number operator N
commute: AN = NA.
Exercise 7.3.8. Prove Propositions7.3.5 and 7.3.6.

EVOLUTION IN FOCK SPACES

We now turn to consider the dynamics of a quantum system with a variable particle
number. Such a quantum system can evolve in two different ways:

(i) the evolution does not change the number of particles; and
(ii) the evolution changes the number of particles.

In this subsection, we focus on the first kind of evolution, and the second will be
discussed in the next subsection. Obviously, equation (7.13) also givesusamethod to
define an evolution of the first kind. More precisely, if for every n > 0, the dynamics
of n particles is modelled by operator A(n), then A = > 72, A(n) describes an
evolution in the Fock spacesthat does not changethe number of particles. Let usmore
carefully examine a special evolution of this kind. Assume that the (discrete-time)
evolution of one particle is represented by unitary operator U. Then the evolution of
n particles without mutual interactions can be described by operator

U(n) = U®n
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in Ho®":
UNY1®...0 ¥n) =|UY1®...® Uyn) (7.16)

foral |v1),...,|¥n) in H. Here, the same unitary U appliesto all of the n particles
simultaneoudly. It is easy to verify that U(n) commutes with the permutations:

U(n)“/fl! RN Wn)i = |Ul[/1, ceen an)ﬂ:-

Then using equation (7.13), we can define a symmetric operator in the Fock spaces:
o
U=> um). (7.17)
n=0

Clearly, it depicts the evolution of a quantum system with variable number of
particles but without mutual interaction between the particles.

CREATION AND ANNIHILATION OF PARTICLES

In the previous subsection, we learned how to describe the first kind of evolution
in the Fock spaces, where the number of particles is not changed; for example,
the operator U defined by equation (7.17) maps the states of n particles to states
of particles of the same number. In this subsection, we study the second kind of
evolution in the Fock spaces that can change the number of particles. Obvioudly, this
kind of evolution cannot be treated within the basi c framework of quantum mechanics
presented in Section 2.1. Nevertheless, the transitions between states of different
particle numbers can be described by two basic operators: creation and annihilation.

Definition 7.3.10. For each one-particle state |v) in H, the creation operator
al (y) associated with |) in F1(H) is defined by

a' (W), ¥nlv = VN 1y, ¥1,. . Yl (7.18)
foranyn> Oandall |y1), ..., |y¥n) inH, together with linearity.

From its defining equation (7.18), we see that the operator a' () addsaparticlein
theindividual state |) to the system of n particleswithout modifyingtheir respective
dtates; in particular, the symmetry or antisymmetry of the state is preserved in this
transition. The coefficient +/n + 1 is added in the right-hand side of equation (7.18)
mainly for the sake of coefficient normalization.

Definition 7.3.11. For each one-particle state |v) in #, the annihilation operator
a(y) in F+(H) is defined to be the Hermitian conjugate of af (v):

a(y) = @)’
that is,
(@ @lpr- - oonive W1, ¥v) = gn, - ognhv @@L ¥y (7.19)

for all |p1),...,l¢n), Y1), ..., |¥n) € H and for every n > 0.
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The following proposition gives a representation of annihilation operators.
Proposition 7.3.7

a(y)|0) =0,

1
aW)IYL, Yl = —= Y W' WIVDIVL - Vi Vi Yn)s
\/ﬁizl

It can be clearly seen from this proposition that annihilation operator a(y)
decreases the number of particles by one unit, while preserving the symmetry of
the state.

Exercise 7.3.9. Prove Proposition 7.3.7. Hint: use the defining equation (7.19)
of a(y).

SOLVING RECURSIVE EQUATIONS
IN THE FREE FOCK SPACE

As convinced by an example of a recursive quantum walk at the end of Section 7.2,
we have to deal with a quantum system with a variable number of identical particles
in order to model the behavior of quantum “coins” employed in the execution of a
guantum recursive program. So, a mathematical framework for this purpose, namely
second quantization, was introduced in the last section. Indeed, second quantization
provides us with all of the necessary tools for defining the semantics of quantum
recursion. The purpose of this and the next sections is to carefully define the
semantics of quantum recursive programs. This will be done in two steps. In this
section, we show how to solve recursive equations in the free Fock spaces without
considering symmetry or antisymmetry of the particles that are used to implement
the quantum “coins.”

A DOMAIN OF OPERATORS IN THE FREE FOCK SPACE

Similar to the cases of recursive classical programs and classical recursion of
guantum programs studied in Section 3.4, we first need to set the stage — a domain
in which we can accommodate the solutions of quantum recursive equations. In this
subsection, we study such a domain as an abstract mathematical object, leaving its
applications to semantics of recursive quantum programs aside. This focus can give
us a better understanding of the structure of the domain.

Let C be a set of quantum “coins.” For each ¢ € C, let H be the state Hilbert
space of “coin” ¢ and F(Hc.) the free Fock space over Hc. We write

G(He) = Q) F(Ho)

ceC
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for the tensor product of the free Fock spaces of al “coins” We also assume that
‘H is the state Hilbert space of the principal system. Then the state space of the
guantum system combining the principal system with variable numbers of “coins’
isG(Hc) ® H.

Let w be the set of nonnegative integers. Then € is the set of C-indexed tuples
of nonnegativeintegers. i = {Nc}cec Withne € w for al ¢ € C. Itisclear that

GHo) @ H =P [(@ %S?“c) ® H}

NewC ceC

Furthermore, let O(G(Hc) ® H) bethe set of all operators of the form

A=Y Am,

New®

where A(N) is an operator in (®C€CHE®”°> ® H for each M e . Then

O(G(Hc) ® H) will serve as the space of the solutions of quantum recursive
equations. To present the partial order in O(G(Hc) ® H) needed for solving quantum
recursive equations, we first define a partial order < in w© asfollows:

« n<mifandonlyif nc <m;foralceC.

A subset 2 € € issaid to be below-closed if ie Q andm < implym e Q.
Definition 7.4.1. Theflat order C on O(G(Hc) ® H) is defined as follows: for
anyA =3 .,cAMandB =3 ".,cBMinOG(Hc) @ H),

« A C Bifand only if there exists a below-closed subset @ € »® such that
- AmM =Bm) forallne Q; and
« AM =O0foralfew®\Q.

As said previoudy, the flat order can be simply understood as an abstract
mathematical object. But our intention behind it has to be explained along with its
application to the semantics of quantum recursive programs. A quantum recursive
program P is executed by repeated substitutions, in each of which new “coins’ should
be added in order to avoid variable conflict, as shown in the example at the end of
Section 7.2. For each i € w©, n¢ is used to record the number of copies of “coin” ¢
employed in the computation of P. So, i < mindicates that the (copies of) “coins’
denoted by m are more than that denoted by 0. Obviously, the more“coins’ are used
inthe execution of P, themore“ content” is computed. Thus, if A and B arethe partial
computational results of P at two different stages of execution, then A C B means
that the computed “ content” at the stage of B is more than that at the stage of A. This
explanation will become clearer after reading Proposition 7.4.1.

The following is a key lemma in this chapter that unveils the lattice-theoretic
structure of operatorsin the free Fock space.
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Lemma 7.4.1. (O(G(Hc) ® H),C) is a complete partial order (CPO) (see
Definition 3.3.4).

Proof. First, C is reflexive because »C itself is below-closed. To show that C is
transitive, we assumethat A C B and B = C. Then there exist below-closed subsets
Q,T C € such that

(i) AM =BM foralne QandAm) =O0foralnew®\Q;
(i) B(M =Cm foralnel andB(M) =O0foralfie w®\T.

Clearly, @ N T is below-closed too, and A(n) = B(M) = C() fordlne QNT.
On the other hand, if

Ne®\(QNT) =\ QUIRN @\ D],
then:

+ eithern e 0®\ Q andit followsfrom clause (i) that A(n) = 0;
« orne QN (w®\TI) and by combining clauses (i) and (i) we obtain
A() =B =0.

Therefore, A C C. Similarly, we can provethat C isantisymmetric. So, (O(G(Hc) ®
‘H),E) isapartial order.
Obviously, the operator A = ) ;. .c A(M) with A(M) = O (the zero operator in

(®oec HE™) @) forall T e oC isthe least element of (O(G(Hc) ® H), ). Now

it suffices to show that any chain {A;j} in (O(G(Hc) ® H),E) has the least upper
bound. For each i, we put

Aj =€ wC: A #0),

Ail ={mew® Mm<T forsomefie Aj}.

Here A; | is the below-completion of A;. Furthermore, we define operator
A=) hec AN asfollows:

A = Aj(Mm) |fT € Aj ] forsomei,
0 ifn ¢ Ui(ai ).

» Claim1: A iswell-defined; that is, if N e Aj | andn € Aj |, then
Ai(M) = Aj(N). Infact, since {A} isachain, we have Aj C Aj or Aj C A;.
We only consider the case of Aj E Aj (the case of Aj E A; can be proved
by duality). Then there exists a below-closed subset 2 € w® such that
Aj(n) = Aj(n) foralne Q and Ai(N) = Oforal n e »® \ Q. It followsfrom
Ne Aj | that i < Mfor somemwith Aj (M) £ 0. SinceM ¢ »©\ Q,i.e Me Q,
we haven e Q2 because 2 is below-closed. So, Aj (M) = Aj(N).

« Claim2: A =| | Aj. Infact, for eachi, Aj | isbelow-closed, and Aj(N) = A(N)
foralne Aj | andAj(M) = 0foralne w®\ (A |).So, A C A, and A isan
upper bound of {A;}. Now assume that B is an upper bound of {A;}: for al i,
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A C B; that is, there exists below-closed Q; € »C© such that A; () = B(f) for
alne QandAim) =0foralne o€ \ ©j. By the definition of A;j and
below-closeness of Qj, we know that A; | C Qi. We take

9=U(Ai¢).

Clearly, Q isbelow-closed, and if i € »°© \ 2, then A(f) = 0. On the other hand,

if n € @, thenfor somei, wehaven € A; |, andit followsthat i € Q; and

AM) = Aj(n) = B(N). Therefore, A C B. O

The previouslemma presented the | attice-theoretical structureof O(G(Hce)® H).
Now we further define two algebraic operationsin O(G(Hc) ® H), namely product
and guarded composition. These two operations will be used to define the semantics
of sequential compositions and quantum case statements in quantum program
schemes.

Definition 7.4.2. For any operatorsA = ) . .cA(M andB = > . ,c B(M in
O(G(Hc) ® H), their product is defined as

A-B= Y (AM- B®M), (7.20)

New®

whichisalsoin O(G(Hc) ® H).

This definition is a component-wise extension of ordinary operator product:
for ech € wC, A(M) - B(A) is the product of operators A(M) and B(M) in
(®C€C HQC) ® H. The guarded composition of operators in the free Fock space
can be defined by simply extending equation (7.1) in the same way.

Definition 7.4.3. Let ¢ € C and {]i)} be an orthonormal basis of Hc, and let
Aj = ) ne.c Ai(M) be an operator in O(G(Hc) @ H) for each i. Then the guarded
composition of A;’salong with the basis {|i)} is

oGl —>A)= Y. (Z(“)c(”@Ai(ﬁ)))- (7.21)

New® [

Notethat for each i € wC, > (he(il ® Ai(n)) isan operator in

HEHD ® ( (0 HQ“) ®H,

deC\{c}

andthus O (c, |i) = Aj) € OG(Hc) @ H).

The following lemma shows that both product and guarded composition of
operators in the free Fock space are continuous with respect to the flat order (see
Definition 3.3.5).

Lemma 7.4.2. Let {A;} and {B;j} be chainsin (O(G(Hc) ® H),C), and so are
{Aijj} for eachi. Then
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(M |_|j (AJ' : Bj) = <|_|j Aj) : <|_|j BJ)-
m)UﬂMQM—»NQ=D<QM—>Q$Aﬂ>

Proof. We only prove part (ii). The proof of part (i) is similar. For each i, we

assume that
I_lAij =Ai = Z Ai(n).
i

NewC

By the construction of least upper bound in (O(G(Hc) ® H),C) given in the proof
of Lemma7.4.1, we can write

Aij= > Ai@

Nejj

for some Qj; € o® with UJ— Qjj = wC for every i. By appending zero operatorsto the
end of shorter summations, we may further ensure that index sets Qijj's for all i are
the same, say Qj. Then by the defining equation (7.21) we obtain:

Lo —aAp =113 (Z (ideil ®Ai<ﬁ>>>

j | NeQj i

= (Z(|i)c<i|®Ai(ﬁ))) =0(c 1) — AD.

New® [

SEMANTIC FUNCTIONALS OF PROGRAM SCHEMES

The semantics of quantum programs (i.e., program schemes without procedure
identifiers) was aready defined in Definition 7.1.2. With the preparation in the last
subsection, now we are able to define the semantics of general quantum program
schemes.

Let P = P[Xy,...,Xm] be aprogram scheme with procedure identifiers Xg, .. .,
Xm. We write C for the set of “coins’ occurringin P. For each ¢ € C, let H. be the
state Hilbert space of quantum “coin” c. By the principal system of P we mean the
composition of the systems denoted by principal variables appearingin P. Let H be
the state Hilbert space of the principal system. Then the semantics of P can be defined
asafunctional in the domain O(G(Hc) ® H) described in the last subsection.

Definition 7.4.4. The semantic functional of programschemeP = P[Xy, ..., Xm]
isamapping

[P] : O(G(He) @ H)™ — O(G(Hc) @ H).

For any operators A1, ...,Am € O(G(Hc) ® H), [P]J(A1,..., Am) is inductively
defined as follows;
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(i) If P =abort, then [P](A1,...,An) isthe zero operator

A=Y AM

New®

with A(n) = O (the zero operator in (@cec H?%) ® H) for all N € »;
(ii) If P = skip, then [P](A1,...,Am) istheidentity operator

A= Z A(M)

NewC

with A(m) = | (the identity operator in (®cec 7—[?%) ® H) for all i € w©
with nc £ O for every c € C;
(i) If P =Ul[c,q], then [P](A1,...,An) isthecylindrical extension of U:

A=Y AM

New®
with
AM=hhMeU®Iz
where:
(a) 11 istheidentity operator in the state Hilbert space of those “ coins’ that
arenotingc;

(b) 12(n) istheidentity operator in Q) .¢ ?(n°_l); and
(c) I3 istheidentity operator in the state Hilbert space of those principal
variablesthat arenotinqgfor all n > 1;
(iv) IfP=X (1<j<m),then[P](A1,...,Am) = Aj;
(v) If P = Pq; Py, then

[[P]](Al, LA = [[Pzﬂ (A1,...,Am) - [[P]_ﬂ (A1,...,Am)

(see the defining equation (7.20) of the product of operatorsin the free Fock

space);
(vi) If P = qif [c](@i - |i) — P}) fig, then

[PIAL,....,Am) =0(c,li) > [P](AL ..., Am)

(see the defining equation (7.21) of guarded composition of operatorsin the
free Fock space).

Itis easy to seethat whenever m = O, that is, P contains no procedure identifiers,
then the previous definition degeneratesto Definition 7.1.2.

Aswe learned from classical programming theory and in Section 3.4, continuity
of thefunctionsinvolvedin arecursive equation isusually crucial for the existence of
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solutions of the equation. So, we now examine continuity of the semantic functionals
defined previoudly. To this end, the Cartesian power O(G(Hc) ® H)™ is naturaly
equipped with the order C defined component-wise from the flat order in the CPO
O(G(Hc) @ H): forany A1,...,AmB1,...,Bme O G(Hc) @ H),

* (A1,...,Am) C (B1,...,By) ifandonly if forevery 1 <i < m, A; C B;.

The second occurrence of symbol “C” in the preceding statement stands for the flat
order in O(G(Hc) @ H). Then (O(G(Hc) @ H)™, £) isaCPO too. Furthermore, we
have:

Theorem 7.4.1 (Continuity of Semantic Functionals). For any program scheme
P = P[X4, ..., Xmn], the semantic functional

[P] : (O(G(Hc) @ H)™ E) — (O(G(Hc) ® H),E)

is continuous.

Proof. It can be easily proved by induction on the structure of P using
Lemma7.4.2. |

Thereis an essential difference between quantum recursive programs defined in
this chapter and recursive quantum programs studied in Section 3.4. The semantics
of recursive quantum programs can be defined in a way that is very similar to
the way in which we deal with recursion in classica programming theory. More
explicitly, it can be properly characterized as a fixed point of semantic functionals.
However, semantic functionals are not complete for describing the behavior of
guantum recursive programs considered here. They must be combined with the
notion of creation functional defined in the following:

Definition 7.4.5. For each “ coin” ¢ € C, the creation functional

Ke: OG(He) ® H) — O(G(He) @ H)
is defined asfollows: for any A = ) . .c A(M) € O(G(Hc) @ H),

Ke(A) = Y (I @A)
newC
where | isthe identity operator in Hc.
We observe that A(N) is an operator in (®deC H?”d) ® H, whereaslc @ A(N) is
an operator in

%?(nﬁ»l) ® ( ® H?”d) QH.

deC\{c}

In asense, the creation functional can be seen as a counterpart of creation operator
(Definition 7.3.10) in the domain O(G(Hc) ® H). Intuitively, the creation functional
K¢ movesall copies of Hc one position to the right so that the ith copy becomesthe
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(i+ Dthcopy forali =0,1,2,.... Thus, anew position is created at the left end
for anew copy of H.. For other “coins’ d, K does not move any copy of Hg.

Itisclear that for any two “coins’ c, d, the corresponding creation functionals K¢
and Kq commute; that is,

KaoKq =Ky o K.

Note that the set C of “coins’ in a program scheme P is finite. Suppose that
C = {c1,Cp,...,Ck}. Then we can define the creation functional

Ke =K¢ 0Kg, 0...0Kqg,.

For the special casewherethe set C of “coins’ isempty, K¢ istheidentity functional;
that is, Kc(A) = A for all A.

Continuity of the creation functionals with respect to the flat order between
operatorsin the free Fock spaceis shown in the following:

Lemma 7.4.3 (Continuity of Creation Functionals). For each c € C, the creation
functionals

K¢ andKc 1 (O(G(He) ® H), E) — (O(G(He) @ H),E)

are continuous.

Proof. Straightforward by definition. O

Combining continuity of semantic functionals and the creation functionals
(Theorem 7.4.1 and Lemma 7.4.3), we obtain:

Corollary 7.4.1. Let P = P[Xy, ..., Xm] be a program scheme and C the set of
“coins’ occurring in P. We define the functional

K¢ o [P] : (O(G(Hc) ® H)™ ) — (O(G(He) ® H),T)
by
(KT o [PD(A1,...,Am) = [PIKc(A1), ..., Kc(Am)

forany Az,...,Am € O(G(Hc) ® H). Then KT o [P] is continuous.

FIXED POINT SEMANTICS

Now we have al the ingredients needed to define the denotational semantics of
guantum recursive programsusing the standard fixed point technique. L et us consider
arecursive program P declared by the system of equations:
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X1 < P1
D:{ ... (7.22)
Xm <= Pm
where P; = Pj[Xg,...,Xmn] is a program scheme containing at most procedure

identifiersXy, ..., Xmforevery 1 < i < m. Usingthefunctiona [-] and K¢ definedin
the last subsection, the system D of recursive equations naturally induces a semantic
functional:

[D] : O(G(Hc) @ H)™ — O(G(Hc) @ H)™
defined as follows:

[D](Aq,..., Am) = (KT o [PAD A1, ....Am), ...,
(KE o [Pm])(A1,...,Am))

foral A1,...,Am € O(G(Hc) ® H), where C isthe set of “coins’ appearing in D,
thatis, inoneof Py, ..., Pn. It followsfrom Corollary 7.4.1 that

[D] : (O(G(Hc) @ )™ E) — (O(G(He) ® H)™, E)

(7.23)

is continuous. Then the Knaster-Tarski Fixed Point Theorem (see Theorem 3.3.1)
asserts that [D] has the least fixed point ©[D], which is exactly what we need to
define the semantics of P.

Definition 7.4.6. The fixed point (denotational) semantics of the quantum recur-
sive program P declared by D is

[Plrix = [P]([DD;
that is, if u[D] = (A%,...,A%) € OG(Hc) ® H)™, then
[Pliix = [P](AT, ..., A%
(see Definition 7.4.4).

SYNTACTIC APPROXIMATION

The fixed point semantics of quantum recursive programs was discussed in the
last subsection. We now turn to consider the syntactic approximation technique for
defining the semantics of quantum recursive programs. The semantics defined in this
subsection will be proved to be equivalent to the fixed point semantics.

As discussed at the end of Section 7.2, a problem that was not present in the
classical programming theory is that we have to carefully avoid the conflict of
guantum “coin” variables when defining the notion of substitution. To overcomeit,
we assume that each “coin” variable c € C has infinitely many copies ¢, c1, Cp, . . .
with cg = ¢. Thevariablescy, ¢, . . . are used to represent a sequence of particlesthat
aredll identical to the particle cg = c. Then the notion of aquantum program scheme
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defined in Section 7.1 will be used in a dightly broader way: a quantum program
scheme may contain not only a“coin” ¢ but also some of itscopiescy, ¢y, ....Sucha
guantum program scheme is called a generalized quantum program scheme. If such
a generalized quantum program scheme contains no procedure identifiers, then it is
called ageneralized quantum program. With these assumptions, we can introduce the
notion of substitution.

Definition 7.4.7. Let P = P[X3,...,Xn] be a generalized quantum program
scheme that contains at most procedure identifiers Xg, ..., Xm, and let Qq,...,Qmn
be generalized quantum programs (without any procedure identifier). Then the
simultaneous substitution

P[Q1/X1, ..., Qm/Xm]
of X1,..., Xmby Q1,...,QminPisinductively defined as follows:

(i) If P = abort, skip or an unitary transformation, then
P[Q1/X1, ..., Qm/Xml = P;
(i) fP=X (1 <i <m),then
PIQ1/X1, ..., Qm/Xml = Q;;
(iii) 1f P = Pq; Py, then

P[Q1/X,..., Qm/Xml = P1[Q1/Xq, .. ., Qm/Xml;
P2[Q1/X1, ..., Qm/Xml;

(iv) If P =qif [c](di - |i) — Py) fiq, then
P[Q1/X1, ..., Qm/Xml = qif [c](Ti - |i) — P)) fiq

where for every i, P} is obtained through replacing the jth copy ¢j of cin
Pi[Q1/X4, ..., Qm/Xml by the (j + 1)th copy ¢j1 of c for all j.

Note that in Clause (iv) of this definition, since P is a generalized quantum
program scheme, the “coin” ¢ may not be an original “coin” but some copy di of
anorigina “coin” d € C. In this case, the jth copy of cisactually the (k + j)th copy
of d: ¢ = (dk)j = diyj forj > —d.

The semantics of a generalized quantum program P can be given using
Definition 7.1.2 in such a way that a “coin” ¢ and its copies ci, Cp, ... are treated
as digtinct variables to each other. For each “coin” c, let n; be the greatest index n
such that the copy cn appearsin P. Then the semantics [P] of P is an operator in

Reec HE "C) ® H. Furthermore, it can be identified with its cylindrical extension
inO(G(He) ® H):

Z (1M  [P]),

MewC
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where for each M € «©, | (M) is the identity operator in @ H& . Based on this
observation, the semantics of substitution defined previously is characterized by the

following:
Lemma 7.4.4.For any (generalized) quantum program scheme P =
P[X3, ..., Xmn] and (generalized) quantum programs Qz, . . . , Qm, we have:

[PIQ1/Xq,..., Qm/Xml] = (KT o [PD([Q4]. .- .. [QmD)
= [PIKc([Q1]).-- -, Ke([Qml).

where K¢ is the creation functional with C being the set of “ coins’ in P.
Proof. We prove the lemma by induction on the structure of P.

» Casel. P = abort, skip or an unitary transformation. Obvious.
* Cae2.P=Xj(1<j<m).Then

P[Q1/X1, ..., Qm/Xm] = Qm.
On the other hand, since the set of “coins’ in P is empty,
Ke([QiD) = [Qi]
foral 1 <i < m. Thus, by clause (iv) of Definition 7.4.4 we obtain:

[PIQ1/Xq,..., Qm/Xml] = [Qm]
= [PI([Qal,-- -, [QmD
= [PIKc([Q1]).-- -, Ke([Qml))-

» Case 3. P = P1;Py. Then by clause (iii) of Definition 7.1.2, clause (v) of
Definition 7.4.4 and the induction hypothesis, we have:

[PIQ1/X1, ..., Qm/Xml] = [P1[Q1/X4,...,Qm/Xml; P2[Q1/X1,. .., Qm/Xml]

= [Pl (Kc([Q1]). ..., Ke([Qm]) - [Pil(Re([Q1D), - - -, Ke([Qml))
= [P1; P2l (Kc([Q1D), - - - , K ([Qm]))
= [PI&c([Q1D).-- -, Ke([Qml))-

» Case4. P = qif [c](Ti - |i) — Py) fiq. Then
P[Q1/X1, ..., Qm/Xm] = qif [c](Ti - i) — P)) fiq,

where P is obtained according to clause (iv) of Definition 7.4.7. For eachi, by
the induction hypothesis we obtain:

[Pi[Q1/X1,...,Qm/Xml] = [Pi](Kc\(([Q1]), - .., K\ (o) ([Qm]))

because the “coin” ¢ does not appear in P;. Furthermore, it follows that
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[Pi] = Ke([PilQ1/X4, - - -, Qm/Xml])
= Ke([Pi] Ky (g ([Q1D), - - -, Ky e ([Qm])))
= [Pi]((Kc o Ky (¢ ([Q1D); - - - » (Ke o Ky 1)) ([Qm]))
= [Pi](Kc([Q1D); - - -, Kc([Qm]))-

Therefore, by clause (iv) of Definition 7.1.2, clause (vi) of Definition 7.4.4 and
equation (7.21), we have:

[PIQ1/X41, - ., Qm/Xml] = Y _ (Ii)i| ® [P]])

|
=0 i) = [Pi]Kc([QaD, - -, Ke([Qm])
= [PI&Kc([Q1D), - .-, Kc([Qm]))-
O
Essentially, the previous lemma shows that the semantic functional of a general-
ized quantum program scheme is compositional modulo the creation functional .
Now the notion of syntactic approximation can be properly defined based on
Definition 7.4.7.
Definition 7.4.8

(i) Let X4, ..., Xm be procedure identifiers declared by the system D of recursive
equations (7.22). Then for each 1 < k < m, the nth syntactic approximation
Xﬁ") of Xy isinductively defined as follows:

Xl((o) = abort,
XM = P /X, X /Xl for n > 0.
(ii) Let P =P[Xy,...,Xn] bea quantumrecursive program declared by the

system D of equations (7.22). Then for each n > 0, its nth syntactic
approximation P(™ is inductively defined as follows:

P© — aport,
PO — PIX{™ /Xy, ..., X /Xm] for n = 0.
Syntactic approximation actually gives an operational semantics of quantum re-

cursive programs. Asin the theory of classical programming, substitution represents
an application of the so-called copy rule:

» Atruntime, aprocedure call istreated like the procedure body inserted at the
place of call.

Of course, simplifications may happen within Xl((”) by operations of linear operators;
for example,

CNOT[qz, 021; X[g2]; CNOT[qy, 02]
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can be replaced by X[qz], where g1, gz are principal system variables, CNOT is the
controlled-NOT gate and X isthe NOT gate. To simplify the presentation, we choose
not to explicitly describe these simplifications.

The major difference between the classical case and the quantum case is that
in the latter we need to continuously introduce new “coin” variables to avoid
variable conflict when we unfold a quantum recursive program using its syntactic
approximations: for each n > 0, a new copy of each “coin” in Py is created in the
substitution

X(n+1) =) [X(n)/Xl, ey X,(T?)/Xm]

(see clause (iv) of Definition 7.4.7). Thus, a quantum recursive program should be
understood as a quantum system with variable particle number and described in the
second quantization formalism.

Note that for all 1 < k < mand n > 0, the syntactic approximation Xl((n)
is a generalized quantum program containing no procedure identifiers. Thus, its
semantics [[Xlﬁn)]] can be given by a dightly extended version of Definition 7.1.2:
a“coin” c and its copies ¢, Cy, . . . are alowed to appear in the same (generalized)
program and they are considered as distinct variables. Asbefore, the principal system
is the composite system of the subsystems denoted by principal variables appearing
inPy,...,Pmandits state Hilbert space is denoted by . Assumethat C isthe set of
“coin” variables appearingin Py, ..., Pn. For each ¢ € C, we write H, for the state
Hilbert space of quantum “coin” ¢. Theniit is easy to see that [[Xf(”)]} isan operator in

é (M @ n)
j=0

where He = ®cec He- S0, we can imagine that [X"] € O(G(Hc) ® H).
Furthermore, we have:

Lemma 7.45. For each1 < k < m, [[[Xl((”)]]looo is an increasing chain with
n=
respect to the flat order, and thus

X = lim_ X1 £ |_|[[x(“)}] (7.24)

existsin (O(G(He) @ H), D).
Proof. We show that

XM E T
by induction on n. The case of n = O istrivial because

[%>] = [abort] =
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In general, by the induction hypothesison n — 1 and Corollary 7.4.1, we have:

[[Xlin)}] = [P«] (KC(ng_n_l)]]) ..... KC([[Xr(T?_l)}]))
C [PdEcPD, - Ke (XKD
=[x,

where C is the set of “coins’ in D. Then existence of the least upper bound (7.24)
followsimmediately from Lemma 7.4.1. O
We now are ready to define the operational semantics of quantum recursive
programs.
Definition 7.4.9. Let P be a quantum recursive program declared by the system
D of equations (7.22). Then its operational semanticsis

[Plop = [P] (X1, IX5T)

The operator [P]qp is called the operational semantics for the reason that it is
defined based on the copy rule. But it is actually not an operational semanticsin the
strict sense because the notion of limit isinvolvedin [[Xi(oo)]} 1l<i<m).

The operational semantics of quantum recursive program P can be characterized
by the limit of its syntactic approximations (with respect to its declaration D).

Proposition 7.4.1. It holds in the domain (O(G(Hc) ® H),C) that

[Plop = |_|IP™].

n=0

Proof. It followsfrom Lemma 7.4.4 that

n=0

where K¢ is the creation functional with respect to the “coins’ C in P. How-
ever, al the “coin” C in P do not appear in X&”),...,X,(TT) (see the condition in
Definition 7.1.3). So,

Ke (I4"]) = 4"
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for every 1 < k < m, and by Theorem 7.4.1 we obtain:

= [P] (I_I[[Xi”)]] ..... | ] nxm)
n=0

n=0
= [P](IX{°D. . IX&D)
= [P]op-
O
Intuitively, for each n > 0, [P™™] denotes the partial computational result of
recursive program P up to the nth step. Thus, the preceding proposition showsthat the
complete computational result can be approximated by partial computational results.
Finally, the equivalence between denotational and operational semantics of
recursive programsis established in the following:
Theorem 7.4.2 (Equivalence of Denotational Semantics and Operational Seman-
tics). For any quantum recursive program P, we have:

[Plfix = [Plop-

Proof. By Definitions 7.4.6 and 7.4.9, it suffices to show that ([[Xfo)]], ey

[[Xr(nw)]} istheleast fixed point of semantic functional [D], where D isthe declaration

of procedure identifiersin P. With Theorem 7.4.1 and Lemmas 7.4.3 and 7.4.4, we
obtain:

X1 = LX)
n=0

n=0

= [P (Kc (l_l [[XE“W]) ..... Kc (U[[Xr(r?)]]))
n=0 n=0

= [PAEcIXD, ... Ke(XSOD)

for every 1 < k < m, where C is the set of “coins’ in D. So, ([[Xf’o)]], e [[X§n°°)]])

isafixed point of [D]. On the other hand, if (A1,...,Am) € O(G(Hc) @ H)Misa
fixed point of [D], then we can prove that for every n > 0,
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(DL BXE) £ A A

by induction on n. Indeed, the case of n = 0 is obvious. In general, using the
induction hypothesisonn — 1, Corollary 7.4.1 and Lemma 7.4.4 we obtain:

= (K& o [P1]) A1.-...Am),.... (KL o [Pm]) (A1,...,Am)
(KT o [P1]) ([[xg"‘l)]] ..... [xﬁ?‘”}]) .....

(K& o [Prl) (X" 1., X T))

~ o~

3

Therefore, it holds that

3

(D40 IX6) = L (D DXPT) © (A A,

n=0

md@ﬁ?w““mm$W)mmmaﬂﬁmwpmmmﬂw. O

In light of this theorem, we will simply write [P] for both the denotational
(fixed point) and operational semantics of a recursive program P. But we should
carefully distinguish the semantics [P] € O(G(Hc) ® H) of arecursive program
P = P[Xy,...,Xn] declared by a system of equations about Xj, ..., Xy from the
semantic functional

[P]: OG(Hc) @ H)™ — O(G(Hc) @ H)

of program scheme P = P[Xy, ..., Xm]. Usually, such adifference can be recognized
from the context.

RECOVERING SYMMETRY AND ANTISYMMETRY

The last section developed the techniques for solving quantum recursive equations
in the free Fock space. However, the solutions found in the free Fock space are still
not what we really need because they may not preserve symmetry or antisymmetry
and thus cannot directly apply to the symmetric Fock space for bosons or the
antisymmetric Fock space for fermions. In this section, we introduce the technique
of symmetrization that allows us to transform every solution in the free Fock space
to a solution in the bosonic or fermionic Fock spaces.
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SYMMETRIZATION FUNCTIONAL

Let us first isolate a specia subdomain of O(G(Hc) ® H), namely the domain of
symmetric operators. Asin Subsection 7.4.1, let H be the state Hilbert space of the
principal system and C the set of “coins,” and

G(He) @ H = (@ }‘(Hc)) eH = [(@ H?”c) ®’H} :

ceC Tiew®C ceC

where w is the set of nonnegative integers, and for each ¢ € C, F(H,) is the free
Fock space over the state Hilbert space . of “coin” c. Asasimple generalization of
Definition 7.3.6, we have:

Definition 7.5.1. For any operator A = Y . .c A(N) € O(G(Hc) @ H), we say
that A issymmetric if for eachn € »C, for each ¢ € C and for each permutation = of
0,1,...,nc — 1, P, and A(N) commute; that is,

P-AM) =AMP;.

Note that in this definition P, actually standsfor its cylindrical extension

Pn@ ® |d R |
deC\{c}

in (®deC H?n") ®H, wherelq istheidentity operatorin 5 for every d € C\ {c},
and | istheidentity operator in H.

We write SO(G(Hc) ® H) for the set of al symmetric operators A €
O(G(Hc) ® H). Itslattice-theoretic structure is presented in the following:

Lemma 7.5.1. (SO(G(Hc) ® H),C) is a complete sub-partial order of CPO
(OG(Hc) @ H), ).

Proof. It suffices to observe that symmetry of operatorsis preserved by the least
upper bound in (O(G(Hc) ® H),C) ; that is, if Aj is symmetric, so is| |; Aj, as
constructed in the proof of Lemma7.4.1. O

Now we can generalize the symmetrization functional defined by equations(7.14)
and (7.15) into the space O(G(Hc) ® H).

Definition 7.5.2

(i) For eachn € w®, the symmetrization functional S over operatorsin the space
<®CEC H?”°) ® H is defined by

o= (M) 2 (@) (@]
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for every operator A in <®ceC 7—[?%) ® H, where {r¢} traverses over all
C-indexed families with 7 being a permutation of 0, 1, . . ., nc — 1 for every
ceC.

(ii) The symmetrization functional can be extended to O(G(Hc) ® H) ina
natural way:

S(A) = ) S(AM)
New®
forany A =) nc,c AN € OG(He) @ H).
Obvioudly, S(A) € SO(G(Hc) ® H). Clause (i) of the preceding definition is
essentially the same as equation (7.15) but applied to a more complicated space
(®C€C 7—[?%) ®H. Clause (ii) is then acomponent-wise generalization of clause (i).

Furthermore, the following lemma establishes continuity of the symmetrization
functional with respect to the flat order.
Lemma 7.5.2. The symmetrization functional

S:(OGMHe) ®H),E) = (SOG(He) @ H),E)

is continuous.
Proof. What we need to proveis that

() g

for any chain {A;} in (O(G(Hc) ® H),E). Assumethat A = | |; Aj. Then by the
proof of Lemma7.4.1, we can write

A= ZA(ﬁ) and Aj = Z A(M)

New negj

for some @; with | J; Qi = «®. So, it holdsthat

LIsan=L]>_sam= > sAam) =s®A).
i

i NeQj fewC

SYMMETRIZATION OF THE SEMANTICS OF QUANTUM
RECURSIVE PROGRAMS

With the preparation in the previous subsection, now we can directly apply the
symmetrization functional to the solutions of quantum recursive equationsin the free
Fock space to give the semantics of quantum recursive programsin the symmetric or
antisymmetric Fock space.
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Definition 7.5.3. Let P=P[X,...,Xm] be a quantum recursive program de-
clared by the system D of equations (7.22). Then its symmetric semantics [P]sym
isthe symmetrization of its semantics [P] in the free Fock space:

[Plsym = S([P])
where S is the symmetrization functional,
[P] = [Pliix = [Plop € O(G(Hc) ® H)

(see Theorem 7.4.2), C isthe set of “ coins’ in D, and H isthe state Hilbert space of
the principal system of D.

Intuitively, for each“coin” ¢ € C, weuseve = + or — toindicatethat cisaboson
or afermion, respectively. Moreover, we write v for the sequence {V¢}cec. Then

Gu(He) = Q) Fue(Ho) S G(H).

ceC

According to the principle of symmetrization, a physically meaningful input to
program P should be a state |W¥) in Gy(Hc) ® H. However, the output [P](|\W¥))
isnot necessarily in Gy(Hc) ® H and thus might not be meaningful. Nevertheless, it
holds that

[Plym(1¥)) = S(PD(W¥)) € Gu(He) @ H.

As a symmetrization of Proposition 7.4.1, we have a characterisation of symmet-
ric semanticsin terms of syntactic approximations:

Proposition 7.5.1. [P]gym = ||reo S(IP™]).

Proof. It follows from Proposition 7.4.1 and Lemma 7.5.2 (continuity of the
symmetrization functional) that

[Plsym=S(P) =S (|_| [[P(”)]) = || saP™p.
n=0

n=0

PRINCIPAL SYSTEM SEMANTICS OF QUANTUM
RECURSION

In the last section, the symmetric semantics of quantum recursive programs was
defined by symmetrizing their semantics in the free Fock space. Let P be a quantum
recursive program with H being the state Hilbert space of its principa variables and
C being the set of its“coin.” Then semantics [P] isan operator in space G(Hc) ® H,
where G(Hc) = Qcec F(He), and for each ¢ € C, Hc is the state Hilbert space of
“coin” ¢, F(Hc) isthe free Fock space over Hc. Furthermore, we put
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Gy(He) = Q) Fue(Ho)

ceC

where v is the sequence {Vc}cec, and for eachc € C, v = + or — if “coin” cis
implemented by aboson or afermion, respectively. Then symmetric semantics [P]sym
is an operator in Gy(Hc) ® H. As we know from the discussions in the previous
sections, quantum “coins’ in C (and their copies) are only introduced to help the
execution of program P but do not actually participate in the computation. What
really concerns us is the computation done by the principal system. More precisely,
we consider the computation of P with input |v) € H of principal variables. Assume
that the “coins’ areinitidized in state |¥) € Gy(Hc). Then the computation of the
program P startsin state | W) ® |1/). At the end, the computational result of P will be
stored in the Hilbert space H of the principal system. This observation leads to the
following:

Definition 7.6.1. Given a state |W) € Gy(#Hc). Theprincipal system semantics of
program P with respect to “ coin” initialization |¥) isthe mapping [P, ¥] from pure
states in H to partial density operators, i.e., positive operators with trace < 1 (see
Section 3.2), in H.:

[P, W](¥) = trg,cre) (1P (DD

for each pure state |v/) in H, where
|®) = [Plsm(I¥) ® |¥)),

[P]sym isthe symmetric semantics of P, and trg, (7., isthe partial trace over Gy(#c)
(see Definition 2.1.22).

Asacorollary of Proposition 7.5.1, we have the following characterization of the
principal system semanticsin terms of syntactic approximation:

Proposition 7.6.1. For any quantumrecursive programP, anyinitial “ coin” state
|W) and any principal system state |/),

[P ¥y = | |trg,  sen(19n)(@nD)
n=0

where C isthe set of “ coins” in P,

|®n) = S(P™](1¥) ® [¥)))

and P isthe nth syntactic approximation of P for every n > 0.
Exercise 7.6.1. Prove the above proposition.
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ILLUSTRATIVE EXAMPLES: REVISIT RECURSIVE

QUANTUM WALKS
A general theory of quantum recursive programs has been developed in the previous
sections. To illustrate the ideas proposed there, et us reconsider two simple recursive
guantum walks defined in Section 7.2.

Example 7.7.1 (Unidirectionally recursive Hadamard walk). Recall from
Example 7.2.1 that the unidirectionally recursive Hadamard walk is defined as
guantumrecursive program X declared by

X < TLIp] @H[q; (TRIPL; X).

(i) For eachn > 0, the semantics of the nth approximation of thewalk is

n—1 i—1
X®p=3" [(@ IRg (RI® |L>di<L|) H() @TLT'R} (7.25)

i=0 | \j=0

where dp = d, H (i) isthe operator in H?' defined from the Hadamard operator
H by equation (7.16). This can be easily shown by induction on n, starting from
the first three approximations displayed in equation (7.10). Therefore, the
semantics of the unidirectionally recursive Hadamard walk in the free Fock
space F (Hq) ® Hp isthe operator:

[X] = im X"

00 i—1
= Rig (R ® |L)g (L] | H(@) @ T, T
Z{(@M )a (RI® [L)g; { |) MHeTL R} (.26)

0

i—1
=) ( IRig (R ® |L)di<|-|) ®TLT'R} Hel

where Hg = span{|L), |[R)}, Hp = span{|n) : n € Z}, | isthe identity operator
in the position Hilbert space Hp, H (i) isasin eguation (7.25), and

H= i H ()
i=0

isthe extension of H in the free Fock space F(#q) over the direction Hilbert
space Hg.
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(ii) For eachi > 0, we compute the symmetrization:

(®IR (RI® IL)g, L|)

i—1

1

j=0
(Wheren traverses over all permutations of 0,1, . . ., 1)

I+1Z(IR db(RI®...®Rg_, (RI® |Lg LI

® |R)g, 1 (RI® ... ® IR (R)

>

G;.

Therefore, the symmetric semantics of the unidirectionally recursive Hadamard
walkis

S(IX]) = (Z G ® TLT‘R) H®I).

i=0

Example 7.7.2 (Bidirectionally recursive Hadamard walk). Let us consider the
semantics of the bidirectionally recursive Hadamard walk. Recall fromExample7.2.1
that it is declared by equations:

{x & TLIPl ®Hd) (TRIPL Y), -

Y <= (TLIPL; X) ®Hd) TRIPI-

To simplify the presentation, we first introduce several notations. For any string
3 = 0po1 . ..on—1 Of symbolsL and R, itsdual is defined to be

¥ =0001...0n_1
where L = Rand R = L. We write the pure state
|X) = loo)dy ® lo1)d; ® .. ® |on—1)dn 4
in the space Hﬁ’”. Then its density operator representationis

n—1

ps = Z)(2] = Q) loj) (j].

j=0
Moreover, we write the composition of |eft and right translations:

Ts =Ton - Toy Top-



7.7 lllustrative examples: Revisit recursive quantum walks 317

(i) The semantics of procedures X and Y in the free Fock space are

X] = {i (oz0 ® Tn)} Help),
n=0 (7.28)

[Y] = {i (,Oz—n®T,’1>:| (H®1p),

n=0

where H isasin Example 7.7.1, and

_J®ROKL ifn=2k+1,
"TIRLOKRR ifn=2k+2,

T_ ifn isodd,

Th=T =
n= 'Zn {TF% ifn iseven,

Tr ifnisodd
Th=Ts = ’
n= "Zn {TE ifn iseven.

Itisclear from equations (7.26) and (7.28) that the behaviors of
unidirectionally and bidirectionally recursive Hadamard walks are very
different: the former can go to any one of the positions —1,0,1, 2, ..., butin
the latter walk X can only go to the positions —1 and 2, and Y can only go to
the positions 1 and —2.

(ii) The symmetric semantics of the bidirectionally recursive Hadamard walk
specified by equaltion (7.27) is:

n=0

Xl = {i(l/n ®Tn)i| H®lp),

n=0

Y] = {i@n ® Tn)i| (H®lp)

where:
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with T" ranging over all strings of (k+ 1) Lsand k Rsand A ranging over all
stringsof k Lsand (k + 1) Rs, and

k

Yoki2 = ( 2k+2 > Zpr

k

o2ki2 = ( 2k+2 > ZPA

with I ranging over all strings of k Lsand (k + 2) Rsand A ranging over all
strings of (k+ 2) Lsand k Rs.
(iii) Finally, we consider the principal system semantics of the bidirectionally
recursive Hadamard walk. Suppose that it starts from the position O.
(a) Ifthe“ coins’ are bosonsinitialized in state

W) =ILL....Ly =L)d ® L)y ® ... ® [L)dy s

then we have
1
drinel-1)
ﬁ( 2%k+1 )
k
ifn=2k+ 1,
[XIsym(I¥) ® |0)) =
1
——— Y AIA)®|2
@( 2K+ 2 )
k
ifn=2k+ 2,

where T traversesover all stringsof (k+ 1) L'sand k R's, and A
traverses over all stringsof k L’sand (k + 2) R's. Therefore, the principal
system semantics with the “ coin” initialisation |W) is:

1 . .
sn| — 1) (=1 ifn isodd,
[X, w](0) = {21

5m12)(2| if n iseven.

(b) For each single-particle state |/) in Hq, the corresponding coherent state
of bosonsin the symmetric Fock space F4 (Hq) over Hq isdefined as

1 Fy)n
[ )con = exp <—§<w|w>) > B 0

n=0

where |0) is the vacuum state and a'(-) the creation operator. If the
“coins’ areinitialized in the coherent state |L)on Of bosons
corresponding to |L), then we have:
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[X]sym(IL) coh ® 10))

o]

1

k)
Ve kg(:)\/zzT<2k+l>Zl k)

Q-1

]

1

— |Ak) |2),
+\/ék§(:) W(Zk+2>z k®

where ' ranges over all strings of (k 4+ 1) Lsand k Rs, and Ay ranges
over all strings of k Lsand (k + 2) Rs. So, the principal system semantics
with “ coin” initialization |L) con iS:

o]

1 = 1
XL eonl(0) = —2 (Z it~ D+ g}mm)(a)

1 /2 1
=/ <§| - D{-1+ §|2><2|> :

It is interesting to compare termination in subclauses (a) and (b) of clause (iii)
in this example. In case (), the “coins’ start in an n-particle state, so the quantum
recursive program X terminates within n steps; that is, termination probability within
n steps is p{=" = 1. But in case (b), the “coins’ start in a coherent state, and
program X does not terminate within a finite number of steps although it almost
surely terminates; that is, pi~" < 1 for al nand limp_. o p{™" = 1.

To conclude this section, we point out that only the behavior of the two simplest
among the recursive quantum walks defined in Section 7.2 were examined here.
The analysis of the others, in particular the recursive quantum walks defined by

equations(7.7) and (7.9), seemsvery difficult, and isleft asatopic for further studies.

QUANTUM WHILE-LOOPS (WITH QUANTUM CONTROL)

The general form of quantum recursion was carefully studied in previous sections.
In this section, as an application of the theory developed before, we consider a
specia class of quantum recursive programs, namely quantum loops with quantum
control flows.

Arguably, the while-loop is the smplest and most popular form of recursion
used in various programming languages. Recall that in classical programming, the
while-loop:

whileb do Sod (7.29)
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can be seen as the recursive program X declared by the equation:
X < if bthen S X else skip fi (7.30)

where b is a Boolean expression. In Chapter 3, we defined a measurement-based
while-loop:

whileM[q] = 1do P od (7.3

as a quantum extension of loop (7.29), where M is a quantum measurement. As
pointed out before, the control flow of thisloop is classical beforeit is determined by
the outcomes of measurement M.

It was shown that loop (7.31) is the solution of the recursive equation with
classical case statement in quantum programming:

X < if M[G] = 0 — skip
O 1— P;X (7.32)
fi

In Chapter 6, we pointed out that, in the quantum setting, the notion of case statement
splits into two different versions: (@) the one used in equation (7.32), and (b) the
guantum case statement with quantum control. Furthermore, the notion of quantum
choice was defined based on the quantum case statement. Now we can define a kind
of quantum while-loop by using quantum case statement and quantum choice in
the place of the classical case statement if . . . then ... else...fi in equation (7.30) or
(7.32). Inherited from the quantum case statement and quantum choice, the control
flow of this new quantum loop is genuinely quantum.
Example 7.8.1 (Quantum while-loops with quantum control).

(i) Thefirst form of quantum while-loop with quantum control:
gwhile[c] = |1) do U[q] od (7.33)
is defined to be the quantum recursive program X declared by

X « qif[c] |0) — skip
| 1) — U[q]; X (7.34)
fiq
where cisa quantum* coin” variable denoting a qubit, g is a principal
quantumvariable, and U is a unitary operator in the state Hilbert space H of
systemq.
(ii) The second form of quantum while-loop with quantum control:

gwhileV[c] = |1) do U[q] od (7.35)



7.8 Quantum while-loops (with quantum control) 321

is defined to be the quantum recursive program X declared by

X & skip @v[¢) (U[d]; X)
= V[c]; qif[c] |0) — skip
g |1 —Ulq;X
fiq

(7.36)

Note that the quantum recursive equation (7.36) is obtained by replacing the
guantum case statement qif . . . fiq in equation (7.34) with the quantum
choice ®vic.

(iii) Actually, quantumloops (7.33) and (7.35) are not very interesting because
thereis not any interaction in them between the quantum*“ coin” ¢ and the
principal quantum system g. This situation correspondsto the trivial case of
classical loop (7.30) where the loop guard b isirrelevant to the loop body S.
The classical loop (7.30) becomes truly interesting only when the loop guard b
and the loop body S share some program variables. Likewise, a much more
interesting form of quantumwhile-loop with quantum control is

gwhileW[c; q] = |1) do U[q] od (7.37)

which is defined to be the program X declared by the quantum recursive
equation

X < WIc, qJ; qif[c] |0) — skip
O 11— UlX
fiq

where W is a unitary operator in the state Hilbert space H. ® Hq of the
composed system of the quantum“ coin” ¢ and the principal system g. The
operator W describes the interaction between the “ coin” ¢ and the principal
system g. It is obviousthat the loop (7.37) degeneratesto the loop (7.35)
whenever W =V ® |, where | isthe identity operator in H.

It is very interesting to compare quantum loops in the preceding example with
the measurement-based while-loop (7.31). First of all, we stress once again that the
control flow of the former is defined by a quantum “coin” and thus it is quantum;
in contrast, the control flow of the latter is determined by the outcomes of a
measurement and thus it is classical. In order to further understand the difference
between loops (7.31) and (7.37), let us have a close look at the semantics of
loop (7.37).

» A routine calculation shows that the semantics of the loop (7.37) in the free Fock
spaceisthe operator:
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IX] = qu (U® (11)e, (1 ® ... (11 (1] ® (10)g_; (01 ® UK a)

WIck—1,9DWICk—2,4d] .. )W[cy,ahW[Co, q]

oo k—2 k—1
= Z (®|1>q (11 ®[0)g_1 (0 ® ukl[q]) [[wig.al|.

j=0 j=0

» Furthermore, the symmetric semantics of theloopis:

00 k—1
[XIsm=>_ {(A(k) ® U a1) [T wig;, q]} ,
k=1 j=0

where:
k—1

1
AR =+ D el ®... ®[1)g_; (1l ® [0)g (O]
j=0
® |1)Cj+1<l| ®...8 |1>C|<71<1|-

* Now we consider the principa semantics of loop (7.37) in aspecial case. Let q
be aqubit, U = H (the Hadamard gate) and W = CNOT (the controlled-NOT).
If the“coins” areinitialized in the n-boson state

[Wn) =10,1,..., Z Do - - 1061100 Dy - - 1Den s

and the principal system q startsin state |—) = —|1)), then we have:

1

2530
1

[@n) £ [Xlom(|%n) @ =) = (=D)"=|¥n) @ [y}

where

|[+) ifniseven,

Vn) = { I-) ifn isodd.

Consequently, the principal system semanticsis

1
[X, Wn](|=)) = tr 731y (| Pn){(Pnl) = §|‘/fn><‘/fn|-

We conclude this chapter by |eaving a series of problemsfor further studies.

Problem 7.8.1. Although in this chapter we presented several examples of
guantum recursion, it is still not well understood what kind of computational
problems can be solved more conveniently by using quantum recursion. Another
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important question is: what kind of physical systems can be used to implement
guantumrecursion where new “ coins’ must be continuously created?

Problem 7.8.2. We do not even fully understand how should a quantumrecursion
useits“ coins’ in its computational process. In the definition of the principal system
semantics of a recursive program (Definition 7.6.1), a state | W) in the Fock space of
“coin” is given a priori. This means that the states of a “ coin” and its copies are
given once for all. Another possibility is that the states of the copies of a“ coin” are
created step by step. Asan example, let us consider the recursive program X declared

by

X < al(10); Rylc, pl; gif [c] |0) — skip
0 1) — TrIpl; X
fiq

where a is the creation operator, ¢ is a “coin” variable with state space
Hc = span{|0), |1)}, the variable p and operator Tr are asin the Hadamard walk,

Ricpl= R () @ (]

and Ry(9) is the rotation of a qubit about the y-axis in the Bloch sphere (see
Example 2.2.3). Intuitively, Ry[c, p] is a controlled rotation where the position of
p is used to determine the rotated angle. It is worth noting that this program X is a
guantum loop defined in equation (7.37) but modified by adding a creation operator
at the beginning. Itsinitial behavior starting at position O with the “ coin” ¢ beingin
the vacuum state |0) is visualized by the following transitions:

.
ay(10) Red,p] 1
010)p == [0)[0)p == —5 10+ 1) 10
qif..fig 1
= 5 [€.101005) + (1912

Thefirst configuration at the end of the preceding equati on ter minates, but the second
continues the computation as follows:

;
ay(10) Ruldp]
IDIDp — 10, vi0)p — -+ .

Itisclear from this example that the computation of a recursive programwith the
creation operator is very different from that without it. A careful study of quantum
recursions that allow the creation operator to appear in their syntax is certainly
interesting.

Problem 7.8.3. The theory of quantum recursive programs in this chapter
was developed in the language of Fock spaces. The second quantization method
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can be equivalently presented using the occupation number representation (see
[163], Section 2.1.7; also see Definition 7.3.9 for a related notion — the particle
number operator). Give an occupation number restatement of the theory of quantum
recursion.

Problem 7.8.4. Floyd-Hoare logic for quantum programs with classical control
flows was presented in Chapter 4. How can you develop a Floyd-Hoare logic for
guantum programs with quantum control flows defined in the last and this chapter?

BIBLIOGRAPHIC REMARKS

Quantum recursion with classical control flow (in the superposition-of-data
paradigm) was discussed in Section 3.4. This chapter can be seen as the counterpart
of Section 3.4 in the superposition-of-programs paradigm, dealing with quantum
recursion with quantum control flow. The exposition of this chapter is based on the
draft paper [222].

Quantum recursion studied both in Section 3.4 and in this chapter is quantum
generalization of classical recursion in imperative programming. Two good refer-
ences for the theory of classical recursive programs are [21] (Chapters 4 and 5) and
[158] (Chapter 5). The book [162] contains many examples of recursive programs. It
is very interesting to examine the quantum counterparts of these examples.

The lambda calculus is a suitable formalism for coping with recursion and
high-order computation, and it provides a solid basis for functional programming.
Both the lambda calculus and functional programming have been extended into the
guantum setting; see Section 8.3 and the references cited there. But so far, only
quantum recursion with classical control has been considered in functional quantum
programming.

The main mathematical tool employed in this chapter is the second quantization
method. The materials about second quantization in Section 7.3 are standard and can
be found in many textbooks of advanced quantum mechanics. Our presentation in
Section 7.3 largely follows[163].
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Prospects

In the previous chapters, we have systematically studied foundations of quantum
programming along the line from superposition-of-data to superposition-of-
programs. We saw from the previous chapters that various methodologies and
techniques in classical programming can be extended or adapted to program quantum
computers. On the other hand, the subject of quantum programming is not a simple
and straightforward generalization of its classical counterpart, and we have to deal
with many completely new phenomena that arise in the quantum realm but would not
arise in classical programming. These problems come from the “ weird” nature of
quantum systems: for example, no-cloning of quantum data, non-commutativity of
observables, coexistence of classical and quantum control flows. They make quantum
programming a rich and exciting subject.

This final chapter presents an overview of further developments in and prospects
for quantum programming. More explicitly, its aim is two-fold:

» We briefly discuss some important approaches to quantum programming or
related issues that are not treated in the main body of this book.

» We point out some topics for future research that are, as | believe, important for
further development of the subject, but are not mentioned in the previous
chapters.

QUANTUM PROGRAMS AND QUANTUM MACHINES

Understanding the notions of algorithm, program and computational machine and
their relationship was the starting point of computer science. All of these fundamental
notions have been generalized into the framework of quantum computation. We al-
ready studied quantum circuits in Section 2.2. The studies of quantum programming
presented in this book are mainly based on the circuit model of quantum computation.
In this section, we consider the relationship between quantum programs and other
quantum computational models.

Quantum Programsand Quantum Turing Machines:

Benioff [35] constructed a quantum mechanical model of a Turing machine.
His construction is the first quantum mechanical description of a computer, but it

Foundations of Quantum Programming.http://dx.doi.or g/10.1016/B978- 0- 12-802306- 8.00008- 2 3 2 7
Copyright © 2016 Elsevier Inc. All rights reserved.
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is not a real quantum computer, because the machine may exist in an intrinsically
quantum state between computation steps, but at the end of each computation step
the tape of the machine always goes back to one of its classical states. The first truly
quantum Turing machine was described by Deutsch [69] in 1985. In his machine,
the tape is able to exist in quantum states too. A thorough exposition of the quantum
Turing machine is given in [38]. Yao [218] showed that a quantum circuit model is
equivalent to a quantum Turing machine in the sense that they can simulate each
other in polynomial time.

The relationship between programs and Turing machines is well understood,;
see for example [41,127]. But up to now, not much research on the relationship
between quantum programs and quantum Turing machines has been done, except
some interesting discussions by Bernstein and Vazirani in [38]. For example, a
fundamental issue that is still not properly understood is programsas data in quantum
computation. It seems that this issue has very different implications in the paradigm
of superposition-of-data studied in Part Il of this book and in the paradigm of
superposition-of-programs studied in Part I11.

Quantum Programsand Nonstandard M odels of Quantum Computation:

Quantum circuits and quantum Turing machines are quantum generalizations of
their classical counterparts. However, several novel models of quantum computation
that have no evident classical analogs have been proposed too:

(i) Adiabatic Quantum Computation: This model was proposed by Farhi
et al. [80]. It is a continuous-time model of quantum computation in which the
evolution of the quantum register is governed by a Hamiltonian that varies
slowly. The state of the system is prepared at the beginning in the ground state
of the initial Hamiltonian. The solution of a computational problem is then
encoded in the ground state of the final Hamiltonian. The adiabatic theorem in
quantum physics guarantees that the final state of the system will differ from
the ground state of the final Hamiltonian by a negligible amount, provided the
Hamiltonian of the system evolves slowly enough. Thus, the solution can be
obtained with a high probability by measuring the final state. Adiabatic
computing was shown by Aharonov et al. [10] to be polynomially equivalent to
conventional quantum computing in the circuit model, and it can be seen as a
special form of quantum annealing [136].

(ii) Measurement-Based Quantum Computation: In the quantum Turing machine
and quantum circuits, measurements are mainly used at the end to extract
computational outcomes from quantum states. However, Raussendorf and
Briegel [183] proposed a one-way quantum computer and Nielsen [175] and
Leung [151] introduced teleportation quantum computation, both of them
suggesting that measurements can play a much more important role in
quantum computation. In a one-way quantum computer, universal computation
can be realized by one-qubit measurements together with a special entangled
state, called a cluster state, of a large number of qubits. Teleportation quantum
computation is based on Gottesman and Chuang’s idea of teleporting quantum
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gates [104] and allows us to realize universal quantum computation using only
projective measurement, quantum memory, and preparation of the |0) state.
(iii) Topological Quantum Computation: A crucial challenge in constructing
large quantum computers is quantum decoherence. Topological quantum
computation was proposed by Kitaev [134] as a model of quantum computation
in which a revolutionary strategy is adopted to build significantly more stable
quantum computers. This model employs two-dimensional quasi-particles,
called anyons, whose world lines form braids, which are used to construct
logic gates of quantum computers. The key point is that small perturbations
do not change the topological properties of these braids. This makes
quantum decoherence simply irrelevant for topological quantum computers.

Only very few papers have been devoted to studies of programming in these
nonstandard models of quantum computation. Rieffel et al. [187] developed some
techniques for programming quantum annealers. Danos et al. [63] proposed a
calculus for formally reasoning about (programs in) measurement-based quantum
computation. Compilation for topological quantum computation was considered by
Kliuchnikov et al. [138].

Research in this direction will be vital once the physical implementation of some
of these models becomes possible. On the other hand, it will be challenging due to
the fundamental differences between these nonstandard models and quantum circuits.
For example, the mathematical description of topological quantum computation
is given in terms of topological quantum field theory, knot theory and lower-
dimensional topology. The studies of programming methodology for topological
quantum computers (e.g., fixed point semantics of recursive programs) might even
bring exciting open problems to these mainstream areas of mathematics.

IMPLEMENTATION OF QUANTUM PROGRAMMING
LANGUAGES

This book is devoted to the exposition of high-level concepts and models of quantum
programming. From a practical viewpoint, implementing quantum programming
languages and designing quantum compilers are very important. Some research in
this direction had already been reported in the early literature; for example, Svore
et al. [207] proposed a layered quantum software architecture which is a four-
phase design flow mapping a high-level language quantum program onto a quantum
device through an intermediate quantum assembly language. Zuliani [242] designed
a compiler for the language qGCL in which compilation is realized by algebraic
transformation from a qGCL program into a normal form that can be directly
executed by a target machine. Nagarajan et al. [176] defined a hybrid classical-
quantum computer architecture — the Sequential Quantum Random Access Memory
machine (SQRAM) — based on Knill’s QRAM, presented a set of templates for
quantum assembly code, and developed a compiler for a subset of Selinger’s QPL.
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A translation between the quantum extension of the while-language defined in
Chapter 3 and a quantum extension of classical flowchart language was given in
[228]. All of these studies are based on the popular circuit model of quantum
computation. Nevertheless, as mentioned in the last section, Danos et al. [63]
presented an elegant low-level language based on a novel and promising physical
implementation model of quantum computation, namely the measurement-based
one-way quantum computer.

Recently, quantum compilation including optimization of quantum circuits has
been intensively researched. A series of compilation techniques has been developed
through the recent projects of languages Quipper [106], LIQUIi|> [215], Scaffold
[3,126] and QuaFL [150]. In particular, significant progress in synthesis and opti-
mization of quantum circuits has been made in the last few years; see for examples
[20,44,45,99,137,188,237,239].

At this moment, the majority of research on quantum language implementation is
devoted to quantum circuit optimization. No work except [242] has been reported in
the literature on transformations and optimization of high-level language constructs
like quantum loops, which is obviously an important issue (see, for example, [13],
Chapter 9). In particular, we need to examine whether the techniques successfully
applied in classical compiler optimization, e.g., loop fusion and loop interchange, can
be used for quantum programs. On the other hand, the analysis techniques developed
in Chapter 5 may help in, for example, data-flow analysis and redundancy elimination
of quantum programs.

Another important topic for future research is the compilation of quantum
programs with quantum control, defined in Chapters 6 and 7.

FUNCTIONAL QUANTUM PROGRAMMING

This book focuses on imperative quantum programming, but functional quantum
programming has been an active research area in the last decade.

The lambda calculus is a formalism of high-order functions and it is a logical
basis of some important classical functional programming languages, such as LISP,
Scheme, ML and Haskell. The research on functional quantum programming started
with an attempt to define a quantum extension of lambda calculus made by Maymin
[165] and van Tonder [212]. In a series of papers [196,197,199], Selinger and Valiron
systematically developed quantum lambda calculus with well-defined operational
semantics, a strong type system and a practical type inference algorithm. As already
mentioned in Subsection 1.1.1, a denotational semantics of quantum lambda calculus
was recently properly defined by Hasuo and Hoshino [115] and Pagani et al. [178].
The no-cloning property of quantum data makes quantum lambda calculus closely
related to linear lambda calculus developed by the linear logic community. Quantum
lambda calculus was used by Selinger and Valiron [198] to provide a fully abstract
model for the linear fragment of a quantum functional programming language, which
is obtained by adding higher-order functions into Selinger’s quantum flowchart
language QFC [194].
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One of the earliest proposals for functional quantum programming was made
by Mu and Bird [173]. They introduced a monadic style of quantum programming
and coded the Deutsch-Josza algorithm in Haskell. A line of systematic research
on functional quantum programming had been pursued by Altenkirch and Grattage
[14]. As mentioned in Subsection 1.1.1, they proposed a functional language QML
for quantum computation. An implementation of QML in Haskell was presented
by Grattage [105] as a compiler. An equational theory for QML was developed by
Altenkirch et al. [15]. Notably, QML is the first quantum programming language
with quantum control, but it was defined in a way very different from that presented
in Chapters 6 and 7. The recent highlight of functional quantum programming
is the implementation of languages Quipper [106,107] and LIQUi|> [215]: the
former is an embedded language using Haskell as its host language, and the latter is
embedded in F#.

The control flow of all quantum lambda calculus defined in the literature as
well as functional quantum programming languages (except QML) is classical. So,
an interesting topic for further research is to incorporate quantum control (case
statement, choice and recursion) introduced in Chapters 6 and 7 into quantum lambda
calculus and functional quantum programming.

CATEGORICAL SEMANTICS OF QUANTUM PROGRAMS

In this book, the semantics of quantum programming languages has been defined
in the standard Hilbert space formalism of quantum mechanics. Abramsky and
Coecke [5] proposed a category-theoretic axiomatization of quantum mechanics.
This novel axiomatization has been successfully used to address a series of problems
in quantum foundations and quantum information. In particular, it provides effective
methods for high-level description and verification of quantum communication pro-
tocols, including teleportation, logic-gate teleportation, and entanglement swapping.
Furthermore, a logic of strongly compact closed categories with biproducts in the
form of proof-net calculus was developed by Abramsky and Duncan [6] as a
categorical quantum logic. It is particularly suitable for high-level reasoning about
quantum processes.

Heunen and Jacobs [117] investigated quantum logic from the perspective of
categorical logic, and they showed that kernel subobjects in dagger kernel categories
precisely capture orthomodular structure. Jacobs [123] introduced the block construct
for quantum programming languages in a categorical manner. More recently, he [124]
proposed a categorical axiomatization of quantitative logic for quantum systems
where quantum measurements are defined in terms of instruments that may have
a side-effect on the observed system. He further used it to define a dynamic logic
with test operators that is very useful for reasoning about quantum programs and
protocols.

Further applications of category-theoretic techniques to quantum programming
will certainly be a fruitful direction of research. In particular, it is desirable to
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have a categorical characterization of quantum case statement and quantum choice
defined in Chapter 6 and quantum recursion based on second quantization defined in
Chapter 7.

FROM CONCURRENT QUANTUM PROGRAMS TO
QUANTUM CONCURRENCY

This book only considers sequential quantum programs, but concurrent and dis-
tributed quantum computing has already been extensively studied in the literature.

Quantum Process Algebras:

Process algebras are popular formal models of concurrent systems. They pro-
vide mathematical tools for the description of interactions, communications and
synchronization between processes, and they also provide formal methods for rea-
soning about behavior equivalence between processes by proving various algebraic
laws. Quantum generalization of process algebras has been proposed by several
researchers. To provide formal techniques for modelling, analysis and verification
of quantum communication protocols, Gay and Nagarajan [93,94] defined the CQP
language by adding primitives for measurements and transformations of quantum
states and allowing transmission of quantum data in the pi-calculus. To model
concurrent quantum computation, Jorrand and Lalire [128,147] defined the QPAIg
language by adding primitives expressing unitary transformations and quantum
measurements, as well as communications of quantum states, to a classical process
algebra, which is similar to CCS. Feng et al. [83,84,229] proposed a model qCCS for
concurrent quantum computation, which is a natural quantum extension of classical
value-passing CCS and can deal with input and output of quantum states, and unitary
transformations and measurements on quantum systems. In particular, the notion
of bisimulation between quantum processes was introduced, and their congruence
properties were established. Furthermore, symbolic bisimulations and approximate
bisimulations (bisimulation metrics) for quantum process algebras are proposed in
[81,85,229], respectively. Approximate bisimulation can be used to describe imple-
mentation of a quantum process by some (usually finitely many) special quantum
gates. One of the most spectacular results in fault-tolerant quantum computation
is the threshold theorem, which means that it is possible to efficiently perform an
arbitrarily large quantum computation provided the noise in individual quantum
gates is below a certain constant. This theorem considers only the case of sequential
quantum computation. Its generalization in concurrent quantum computation would
be a challenge. The notion of approximate bisimulation provides us with a formal tool
for observing robustness of concurrent quantum computation against inaccuracy in
the implementation of its elementary gates, and | guess that it can be used to establish
a concurrent generalization of the (fault-tolerance) threshold theorem.

Quantum process algebras have already been used in verification of correctness
and security of quantum cryptographic protocols, quantum error-correction codes
and linear optical quantum computing [24,25,67,68,89,90,98,141,143,219].
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Quantum Concurrency:

Research on quantum process algebras was mainly motivated by applications in
specification and verification of quantum communication protocols. Actually, con-
currency in quantum programming has another special importance: Despite convinc-
ing demonstration of quantum computing devices, it is still beyond the ability of the
current technology to scale them. So, it was conceived to use the physical resources
of two or more small capacity quantum computers to form a large capacity quantum
computing system, and various experiments in the physical implementation of dis-
tributed quantum computing have been reported in recent years. Concurrency is then
an unavoidable issue in programming such distributed quantum computing systems.

Understanding the combined bizarre behavior of concurrent and quantum systems
is extremely hard. Almost all existing work in this direction can be appropriately
termed as concurrent quantum programming but not quantum concurrent program-
ming; for example, a concurrent quantum program is defined by Yu et al. [238] as
a collection of quantum processes together with a kind of classical fairness that is
used to schedule the execution of the involved processes. However, the behavior of a
guantum concurrent program is much more complicated. We need to very carefully
define its execution model because a series of new problems arises in the quantum
setting:

(i) Interleaving abstraction has been widely used in the analysis of classical
concurrent programs. But entanglement between different quantum processes
forces us to restrict its applications. Superposition-of-programs defined in
Chapters 6 and 7 adds another dimension of difficulty to this problem; for
example, how can the summation operator in quantum process algebras be
replaced by a quantum choice?

(ii) Research in physics reveals that certain new synchronization mechanisms are
possible in the quantum regime; for example, entanglement can be used to
overcome certain classical limits in synchronisation [100]. An interesting
question is: how to incorporate such new synchronisation mechanisms into
guantum concurrent programming?

(iii) We still do not know how to define a notion of fairness that can better embody
both the quantum feature of the participating processes and the entanglement
between them. A possible way to do this is further generalizing the idea of
“quantum coins” and employing some ideas from quantum games [77,168] to
control the processes in a quantum concurrent program.

ENTANGLEMENT IN QUANTUM PROGRAMMING

It has been realized from the very beginning of quantum computing research
that entanglement is one of the most important resources that enable a quantum
computer to outperform its classical counterpart. However, entanglement in quantum
programming has not been discussed at all in the previous chapters. The reason is

.
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that research in this direction is almost nonexistent up to now. Here, we introduce
the existing several pieces of work on entanglement that have direct or potential
connections to quantum programming.

The role of entanglement in sequential quantum computation has been carefully
analyzed by several researchers; see for example [130]. Abstract interpretation
techniques were employed by Jorrand and Perdrix [129] and Honda [118] to
analyze entanglement evolution in quantum programming written in a language
similar to the quantum while-language defined in Chapter 3. The compiler [126]
of quantum programming language Scaffold [3] facilitates a conservative analysis of
entanglement. It was observed in [230] that information leakage can be caused by an
entanglement, and thus the Trojan Horse may exploit an entanglement between itself
and a user with sensitive information as a covert channel. This presents a challenge
to programming language-based information-flow security in quantum computing.

It seems that entanglement is more essential in concurrent and distributed
quantum computation than in sequential quantum computation [51,58]. An algebraic
language for specifying distributed quantum computing circuits and entanglement
resources was defined in [226]. It was also noticed in [83-85,229] that entanglement
brings extra difficulties to defining bisimulations preserved by parallel composition
in quantum process algebras. Conversely, quantum process algebras provide us with
a formal framework for examining the role of entanglement in concurrent quantum
computation. In the last section, we already mentioned the possible influence
of entanglement on interleaving abstraction in the execution models of quantum
concurrent programs.

I expect that research on entanglement in quantum programming, especially in
the mode of concurrent and distributed computing, will be fruitful.

MODEL-CHECKING QUANTUM SYSTEMS

Analysis and verification techniques for quantum programs (with classical control)
were studied in Chapters 4 and 5. A natural extension of this line of research is model-
checking quantum programs and communication protocols. Actually, several model-
checking techniques have been developed in the last decade, not only for quantum
programs but also for general quantum systems.

The earlier work was mainly targeted at checking quantum communication
protocols. Gay et al. [95] used the probabilistic model-checker PRISM [146] to verify
the correctness of several quantum protocols including BB84 [36]. Furthermore,
they [97] developed an automatic tool QMC (Quantum Model-Checker). QMC uses
the stabilizer formalism [174] for the modelling of systems, and the properties to
be checked by QMC are expressed in Baltazar et al. quantum computation tree
logic [31].

However, to develop model-checking techniques for general quantum systems,
including quantum programs, at least the following two problems must be carefully
addressed:
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» We need to clearly define a conceptual framework in which we can properly
reason about quantum systems, including (1) formal models of quantum systems,
and (2) specification languages suited to formalise the properties of quantum
systems to be checked.

» The state spaces of the classical systems that model-checking techniques can be
applied to are usually finite or countably infinite. But the state spaces of quantum
systems are inherently continuous even when they are finite-dimensional, so we
have to explore mathematical structures of the state spaces so that it suffices to
examine only a finite number of (or at most, countably infinitely many)
representative elements, e.g., those in an orthonormal basis.

The models of quantum systems considered in the current literature on quantum
model-checking are either quantum automata or quantum Markov chains and Markov
decision processes. The actions in a quantum automaton are described by unitary
transformations. Quantum Markov models can be seen as a generalization of
guantum automata where actions are depicted by general quantum operations (or
super-operators).

Since some key issues in model-checking can be reduced to the reachability
problem, reachability analysis of quantum Markov chains presented in Section 5.3
provides a basis of quantum model-checking. The issue of checking linear-time
properties of quantum systems was considered in [231], where linear-time properties
are defined to be an infinite sequence of sets of atomic propositions modelled by
closed subspaces of the state Hilbert spaces. But model-checking more general
temporal properties is still totally untouched. Indeed, we do not even know how to
properly define a general temporal logic for quantum systems, although this problem
has been studied by physicists for quite a long time (see [125] for example).

Another kind of quantum Markov chains were introduced by Gudder [111]
and Feng et al. [88], which can be more appropriately termed as super-operator
valued Markov chains because they are defined by replacing transition probabilities
in a classical Markov chain with super-operators. Feng et al. [88] further noticed
that super-operator valued Markov chains are especially convenient for a higher-
level description of quantum programs and protocols and developed model-checking
techniques for them, where a logic called QCTL (quantum computation tree logic,
different from that in [31]) was defined by replacing probabilities in PCTL (prob-
abilistic computation tree logic) with super-operators. A model-checker based on
[88] was implemented by Feng, Hahn, Turrini and Zhang [86]. Furthermore, the
reachability problem for recursive super-operator valued Markov chains was studied
by Feng et al. [87].

QUANTUM PROGRAMMING APPLIED TO PHYSICS

Of course, the subject of quantum programming has been developed mainly with
the purpose of programming future quantum computers. However, some ideas,
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methodologies and techniques in quantum programming may also be applied to
quantum physics and quantum engineering.

The hypothesis that the universe is a quantum computer has been proposed by
several leading physicists [155,211]. If you agree with this view, | would like to argue
that God (or nature) isa quantumprogrammer. Furthermore, | believe that translating
various ideas from programming theory to quantum physics will produce some
novel insights. For example, the notion of quantum weakest precondition defined
in Subsection 4.1.1 provides with us a new way for backward analysis of physical
systems. Recently, Floyd-Hoare logic has been extended to reason about dynamical
systems with continuous evolution described by differential equations [46,180]. It is
interesting to develop a logic based on this work and quantum Floyd-Hoare logic
presented in Section 4.2 that can be used to reason about continuous-time quantum
systems governed by the Schrdédinger equation.

As pointed out by Dowling and Milburn [71], we are currently in the midst of a
second quantum revolution: transition from quantum theory to quantum engineering.
The aim of quantum theory is to find fundamental rules that govern the physical
systems already existing in the nature. Instead, quantum engineering intends to
design and implement new systems (machines, devices, etc.) that did not exist before
to accomplish some desirable tasks, based on quantum theory.

Experiences in today’s engineering indicate that it is not guaranteed that a human
designer completely understands the behaviors of the systems she/he designed, and
a bug in her/his design may cause some serious problems and even disasters. So,
correctness, safety and reliability of complex engineering systems have been a key
issue in various engineering fields. Certainly, it will be even more serious in quantum
engineering than in today’s engineering, because it is much harder for a system
designer to understand the behaviours of quantum systems. The verification and
analysis techniques for quantum programs may be adapted to design and implement
automatic tools for correctness and safety verification of quantum engineering
systems. Moreover, (a continuous-time extension of) model-checking techniques
for quantum systems discussed in the last section are obviously useful in quantum
engineering. It is sure that this line of research combined with quantum simulation
[59,154] will be fruitful.
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Classical recursion in quantum programming,
85-94, 273, 295
Classical states, QuGCL semantics, 227-228
Coin-tossing operator, 172
Commutative law
quantum case statements, 242
quantum choice, 243
Completeness
Floyd-Hoare logic, 114118
proof system for qPD, 128
proof system ¢7TD, 136-137
Complete partial order (CPO), 77,297, 311
Concurrent quantum programming, 333
Control flows, 214, 270
classical, 64
in lambda calculus, 7
quantum, 4, 211
superposition of, 214
Controlled gates
properties of, 33
quantum circuits, 33-34
quantum multiplexor, 34
Copy rule, 306-307
CPO. See Complete partial order (CPO)
Creation operator, 294, 322-324

Deferred measurement principle, 38
Denotational semantics
divergence probabilities, 81-83
of loop, 78-80
properties of, 75-76
quantum domains, 76-78
as quantum operations, 83—85
of quantum program, 73-74
recursive quantum program,
87-90
termination, 81-83
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Density operators, 107, 152
in Hilbert space, 25
partial, 65, 77, 108, 118, 121
quantum mechanics, 25-27
reduced, 26
Deutsch-Jozsa algorithm, 41-43, 42f, 331
Directed graph, 175-179
Distributive law
quantum case statements, 242
quantum choice, 244

E

Eigenvalues, 157, 159

Entanglement in quantum programming,
333-334

Expectation of observable at outputs, 169—170

F

Fermions, 285
Fock space, 290
Fixed point semantics, 302-303
Floyd-Hoare logic, 103, 336
correctness formulas, 111-114
Grover algorithm, 123, 137-143, 138f
partial correctness, 112—114, 123-130
soundness, 124
total correctness, 112—114, 130-137, 133f
weakest preconditions, 114-123
while-language, 111-112, 114-115, 118,
121-122
Fock spaces, 287-290
creation functional, 301-302
definition, 287
domain of operators in, 295-299
evolution in, 293-294
extensive observable in, 292
many-body observables, 291
observables in, 292293
operators in, 289
principle of symmetrization, 288
symmetrization functional, 311-312
Functional quantum programming, 330-331

G
Generalized quantum program scheme,
303-306
Graph
classical, 176-177, 179
directed, 175-179
quantum walks on, 49

Grover algorithm, 95-97, 96f, 123, 137143,
138f
correctness formula for, 139
correctness using axiom, 142
performance analysis, 45
search problems, 43—47, 46f
termination of loop, 141
verification of loop body, 140
Grover rotation, 44, 44f
Guarded Command Language (GCL)
extensions, 270
qGCL, 270
QuGCL, 215-218

H

Hadamard transformation, 72, 95
Harrow-Hassidim-Lloyd algorithm, 57
Hermitian operator, 4, 20
Hilbert space, 104
operator mapping, 108
quantum predicate, 104-105
spectral decomposition theorem, 97-98
Hilbert spaces, 163
asymptotic average, 184
decomposition, 183-189
density operators in, 25
fixed point state, 184
Hermitian operator, 104
operator-valued functions in, 221-222
quantum mechanics, 12-15
quantum predicate in, 104
quantum systems, 26, 291
state decomposition, 183—189
tensor products of, 22-25
transient subspaces, 183
Hoare triple, 111-112

Idempotent law
quantum case statements, 242
quantum choice, 243

Imperative quantum programming, 330

Jordan decomposition, 156, 167, 202-203
Jordan normal form theorem, 155-156

K

Knaster-Tarski theorem, 77, 92-94

Kraus operator-sum representation, 106-107, 163,

176, 180, 220-221, 261-269



L

Lattice theory, 76
Linear operators
matrix representation of, 17
quantum mechanics, 15-18
Lowner order
definition, 17, 77
quantum operations, 77-78, 233

M

Matrix representation, 163
Measurement-based quantum computation,
328-329
Model-checking quantum systems, 334-336
Multiple-particle states
Pauli’s exclusion principle, 286
permutation operators, 284
principle of symmetrization, 285
second quantization, 283-286

Nontermination probability, 152, 162

0

One-dimensional quantum walks, 47, 277
One-qubit gates, 32-33
Operational semantics
recursive quantum program, 86—87
while-language, 65-73
Operator-valued functions
coefficients in, 250-253
definition, 220-221
guarded composition of, 221-224,
255-256
in Hilbert space, 221-222
semi-classical semantic function, 234-236

P

Partial density operator, 118
domain of, 77
operator mapping, 108

Pauli matrix, 72

Pauli’s exclusion principle, 286

PCTL. See Probabilistic computation tree logic

(PCTL)
Permutation operators, 284
Phase estimation, 55f, 247-249
performance analysis, 56
quantum algorithms, 54-57
Phase flip channel, 144
Principal system semantics, 313-314
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Principle of symmetrization
Fock space, 288
multiple-particle states, 285
Probabilistic choice, 237-238
definition, 237
quantum implementation, 238-241

Probabilistic computation tree logic (PCTL), 335

Process algebras, 332
Programming paradigm, 6-7, 238
Projective measurements
definition, 21
quantum mechanics, 20, 24
Purely quantum semantics, 252-253, 258, 262
of block command, 239
probabilistic choice, 239
QuGCL, 230-232
Pure states, 68, 69f

Q

QCTL. See Quantum computation tree logic
(QCTL)
QMUX. See Quantum multiplexor (QMUX)
QPL, 329-330
Quantm while-loops (with quantum control),
319-324
Quantum algorithms, 57
Deutsch-Jozsa algorithm, 41-43, 42f
Grover search algorithm, 43-47, 44f, 46f
phase estimation, 54-57
quantum Fourier transform, 52-54
quantum interference, 40
quantum parallelism, 39
quantum walks
on graph, 49
one-dimensional, 47
search algorithm, 50-52
Quantum case statements, 211-212
algebraic laws, 241-244
associative law, 242
from classical to quantum, 212-215
commutative law, 242
control flows, 214, 270
denotational semantics, 215
distributive law, 242
guarded by subspaces, 253-255
guarded compositions
operator-valued functions, 221-224
quantum operation, 224-226
unitary operators, 218-219
idempotent law, 242

proofs of lemmas, propositions and theorems,
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Quantum case statements (Continued) Quantum Markov chains, 335
quantum choice and, 236-241, 252 BSCC decomposition for, 179-189
QuGCL, 215-218 definition, 175
refinement techniques, 233 graph structures of, 189
semantics of QuGCL, 226-236 persistence probability, 195-197
shift operator, 213 reachability analysis of, 174

Quantum choice, 236-241 reachability probability, 189-191
algebraic laws, 242-243 reachable space, 177
associative law, 243 repeated reachability probability,
commutative law, 243 191-196
distributive law, 244 Quantum measurements, 19-22
idempotent law, 243 Quantum mechanics
parameterized, 252 definition, 11-12, 57
probabilistic choice vs., 237-241 density operators, 25-27

Quantum circuits Hilbert spaces, 12-15
controlled gates, 33-34 linear operators, 15-18
definitions, 29-31, 57 postulate of, 14, 19, 23
measurement in, 37-38 projective measurements, 20, 24
one-qubit gates, 32-33 quantum measurements, 19-22
principle of deferred measurement, 38 quantum operations, 27-29
quantum multiplexor, 34-36 reduced density operators, 26
universality of gates, 36-37 tensor products of Hilbert spaces,

Quantum computation, 3 22-25
adiabatic, 328 unitary transformations, 18—19
cluster state, 328 Quantum Model-Checker (QMC), 334
measurement-based, 328 Quantum multiplexor (QMUX), 14, 219
nonstandard models of, 327 in circuits, 34-36
teleportation, 328 matrix representation of, 36
topological, 329 Quantum operations, 27-29, 226

Quantum computation tree logic (QCTL), 335 coefficients in, 250-253

Quantum concurrency, 333 example, 225

Quantum control flow, 211, 214, 270 guarded compositions of, 224-226

Quantum domains, 7678 Lowner order, 233
complete partial order, 76 semantic functions as, 83—-85
partial order, 76 Quantum parallelism, 3, 39

Quantum Fourier transform, 52-54 Quantum phase estimation, 55f, 247-249

Quantum gates performance analysis, 56
controlled gates, 33-34 quantum algorithms, 54-57
one-qubit gates, 32-33 Quantum predicates, 124, 128, 133, 136
and quantum circuits, 30 Birkhoff-von Neumann quantum logic, 104
universality of gates, 36—37 commutativity problem, 143-148

Quantum graph theory completeness, 128, 136
BSCC, 179-183 definition, 103-104
definitions, 175179 Floyd-Hoare logic, 103, 111-143
partial density operator, 175 Hermitian operator, 104—105
quantum Markov chains, 174-177 Hilbert space, 104
state Hilbert space decomposition, 183—189 logic for, 103

Quantum interference, 40, 48, 280-281 soundness, 124, 133

Quantum logic, 331 weakest preconditions, 105111
Birkhoff-von Neumann, 253-254 Quantum process algebras, 332
effect, 105 Quantum programming languages

unitary transformations, 19 applied to physics, 335-336



categorical semantics of, 331-332
classical recursion in, 85-94
compilation techniques, 330
definition, 3
design of, 4
entanglement in, 333-334
functional, 330-331
implementation, 329-330
semantics of, 4-5
superposition-of-data paradigm
classical control, 67
quantum control, 7
superposition-of-programs paradigm, 238
and Turing machines, 327
verification and analysis, 5

Quantum Random Access Machine (QRAM)

model, 3
Quantum recursive programs, 85, 273
denotational semantics, 87-90
fixed point characterization, 90-94
Fock spaces, 287-290
copy rule, 306-307
creation functional, 301-302
definition, 287
domain of operators in, 295-299
evolution in, 293-294
fixed point semantics, 302-303
many-body observables, 291
observables in, 292-293
operators in, 289
principle of symmetrization, 288
semantic functionals of program schemes,
299-302
symmetrization functional,
311-312
syntactic approximation, 303-310
lambda calculus, 324
operational semantics, 86—87
principal system semantics, 313-314
program schemes, 274-275
quantum while-loops, 319-324
recursive quantum walks, 274
bidirectionally, 278
examples, 315-319
solve recursive quantum equations,
282-283
specification of, 277-281
variant of bidirectionally, 278, 281
second quantization, 273
creation and annihilation of particles,
294-295
Fock spaces, 287-290, 293-294

multiple-particle states, 283-286
observables in Fock spaces, 291-293
symmetry and antisymmetry,
310-313
syntax, 85-86, 273-277
transition rule for, 87f
Quantum register, 29-30
Quantum systems
continuous-time dynamics, 18
dynamic logic formalism, 5
of fixed number, 287
Hilbert spaces, 26, 291
in mixed states, 25-26
model-checking, 334-336
open, 27-28
Quantum Turing machines, 327
Quantum variables
block command, 84, 239
change and access of, 80
partial density operator, 81-82
in while-loops, 111-112
Quantum walks
example, 244-247
on graph, 49
one-dimensional, 47
recursive, 274
bidirectionally, 278, 316
examples, 315-319
solve recursive quantum equations,
282-283
specification of, 277-281
unidirectionally, 315
variant of bidirectionally,
278, 281
search algorithm, 50-52
shift operator, 213, 215
Quantum while-language, 319-324
almost sure termination, 165
classical control flow, 64
control flow, 211
example, 172-173
Floyd-Hoare logic for, 123, 143
general, 159-172
nondeterminism, 73
operational semantics, 65-73
programs, 115
quantum configuration, 66
for quantum loop, 122
quantum variables in, 111-112
syntax, 62—-65
termination, 141
transition rules for, 67f, 68
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Quantum while-loops, 163
QuGCL programs
alphabet, 215-216
definition, 216
design, 217-218
probabilistic choice, 238-239
quantum phase estimation, 247-249
quantum walks, 244-247
semantics
classical states, 227-228
example, 234-236
notations, 226-227
purely quantum, 230-232
semi-classical, 228-230
weakest precondition, 232-233
syntax of, 217

R

Ranking function, 130
Recursive quantum program, 85, 89,
92-95, 207
Recursive quantum walks, 274
bidirectionally, 278, 316
examples, 315-319
solve recursive quantum equations, 282-283
specification of, 277-281
unidirectionally, 315
variant of bidirectionally, 278, 281

S

SCC. See Strongly connected component (SCC)
Schrodinger equation, 18
Schrodinger-Heisenberg duality, 108, 109f
Search algorithm
Grover search algorithm, 43—47, 44f, 46f
quantum walks, 50-52
Second quantization, 273
creation and annihilation of particles,
294-295
Fock spaces, 287-290
definition, 287
evolution in, 293-294
many-body observables, 291
observables in, 291-293
operators in, 289
principle of symmetrization, 288
multiple-particle states, 283-286

Semantic functionals of program schemes, 299-302

Semantics
fixed point, 302-303
principal system, 313-314
quantum case statements, 215

QuGCL program
classical states, 227-228
example, 234-236
notations, 226227
purely quantum semantic, 230-232
semi-classical semantic, 228-230
weakest precondition semantic, 232-233
Semi-classical semantics
of program, 264
QuGCL, 228-230
Sequential Quantum Random Access Memory
machine (SQRAM), 329-330
Shift operator, 173
case statements, quantum, 213
quantum walks, 213, 215
quantum while-loops, 173
Shor algorithm for factoring, 57
Soundness, 124, 133
State Hilbert space
asymptotic average, 184
decomposition, 183-189
fixed point state, 184
transient subspaces, 183
Strongly connected component (SCC),
180181
Subspaces
quantum case statements guarded by,
253-255
transient subspaces, 183
Superposition of control flows, 214
Superposition-of-programs, 7
definition, 238
idea of, 238
paradigm, 211
Syntactic approximation, 303-310
Syntactic approximation, definition, 306
Syntax
QuGCL programs, 217
recursive quantum program, 85-86,
273-277
while-language, 62—65
System-environment model, 106—-108, 147

T

Teleportation quantum computation, 328
Tensor products, of Hilbert spaces, 22-25
Termination problem, 154
Toffoli gate, 34
Topological quantum computation, 329
Total correctness, 137—138
Transition rules

pure states, 68, 69f
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Transition rules (Continued) quantum mechanics, 18-19
recursive quantum program, 87f quantum recursive programs, 274
while-language, 67f Universality of gates, 36-37

Trojan Horse, 334

U w

Unitary operators, guarded compositions of, Weakest preconditions
218-219, 271 Floyd-Hoare logic, 114-123
Unitary transformations Quantum predicates, 105-111

in Hilbert space, 28 QuGCL semantics, 232-233
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